
Journal of Pure and Applied Mathematics: Advances and Applications  
Volume 14, Number 1, 2015, Pages 77-87 
Available at http://scientificadvances.co.in 
DOI: http://dx.doi.org/10.18642/jpamaa_7100121534 

2010 Mathematics Subject Classification: 26D15, 26B25, 46N10. 
Keywords and phrases: convex function, triangle, space of real functions, positive linear 
functional. 
Received August 23, 2015 

 2015 Scientific Advances Publishers 

ONE GENERALIZED INEQUALITY FOR CONVEX 
FUNCTIONS ON THE TRIANGLE 

ZLATKO PAVIĆ 

Mechanical Engineering Faculty in Slavonski Brod 
University of Osijek 
Trg Ivane Brlić Mažuranić 2 
35000 Slavonski Brod 
Croatia 
e-mail: zlatko.pavic@sfsb.hr 

Abstract 

The aim of the paper is to obtain a very general inequality for convex functions 
on the triangle. To construct such inequality, we include positive linear 
functionals on the space of real functions. That inequality can be applied to 
various forms of mathematical means, and its integral form contains the 
Jensen, Fejér and Hermite-Hadamard inequality. 

1. Introduction 

1.1. Convex functions on the triangle 

The triangle with vertices 2,, R∈cba  that do not belong to the same 

line is used permanently throughout the article. It will be marked by ∆  

or abc, and its interior will be marked by .D∆  Each point ∆∈x  can be 
represented by the unique trinomial convex combination 
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.cbax γ+β+α=   (1) 

The coefficients can be expressed by the ratio of areas 
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and thus by the ratio of determinants 
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Let R→∆:f  be a convex function. The secant plane of f passes 
through the respective graph points of a, b, and c, and its equation is 
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( ) ( ).ar

ar
ar
ar

ar
arsec cfabc

xabbfabc
xacafabc

xbcxfabc ++=  (4) 

Let D∆∈d  be a point of the triangle interior. The support planes              
of f at d pass through the respective graph point of d, and their equations 
depend on the pairs of slope coefficients [ ( ) ( )]+′−′∈ dfdf 111 ,κ  and 

[ ( ) ( )]., 222 +′−′∈ dfdfκ  For the specified pair of coefficients 1κ  and ,2κ  
the corresponding equation is 

( ) ( ) ( ) ( ).,, 2122211121
sup ddfdxdxxxfd +−+−= κκ  (5) 

The support-secant plane inequality 

( ) ( ) ( )xfxfxf abcd
secsup ≤≤  (6) 

holds for every .∆∈x  The secant and support plane of a convex surface 
are presented geometrically in Figure 1. 
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Figure 1. Secant and support plane of a convex function. 

1.2. Positive linear functionals on the space of real functions 

Let X be a nonempty set, and let ( )XFF =  be a subspace of the 

linear space of all real functions on the domain X. We assume that the 
space F  contains the unit function u defined by ( ) 1=xu  for every 

.Xx ∈  Then, the space F  contains every real constant κ  within the 
meaning of ,uκκ =  and F  contains every composite function ( )21, ggf  

of an affine function RR →2:f  and a pair of functions ., 21 F∈gg  

Specifically, using the equation ( ) ,, 3221121 κκκ ++= xxxxf  we have 

the composition 

( ) ,, 3221121 uggggf κκκ ++=   (7) 

which belongs to the space .F  

Let ( )( )XFLL =  be the space of all linear functionals on the space 

( ).XF  A functional L∈L  is said to be positive (nonnegative) if the 

inequality ( ) 0≥gL  holds for every nonnegative function .F∈g  If 
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F∈21, gg  are functions such that ( ) ( )xgxg 21 ≤  for ,Xx ∈  then a 

positive functional L satisfies the inequality 

( ) ( ).21 gLgL ≤   (8) 

A functional L∈L  is said to be unital (normalized) if ( ) .1=uL  Such 

functional has the property ( ) κκ =uL  for every real constant .κ  

2. Main Results 

The first lemma provides a basic inclusion relating to the image of a 
pair of functions ., 21 F∈gg  The proof of lemma includes a convex 

analytics through the application of convex combinations. 

