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Abstract

The aim of the paper is to obtain a very general inequality for convex functions
on the triangle. To construct such inequality, we include positive linear
functionals on the space of real functions. That inequality can be applied to
various forms of mathematical means, and its integral form contains the
Jensen, Fejér and Hermite-Hadamard inequality.

1. Introduction

1.1. Convex functions on the triangle

The triangle with vertices a, b, ¢ € R? that do not belong to the same
line is used permanently throughout the article. It will be marked by A

or abc, and its interior will be marked by A’. Each point x € A can be

represented by the unique trinomial convex combination
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x = aa+ Bbd + ye. (1)

The coefficients can be expressed by the ratio of areas
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and thus by the ratio of determinants
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Let f: A —> R be a convex function. The secant plane of f passes

through the respective graph points of a, b, and ¢, and its equation is

ar(xbc) ar(xac) ar(xab)

fabe (%) = ar(abc) fla)+ ar(abc) fb) + ar(abc) f(e). (4)

Let d e A’ be a point of the triangle interior. The support planes
of f at d pass through the respective graph point of d, and their equations
depend on the pairs of slope coefficients &y € [f{(d-), fi(d+)] and

ke € [fo(d-), f3(d+)]. For the specified pair of coefficients k; and kg,

the corresponding equation is
3P (%1, x9) = ki(ap — dp) + kg(xg — dy) + f(dy, dy). 5)
The support-secant plane inequality
fg™P(x) < f(x) < fope (x) (6)

holds for every x € A. The secant and support plane of a convex surface

are presented geometrically in Figure 1.
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Figure 1. Secant and support plane of a convex function.

1.2. Positive linear functionals on the space of real functions

Let X be a nonempty set, and let F = F(X) be a subspace of the

linear space of all real functions on the domain X. We assume that the

space F contains the unit function u defined by u(x)=1 for every
x € X. Then, the space F contains every real constant k within the
meaning of k = ku, and F contains every composite function (g7, g3)
of an affine function f:R? — R and a pair of functions g1, 89 € F.
Specifically, using the equation f(x;, xg) = k1% + KeXg + kg, we have

the composition
f(g1, 82) = K181 + Kagg + K3l (7)
which belongs to the space F.

Let L = L(F(X)) be the space of all linear functionals on the space
F(X). A functional L € L is said to be positive (nonnegative) if the
inequality L(g) > 0 holds for every nonnegative function g e F. If
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g1, 89 € F are functions such that g;(x) < g9(x) for x € X, then a

positive functional L satisfies the inequality
L(g1) < L(82). ®)

A functional L € L is said to be unital (normalized) if L(u) = 1. Such

functional has the property L(ku) = k for every real constant k.

2. Main Results

The first lemma provides a basic inclusion relating to the image of a

pair of functions gy, g9 € F. The proof of lemma includes a convex
analytics through the application of convex combinations.

Lemma 2.1. Let g1, g9 € F be functions such that (g,(x), g5(x))e A
for x € X.

Then a positive unital functional L € 1L satisfies the inclusion

(L(g1), L(g2)) € A. ©)

Proof. Taking x in X, we have the point (g;(x), g5(x)) in A, and its

unique convex combination

(81(x), 82(x)) = alx) (a1, ag) + Blx) (by, b2) + v(x) (e, c2). (10)
Using equations in (3), we can determine functions a(x), B(x), and y(x)
showing that they belong to F. For example, a(x) = o;87(x) + agg9(x) + as.
Since the functional L is positive, the numbers L(a), L(B), and L(y) are
nonnegative, and since oa(x)+B(x)+ y(x) = u(x), it follows that
L(a)+ L(B) + L(y) = 1.

Acting with the functional L to each of the coordinates of equation in

(10), we obtain the convex combination
(L(g1), L(g2)) = L(a) (a1, ag) + L(B) (by, bg) + L(v) (1, c2), (11)

ensuring that the point (L(g;), L(gy)) belongs to the triangle A. O
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Using hyperplanes, McShane proved that the inclusion in (9)

generally applies to closed convex sets in R2. That part of his work

(see [7]) he called the geometric formulation of Jensen’s inequality.

