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Abstract 

The paper studies a semiparametric regression model 

( ) ,1, nitgXy ii
T
ii ≤≤ε++β=  

where the error { }niFii ≤≤ε 1,,  is a martingale difference sequence. The wavelet 

estimators of parameter and non-parameter are given and asymptotic normality is 
investigated under general conditions. 
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1. Introduction 

Consider a semiparametric regression model 

( ) ,1, nitgXy ii
T
ii ≤≤ε++β=  (1) 

where iy  is real-valued relating to the observation at ,it  the first part of 

the model is parametric with parameter dR∈β  with d denoting the 
number of parameters, ( ) dnirXX ×=  are random carriers. The second 

part ( ) [ ]( )1,0∈ttg  denotes the nonparametric signal, { }it  is a 
deterministic sequence in interval [ ].1,0  { }niFii ≤ε ,,  is a martingale 
difference sequence (The martingale difference sequence can be found in 
Stout [15], or Akio [1]). 

Following Speckman (See [14]), denote 

( ) ,1,1, drnitfx iririr ≤≤≤≤η+=  (2) 

where ( )⋅rf  is some unknown function on [ ] { }1,,1,0 ≥η ii  are stochastic 
sequence with 

   ( ) i.i.d.,,,1
T

idii ηη=η L  

 and 

( ) ,Var,0 VE ii =η=η   (3) 

  

where ( ) ( )djVV ij ,,2,1 L==  is a positive definite matrix with -d  

order. Moreover, { }irη  and { }iε  are independent. 

Since, the semiparametric regression model contains linear 
components and a nonparametric component, it is more flexible than the 
usual standard linear models and attractive in some applications. When 
the { }iε  is a strictly stationary error process, the semiparametric 
regression model has been discussed by Gao and Anh [6]. When the error 
sequence { }iε  is independent and identically distributed, many 
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significant results are obtained. See, for example, Chen [5], Bianco and 
Boente [3], Shi and Teng [12]. In the case, using wavelet method, the 
model has been studied by Qian and Cai [10], Qian et al. [11], Chai and 
Xu [4]. When the error sequence { }iε  is a martingale difference, the 

model ( )11,where RXR i ∈∈β  is studied by using near neighbour 
method (See Yan et al. [16]). Using wavelet method, Hu and Hu [8] 
investigate strong consistency in model (1)-(3). 

In this paper, using wavelet method, the semiparametric regression 
model is discussed, while error { }iε  is a martingale difference sequence. 
The organization of this paper is as follows. The wavelet estimators of β  
and ( )tg  are given in Section 2. Under general conditions, the asymptotic 

normalities of nβ̂  and ( )tgnˆ  are obtained in Section 3. The main proofs 
are presented in Section 4. 

2. Estimation Method 

Suppose that there exists a scaling function ( )xφ  in the Schwartz 
space lS  and a multiresolution analysis { }mV  in the concomitant Hilbert 

space ( ),2 RL  with its reproducing kernel ( )s,tEm  given by 

( ) ( ) ( ) ( ).2222,22, 0 kkttEtE mm

zk

mmmm
m −φ−φ== ∑

∈

sss  

Let [ ]iiiA ss ,1−=  denote intervals that partition [ ]1,0  with ,ii At ∈  
and .1 ni ≤≤  The estimation method will be introduced as following: 

Firstly, suppose that β  is known, we define estimator of ( )⋅g  by 

( ) ( ) ( ) ( ) .,,ˆˆ
1

00 ss dtEXytgtg m
A

T
ii

n

i i∫∑ β−=β=
=

 

In succession, we define wavelet estimator nβ̂  by minimizing 

( )( ) .,ˆ 2
0

1
β−β−∑

=
i

T
ii

n

i
tgXy  
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Finally, we define linear wavelet estimator of ( )⋅g  by 

  ( ) ( ) ( ) ( ) .,ˆˆ,ˆˆ
1

0 ss dtEXytgtg m
A

n
T
ii

n

i
nn

i∫∑ β−=β=
=

 

Let 

( ) ( ) ( ) ( )( ) ( ) s,sSij dtEtgtggyyYXX im
A

T
n

T
ndnir

j
,,,,,,,, 11 ∫==== × LL

  ( ) ( ) ( ) ( ) .~,~,,,, 1 YIYXIXT
nnn SSSS ij −=−=εε=ε= × L  

Then, we obtain that 

( ) .~~~~ˆ 1
YXXX TT

n
−

=β  

To obtain our results, the following four conditions are sufficient. 