Lemma 2.1. Let F∈21, gg  be functions such that ( ) ( )( ) ∆∈xgxg 21 ,  

for .Xx ∈   

Then a positive unital functional L∈L  satisfies the inclusion 

( ) ( )( ) ., 21 ∆∈gLgL   (9) 

Proof. Taking x in X, we have the point ( ) ( )( )xgxg 21 ,  in ,∆  and its 

unique convex combination 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ).,,,, 21212121 ccxbbxaaxxgxg γ+β+α=   (10) 

Using equations in (3), we can determine functions ( ) ( ),, xx βα  and ( )xγ  

showing that they belong to .F  For example, ( ) ( ) ( ) .32211 α+α+α=α xgxgx  

Since the functional L is positive, the numbers ( ) ( ),, βα LL  and ( )γL  are 

nonnegative, and since ( ) ( ) ( ) ( ),xuxxx =γ+β+α  it follows that 

( ) ( ) ( ) .1=γ+β+α LLL  

Acting with the functional L to each of the coordinates of equation in 
(10), we obtain the convex combination 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ),,,,, 21212121 ccLbbLaaLgLgL γ+β+α=   (11) 

ensuring that the point ( ) ( )( )21 , gLgL  belongs to the triangle .∆    
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Using hyperplanes, McShane proved that the inclusion in (9) 

generally applies to closed convex sets in .2R  That part of his work      
(see [7]) he called the geometric formulation of Jensen’s inequality. 

The second lemma provides a basic equality relating to an affine 
function. 

Lemma 2.2. Let F∈21, gg  be functions and L∈L  be a unital 

functional.  

Then an affine function RR →2:f  satisfies the equality 

( ) ( )( ) ( )( ).,, 2121 ggfLgLgLf =   (12) 

Proof. Using the affine equation ( ) ,, 3221121 κκκ ++= xxxxf  and 

applying the unital property of L, we obtain 

( ) ( )( ) ( ) ( ) 3221121 , κκκ ++= gLgLgLgLf  

( )uggL 32211 κκκ ++=  

( )( )21, ggfL=  (13) 

proving the equality in formula (12).   

Now we can include a continuous convex function, and get the main 
result. 

Theorem 2.3. Let F∈21, gg  be functions such that ( ) ( )( ) ∆∈xgxg 21 ,  

for .Xx ∈  Let L∈L  be a positive unital functional. 

Then a continuous convex function R→∆:f  satisfies the double 
inequality 

( ) ( )( ) ( )( ) ( ) ( )( ),,,, 21
sec

2121 gLgLfggfLgLgLf ∆≤≤  (14) 

if provided that the composite function ( )21, ggf  is in .F  

Proof. The point ( ) ( )( )21 , gLgLl =  belongs to the triangle ∆  by 

Lemma 2.1. We sketch the proof in three steps depending on the position 
of l. 
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If ,D∆∈l  we take any support plane of f at l. Acting with the positive 

functional L to the following subinequality of the support-secant 
inequality in formula (6): 

( ) ( )( ) ( ) ( )( ) ( ) ( )( ),,,, 21
sec

2121
sup xgxgfxgxgfxgxgfl ∆≤≤  

we obtain 

( ( )) ( )( ) ( ( )).,,, 21
sec

2121
sup ggfLggfLggfL l ∆≤≤  

Applying Lemma 2.2 to affine functions sup
lf  and ,sec

∆f  and putting l 

instead of ( ) ( )( ),, 21 gLgL  the above inequality takes the form 

( ) ( )( ) ( )( ) ( ) ( )( ),,,, 21
sec

2121
sup gLgLfggfLgLgLfl ∆≤≤  

where the first term 

( ) ( )( ) ( ) ( )( ).,, 2121
sup gLgLfgLgLfl =  

If l belongs to the relative interior of some side, we apply the previous 
procedure to the corresponding convex curve by using any support line 
relating to l, and the secant line relating to endpoints of that side. 

If { },,, cbal ∈  we rely on the continuity of f using a support plane at 

a point of the interior D∆  that is close enough to l.   