The second lemma provides a basic equality relating to an affine

function.

Lemma 2.2. Let g, g9 € F be functions and L € L be a unital

functional.

Then an affine function f : RZ 5 R satisfies the equality

f(L(g1), L(g2)) = L(f(g1, 82))- (12)

Proof. Using the affine equation f(xy, x9) = k1] + kgXy + k3, and

applying the unital property of L, we obtain
f(L(g1), L(g2)) = k1L(g1) + kaL(ga) + k3
= L(x181 + K282 + Kau)
= L(f(81, 82)) (13)

proving the equality in formula (12). O

Now we can include a continuous convex function, and get the main

result.

Theorem 2.3. Let g1, g9 € F be functions such that (g(x), ga(x)) € A

for x € X. Let L € 1L be a positive unital functional.

Then a continuous convex function f : A — R satisfies the double

inequality

f(L(81), L(g2)) < L(f(g1, 82)) < fx*(L(g1), L(82)), 14
if provided that the composite function (g, g9) isin F.

Proof. The point [ = (L(gy), L(g2)) belongs to the triangle A by

Lemma 2.1. We sketch the proof in three steps depending on the position
of [.
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If [ € A°, we take any support plane of f at [. Acting with the positive

functional L to the following subinequality of the support-secant

inequality in formula (6):
7P (81(x), 82(x)) < f(g1(x), g2(x)) < fR*(81(x), g2(x)),

we obtain

L(f;"P (g1, 82)) < L(f(g1, 82)) < L(fx*“ (g1, 82))-

sec

Applying Lemma 2.2 to affine functions f"P and f;{, and putting I

instead of (L(g;), L(g3)), the above inequality takes the form

7 (L(g1), L(g2)) < L(f(g1, 82)) < f°°(L(81), L(82)),

where the first term

7P (L(g1), L(g2)) = f(L(g1), L(g2))-

If [ belongs to the relative interior of some side, we apply the previous
procedure to the corresponding convex curve by using any support line

relating to /, and the secant line relating to endpoints of that side.
If [ € {a, b, ¢}, we rely on the continuity of f using a support plane at
a point of the interior A’ that is close enough to /. O

Formula (14) can be expressed in the form that includes the convex
combination of the triangle vertices a, b, and c¢. The respective form of
Theorem 2.3 is as follows:

Corollary 2.4. Let g1, g5 € F be functions such that (g1(x), g2(x)) € A
for x € X. Let L € 1L be a positive unital functional, and let aa + Bb + yc

be the convex combination that is equal to (L(g1), L(g3)).
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Then a continuous convex function f : A — R satisfies the double

inequality
flaa +Bb + ve) < L(f(g1, 82)) < af(a) + Bf(b) + vf(c), (15)
if provided that the composite function f(g,, g9) isin F.

Proof. The corresponding terms of formulae (14) and (15) are the

same. As regards the last terms, we have

I (L(g1), L(g2)) = aff™(a) + BFR™(0) + ¥fx*“(c) = af(a) + Bf(b) + vf(c)

because of the affinity of f{°, and its coincidence with f at vertices. O

As for the coefficients in formula (15), let I = (L(g7), L(g2)), and let
Ay = lbe, Ay = lac, Ag = lab. Putting x = [ in formula (2), we get

ar(A;)

=@y PT

wla) | ar(ay)
ar(A) ’ ar(A)

(16)

Functional inequalities for functions that are not necessarily convex

were considered in [5].
3. Applications to Discrete and Integral Inequalities

We utilize Theorem 2.3 to derive the generalizations of important
inequalities for convex functions on the triangle.

The following is the discrete version of Theorem 2.3.

Corollary 3.1. Let g;, g9 : A > R be functions such that (g;(x),
go(x)) e A for x e A, and let h: A - R be a positive function. Let
X1, ..., X, € A be points, let

n n
|| 2 g lh) D galehl)

SUohx) Y )

and let Ay = lbc, Ag = lac, Ay = lab.