(A1)    ( ) ( ) α∈⋅⋅ Hfg r,  (Sobolev space, see Chai and Xu [4]), for some 

;1,21 dr ≤≤>α  

(A2)   ( )⋅g  and ( )⋅rf  are Lipschitz functions of order ;1,0 dr ≤≤>γ  

(A3)  ( )⋅φ  belongs to ,lS  which is a Schwartz space for φα≥ .l  is a 

Lipschitz function of order 1 and has compact support, in addition to 

( ) ( )ξ=−ξφ O1ˆ   as ,0→ξ  where φ̂  denotes Fourier transform of ;φ  

(A4) ( )nii ,,1 L=s  and m satisfy ( ) ( )1
11

max −
−≤≤

=− nOiini
ss  and 

( ),2 31nOm =  respectively. 

3. Statement of the Results 

Now, we state the following results of this paper. 

Theorem 3.1. Assume that conditions (A1)-(A4) hold, { }nii ≤≤η 1,  

is a measurable random sequence on { }niF ik
n

k
≤≤η−

=
1,,1

1
I  and 
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{ }nii ≤≤ε 1,  are a.s. bounded. If there exists some ( )1,121 qu +∈  

( ),2>q  such that ( ) ( ),, u
mAi

nOdtE
i

−=∫ sssup  then for ,41>γ  

( ) ( ) ( ).,0ˆ 12 ∞→σ →β−β − nVNn L
n  

  Remark. When the error sequence { }nii ,,1, L=ε  is i.i.d., by the 
theorem, we can easily to obtain the corresponding result, which is 
discussed by Chai and Xu [4]. 

Theorem 3.2. Assume that ( )( ) ,0 1
22 ∞<ε=σ≤< −iii FEc  

{ }nii ≤≤ε 1,  are a.s. bounded and there exists some ( )1,121 qu +∈  

( ),2>q  such that  

( ) ( )., u
m

Ai
ndtE

i

−=∫ Osssup  

If condition (A3) holds, then 

( ) ( ) ( ) ( )

( )

( ).1,0

,

,ˆˆ

2

1

1 N

dtE

dtEtgXtg
D

m
A

i

n

i

m
A

in
T
i

n

i
n

i

i
 →









σ





















+β−β−

∫∑

∫∑

=

=

ss

ss

  

4. Proofs of Theorems 

Before the proofs of the theorems, we introduce some preliminary 
results. For simplicity, C is an arbitrary positive constant, which could 
take different value at each occurrence. 

Lemma 4.1 (Antoniads et al. [2]). If condition (A3) holds, then 

(I) ( )
( )k

k
t
CtE

s
s

−+
≤

1
,0   and ( )

( )km
k

m
m

t
CtE

s
s

−+
≤

21
2,  for 

,Nk ∈  where kC  is a real constant depending only on k; 
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(II) ( ) ( );2,sup
10

m
m OtE =

≤≤
s

s
 

(III)  ( ) C.ss ≤∫ dtEm
t

,sup
1

0
 

Lemma 4.2 (Yang [17]). Let .
1

j
i

j
X∑

=
=iS  If { }1,, ≥iFiiS  is a 

martingale sequence, then 

( ) ( ).22max
2

2

11 2 >∀












≤ ∑

=
≤≤

rXECE
r

rr
i

n

i
r

r
ni

iS  

Further, if there exists some α  with ,20 ≤α<  and a positive constant 

sequence { },1, ≥nM n  such that ( ) nii
n

i
MFXE ≤−

α

=
∑ 1

1
 a.s. holds, then 

( ),22max
2

1

2

1 21 >∀+
α
+≤ α

=
≤≤ ∑ rMCXECrE

r

nr
r

r
i

n

i
r

r
ni iS  

where ( )( ) ,21 3
1 rrrC rr

r
−−=  and ( ) .2

12
r

rr rCC =  

Lemma 4.3. Suppose that { }niFii ≤ε ,,  is a martingale difference 

sequence with ( ) CFE ii ≤ε −1  a.s. and ∞<ε q
i

i
Esup  for some ,2>q  

and there exists ( ),1,121 qu +∈  such that ( ) =∫ ss dtEmAi i
,sup ( ),unO −  

for all [ ].1,0∈t  Then for all [ ],1,0∈t  

( ) .,0,
1

∞→ →ε ∫∑
=

ndtEm
A

i

n

i i

a.s.ss  

Proof . By Lemma 4.2, we have that 
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( ) ( ) ( ) ( )





























ε








+ε≤ε ∫∑∫∑∫∑

===

2
22

111
,,,

q
qq

im
A

n

i

q
i

q

m
A

n

i

q

m
A

i

n

i
EdtEEdtECdtEE

iii
ssssss  

( ) ( )





































+≤ ∫∑∫∑

==

22

11
,,

q

m
A

n

i

q

m
A

n

i
dtEdtEC

ii
ssss  

( )( ).2211 quuq nnC −− +≤  (4) 

Therefore, ( ) ∞<ε ∫∑∑
=

∞

=
ss dtEE mAi

n

in i
,

11
 follows from (4). Thus, using 

Borel-Cantelli lemma, we can obtain 

( ) .,0,
1

∞→ →ε ∫∑
=

ndtEm
A

i

n

i i

a.s.ss  ■ 

Lemma 4.4. Let { }1,,, ≥ξ knF n
knk  be a martingale difference 

sequence with .2 ∞<ξnkE  Assume that the following conditions hold. 