Formula (14) can be expressed in the form that includes the convex 
combination of the triangle vertices a, b, and c. The respective form of 
Theorem 2.3 is as follows: 

Corollary 2.4. Let F∈21, gg  be functions such that ( ) ( )( ) ∆∈xgxg 21 ,  

for .Xx ∈  Let L∈L  be a positive unital functional, and let cba γ+β+α  

be the convex combination that is equal to ( ) ( )( )., 21 gLgL  
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Then a continuous convex function R→∆:f  satisfies the double 
inequality 

( ) ( )( ) ( ) ( ) ( ),, 21 cfbfafggfLcbaf γ+β+α≤≤γ+β+α   (15) 

if provided that the composite function ( )21, ggf  is in .F  

Proof. The corresponding terms of formulae (14) and (15) are the 
same. As regards the last terms, we have 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )cfbfafcfbfafgLgLf γ+β+α=γ+β+α= ∆∆∆∆
secsecsec

21
sec ,  

because of the affinity of ,sec
∆f  and its coincidence with f at vertices.   

As for the coefficients in formula (15), let ( ) ( )( ),, 21 gLgLl =  and let 

.,, 321 lablaclbc =∆=∆=∆  Putting lx =  in formula (2), we get 

( )
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ar,ar
ar,ar
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Functional inequalities for functions that are not necessarily convex 
were considered in [5]. 

3. Applications to Discrete and Integral Inequalities 

We utilize Theorem 2.3 to derive the generalizations of important 
inequalities for convex functions on the triangle. 

The following is the discrete version of Theorem 2.3. 

Corollary 3.1. Let R→∆:, 21 gg  be functions such that ( ( ),1 xg  

( )) ∆∈xg2  for ,∆∈x  and let R→∆:h  be a positive function. Let 

∆∈nxx ,,1 …  be points, let 
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and let .,, 321 lablaclbc =∆=∆=∆  



ZLATKO PAVIĆ 84

Then a continuous convex function R→∆:f  satisfies the double 
inequality 
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Proof. Let F  be the space of all real functions on the domain .∆=X  
We take the summarizing linear functional defined by 
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for every function .F∈q  The summarizing functional L is positive and 
unital. 

Applying L to the pair of given functions 1g  and ,2g  we get the point 
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and applying L to the composition ( ),, 21 ggf  we get the sums ratio 
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Using ( ) ( )( )21 , gLgLx =  in the equation of the secant plane in formula (4), 

we get 
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Embedding the right-hand sides of Equations (20), (21), and (22) into 
the inequality in formula (14), we obtain the discrete inequality in 
formula (18).   

The next is the integral version of Theorem 2.3. 

Corollary 3.2. Let R→∆:, 21 gg  be integrable functions such that 

( ) ( )( ) ∆∈xgxg 21 ,  for ,∆∈x  and let R→∆:h  be a positive integrable 

function. Let 

( ) ( )

( )

( ) ( )

( )
,,

21



















=

∫
∫

∫
∫

∆

∆

∆

∆

dxxh

dxxhxg

dxxh

dxxhxg
l  (23) 

and let .,, 321 lablaclbc =∆=∆=∆  

Then a continuous convex function R→∆:f  satisfies the double 
inequality 
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Proof. Let F  be the space of all integrable functions over the domain 
.∆=X  According to the Lebesgue theorem on the Riemann integral, the 

composition ( )21, ggf  is integrable over ∆  because is bounded, and 

continuous almost everywhere in .∆  

We take the integrating linear functional defined by 
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for every function ,F∈q  and further follow the proof of Corollary 3.1.   
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The inequality in formula (24) contains the extended integral form of 
Jensen’s inequality (see [4]), the Fejér inequality (see [1]), and 
consequently the Hermite-Hadamard inequality (see [3] and [2]). The 
inequality simplifications are as follows. 

Using the unit function ( ) ,1, 21 =xxh  in which case 
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Now we use the projections ( ) 1211 , xxxg =  and ( ) ,, 2212 xxxg =  and 

a positive function ( )21, xxh  whose barycenter l falls into ( ) .3cba ++  

Thus 
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indicating that ,31=γ=β=α  and we have the Fejér inequality 
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Putting the unit function ( ) 1, 21 =xxh  in Fejér’s inequality in 

formula (29), we obtain the Hermite-Hadamard inequality 

( )
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Improvements of the Hermite-Hadamard inequality for convex 
functions on the bounded closed interval of real numbers were considered 
in [6]. 
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