; 17



84 ZLATKO PAVIC

Then a continuous convex function f : A — R satisfies the double

inequality

; &) D eala) | 3 Flerl), ga(wihii)
Do) 3 k) S )

< ar(4y)
~ ar(A)

ar(Aq) ar(Ag)

f(a) + ar(A)

Proof. Let F Dbe the space of all real functions on the domain X = A.

We take the summarizing linear functional defined by

Zlql'(xi)hi(xi)
L(g) = L(g; h) = == : (19)
Zizlhi(xi)

for every function ¢ € F. The summarizing functional L is positive and

unital.
Applying L to the pair of given functions g; and g9, we get the point

" Nl . Malac:
7 (L(gl), L(g2)) _ Zizlgl(xz) (xl) ’ Zi:ng(xl) (xz) , (20)

PIED > hlx)

and applying L to the composition f(g;, g9), we get the sums ratio

" fer(x), ga(xihlx;)
L(f(g1. g2)) = L6150 . @1)

> )

Using x = (L(g;), L(g2)) in the equation of the secant plane in formula (4),

we get

ar(Ap)
ar(A)

ar(Ag)
ar(A)

ar(Ag)
ar(A)

fa*(L(g1), L(g2)) = fla) + f(b) + flo). (22
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Embedding the right-hand sides of Equations (20), (21), and (22) into
the inequality in formula (14), we obtain the discrete inequality in
formula (18). O

The next is the integral version of Theorem 2.3.
Corollary 3.2. Let g1, g9 : A > R be integrable functions such that

(g1(x), g2(x)) € A for x € A, and let h : A - R be a positive integrable

function. Let
[ awnear | ax@he)ds
A A

- J.A h(x)dx ’ IAh(x)dx ’ 2

and let Ay = lbc, Ay = lac, Ag = lab.

Then a continuous convex function f : A — R satisfies the double

inequality

[ a@nwar [ e@hwdr] [ fak). gb)headr
A A A

IAh(x)dx IAh(x)dx IAh(x)dx
- ar(A;) o)+ ar(Aq) . ar(Ag) c
< 20 o)+ 202 )« 20l e, e

Proof. Let F be the space of all integrable functions over the domain
X = A. According to the Lebesgue theorem on the Riemann integral, the

composition f(g;, g9) is integrable over A because is bounded, and

continuous almost everywhere in A.

We take the integrating linear functional defined by
J q(x)h(x)dx
A

— > (25)
J. h(x)dx
A

L(g) = L(g; h) =

for every function ¢ € F, and further follow the proof of Corollary 3.1. [
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The inequality in formula (24) contains the extended integral form of
Jensen’s inequality (see [4]), the Fejér inequality (see [1]), and
consequently the Hermite-Hadamard inequality (see [3] and [2]). The

inequality simplifications are as follows.

Using the unit function A(x;, x9) = 1, in which case

[ a@dr | g

L= ar(A) 7 ar(A) | (26)
we get the extended integral form of Jensen’s inequality
[ a@dr [ m@d) [ fa@). gE)d
4 ar(A) ~ ar(A) = ar(A)
ar(A;) ar(Aq) ar(Ag)
< FAI) f(a) + aI‘(AQ) f(b) + aI‘(A?)) f(C) (27)

Now we use the projections gj(x1, x9) = x; and g9(x;, x9) = x9, and
a positive function A(x;, x9) whose barycenter [ falls into (a + b +¢)/ 3.
Thus

j‘ x1h(x)dx J x9h(x)dx
p_ |2 A _a+ b+c (28)

J.Ah(x)dx ’ JAh(x)dx 3 7

indicating that a = p = y = 1/ 3, and we have the Fejér inequality

a c I floh(x)dx a c
57 AfAh(xmx s fledgr s, =
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Putting the unit function h(x;, x9) =1 in Fejér's inequality in
formula (29), we obtain the Hermite-Hadamard inequality
[ re)ax
A

a+b+c < <f(a)+f(b)+f(c)
f( 3 )_ ar(A) 3 ' (30)

Improvements of the Hermite-Hadamard inequality for convex
functions on the bounded closed interval of real numbers were considered
in [6].
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