 (I) ( )( ) ,01
2

1
 →δ>ξξ −

=
∑ pn

knknk

n

h
FIE  for 0>δ∀  as ,∞→n  

(II) ( ) .2
11

2

1
σ →ξ −

=
∑ pn

knk

n

h
FE  

Then    ( ).,0 2
1

1
σ →ξ∑

=

NL
nk

n

h
 

 Proof. See Theorem 1.2 of Kundu et al. [9], or Lemma 1.1 of Hu [7]. ■ 

Proof of Theorem 3.1. Note that 

( ) ( ).~~~~~~ˆ 1111 ε+=β−β −−−− TTT
n XngXnXXn  (5) 
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From proof of Theorem 2.1 in [8], it is easy to see that 

( ),~~1 ∞→ →− nVXXn PT  (6) 

and 

( ).0~~21 ∞→ →− ngXn PT  (7) 

We will show that 

( )( ).,0~~ 221 ∞→σ →ε− nVNXn LT  (8) 

In fact, we can get hh
n

h

TTT bnbnXan ε=ε=ε −

=

−− ∑ ~~ˆ~~ 21

1

2121  for arbitrary 

choosing vector ,Ta  where ( ).,,ˆ~ˆ 1 n
TTT bbXab L==   

Since { }nhFhh ≤≤ε 1,,  is a martingale difference sequence, 

{ }1,, 1 ≥η − hFhk  is a random sequence, it is easy to show that 

{ }1,,~21 ≥ε− hFbn hhh  is a martingale difference sequence (see exercise 

三(5) of Shi [12]). By the fact, Lemma 4.3, the dominated convergence 
theorem and (6), we get 

( ) ( ) .a.s.~1~1 2
1

22

1
1

22

1
VaaFEbnFbnE TP

hhh

n

h
hhh

n

h
σ →ε=






 ε −

=
−

=
∑∑  

Since, it is easy to see that hhb ε~  is a.s. bounded, we obtain 

( ) ( )( ) .0~~max~~1
1

22
11

2122

1
→δ>εε≤






 δ>εε −≤≤−

−

=
∑ p

hhhhhnhhhhhh

n

h
FnbIbEFbnIbnE  

By Lemma 4.4, we can obtain that 

( ).,0~~~ 221

1

21 VaaNbnXan TL
hh

n

h

TT σ →ε=ε −

=

− ∑  
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Therefore, we have that ( ).,0~~ 221 VNXn LT σ →ε−  Now, the theorem 

follows from (5)-(8). ■ 

Proof of Theorem 3.2. Let  

( ) ( ) .,,
2

1








σ= ∫∑∫

=

ssss dtEdtEC m
A

i

n

i
m

A
ni

ii
 

Then 

( ) ( ) ( ) ( )

( )∑ ∫

∫∑

=

=









σ





















+β−β−

n

i
m

A
i

m
A

in
T
i

n

i
n

dtE

dtEtgXtg

i

i

1

2
1

,

,ˆˆ

ss

ss

 

( )

( )

,

,

,

12

1

1
ini

n

i
m

A
i

m
A

i

n

i C

dtE

dtE

i

i
ε=









σ

ε

= ∑
∑ ∫

∫∑
=

=

=

n

i
ss

ss

 (9) 

.inf1,1 2

1

2

11

22

1
∞<





 σ≤=σ

≥=≥=
∑∑ iin

ni

n

in
ini

n

i
CC supsup  (10) 

By Cauchy equality and Lemma 4.1, we have 

( )

( )

( )

( ) ss

ss

 ss

ss

n

i

dtE

dtEn

dtE

dtE
C

mi

m
A

m
A

i

m
A

nini
i

i

i

,

,

,

,
max 1

0

2

1

1
∫
∫

∫∑

∫

−
=

≤≤
⋅σ

⋅
≤









⋅σ

≤
inf

sup

inf

sup
 

( ) ( ).021 ∞→→= − nnO u  (11) 

Therefore, the desired conclusion follows from (9)-(11) and Lemma 4.4. 
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