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Abstract

In this paper, we consider the asymptotic behaviour of solutions for
three-dimensional incompressible Navier-Stokes equations with nonlinear
damping. We show the squeezing property and the existence of exponential
attractor for this equation.

1. Introduction

In this paper, we investigate the following Navier-Stokes equation

with nonlinear damping:
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u, —pAu+(u~V)u+a|u|B71u+Vp= f, (x,t) e Qx (0, T),
divu = 0, (x,t) e Qx[0,T),
1)
u,_o = Uo» x e Q,
u(x, t) = 0, (x,t) e 0Qx[0,T),

where Q c R® be an open bounded domain with the boundary oQ
smooth enough. p > 0 is the kinematic viscosity of the fluid and f = f(x)

is the external body force. The unknown functions here are
u=u(x,t) = (u(x, t), ug(x, t), us(x, t)) and p = p(x, t), which stand for
the velocity field and the pressure of the flow, respectively. In dampness

term, B >1 and o > 0 are two constants. The given function ug = ug(x)

1s the initial velocity.

We will use the following notations in this paper:

V={ue(CQ)): :divu =0}, H-= eV V

2@ =

where cly denotes the closure in the space X. It is well known that H, V
are separable Hilbert spaces and identifying H and its dual H', we have
Vo H< V' with dense and continuous injections, and V<o H is

compact. H and V endowed, respectively, with the inner products

(u,v):J‘ u-vdx, Vu,veH,
o)

and

3
(w, v)) = ZJQVui -Vudx, Yu,velV,
=1

and norms |- |, = (, -)1/2, [-1=( '))1/2-
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In this paper, L”(Q) = (L”(Q))°, and we use |- |p denotes the norm

in LP(Q). The letter ¢ or c¢; is a generic positive constant, which may

change its value from line to line.

We say that v e L*(0, T; H)N L2(0, T; V)N LP*(0, T; 1PH(Q)) is a
weak solution of (1) on [0, T, if

%(u, v) + u((u, v)) + bu, u, v) + (a|u|Bflu, v)=(f,v), YveV, Vi>D0,

u(0) = uyg.
(&)
The weak formulation (2) is equivalent to the function equation
du
—— +pAu + Bu)+ G(u) = f, Vit >0,
dt 3)

u(0) = uy,

where P be the orthogonal projection of (L?(Q))® onto H and f € H.
Au = - PAu is the Stokes operator defined by (Au, v) = ((u, v)), and

F(u) = oc|u|B_1 u, G(u) = PF(u).B:VxV - V' is a bilinear operator
defined by (B(u, v), w) = b(u, v, w). B(u) = B(u, u), where

3 8vj
b(u, v, w) = Z jgui e w;dx,
i, j=1 v

and (;, -) is the duality product between Vand V".

We call the function pair (u(x, ), p(x, ¢)) the strong solution of

problem (1) if it is a weak solution of (1) satisfying
ue L”(0, T; V)N L2(0, T; H2(Q))N L*(0, T; 1F1(Q)).

Let us recall some relevant researches in this area.
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In [1], Cai and Jiu investigated the existence and uniqueness of

strong solution of system (1) when % <B <5, uy € V. In [2], we showed

the strong solutions has global attractors in V and H?(Q) when initial
data uy € V. And in [3], we proved the strong solutions has uniform
attractors in V and H2(Q) when initial data u. e V. As far as we know,

there are no other results about attractors of system (1).

In this paper, we will discuss the existence of finite dimensional
exponential attractor for system (1). In Section 2, we state some basic
results on the existence of exponential attractors and recall some known
results on the existence and uniqueness of solutions. In Section 3, we

establish the Lipschitz continuity of the dynamical system S(¢)
associated with system (1), and prove the semigroup S(¢) satisfies the

squeezing property and obtain the existence of the exponential attractor.
2. Preliminaries

In this section, we state some basic results on the existence of

exponential attractors and recall some known results of strong solutions.
Definition 2.1 ([4]). Assume {S(¢)},5, be semigroup defined on E.
A compact set M < E is called an exponential attractor of ({S(¢)},5¢, E)
if
(1) S¢)M < M, Vt=>0,

(2) M has finite fractal dimension, dp (M) < +o,

(3) for any bounded set B in E, there exist positive constants cg, ¢;

such that
disty (S()B, M) < cge” 1, Vit > 0,

where disty (A, B) = sup,c4 infycplx — y|y,, B is a positively invariant

set for S(¢) in V.
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Definition 2.2 ([4]). If for every & e (0, % ), there exists a time
t, > 0, an integer N > 1, and an orthogonal projection PN0 of rank
equal to N such that for every u and v in B, either

ISt )u = St )v] < 3w - v],

or

QN (S(t)u = S(t )v)|| < [Py, (S(t)u = St )v)],
then we call S(¢) is squeezing in B, where Qy, = I - Py,

Theorem 2.1 ([5]). Suppose (3) satisfies the following conditions:
(1) there exists a compact global attractor A in'V,

(2) there exists a compact set B in V which is positively invariant for

S(@),

(8) S(t) is squeezing and Lipschitz continuous, that is there exists a
bounded function It) such that |S(t)u—S(t)v| < I(t)|w—-v| for every

u,veB.

Then (3) admits a exponential attractor M for (S(t), B) in V and

M = U S(tM.,
0<t<t,
where
M, = AU(UU S(t, Y (EW)Y).
j=lk=1
Moreover,

dp(M) <1+ Ny log(1 + ﬁl/é)log%,

disty (S()B, M) < cpe ™,

where 6, Ny, EW gre defined as in [4], | is the Lipschitz constant for

S(t.) in B, and t, is a positive constant.



32 XUE-LI SONG et al.

In [1], the authors have established the following result:

Theorem 2.2. Suppose that B > %, uy € VALPNQ) and f e H.

Then there exists a strong solution (u(x,t), p(x,t)) to problem (1)

satisfying

ue L*(0, T; V)N L*(0, T; IPL(Q)) N I2(0, T; H2(Q)),
Bl 9 2
Vuly| 2~ e L*(0, T; H), u; € L*(0, T; H).
Moreover when % < B £ 5, the strong solution is unique.

Because Q c R? is sufficiently regular, so V — [/*! (Q)(=<B<hH),

po| =3

so VNIP(Q) = V. In the following, we use uy € V to replace ug € V
NLPQ).
In [2], we have established the following results:
Proposition 2.1. Suppose that % <B<BuyeV and f € H. Then
there exists closed absorbing sets By, By in V, D(A), respectively, and
B ={ueV:|u <p},
By = {u e D(A) : |Aul, < pg}.

Letting B = By, then B = By < B; < V, and S(t)B < B.

Theorem 2.3. Suppose that %S B<buyeV and f e H. Then

problem (1) has a global attractor in V, which is invariant and compact
and attracts every bounded subset of V with respect to the norm topology

of V.
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Proposition 2.2 ([6]).
b(u, v, w)| < ||y, |v] wly, v e L, veV,we H;

b, v, w)| < Hu| |/ ?|Avy ?|wly, w e V, v e D(A), w e H.

Now, let us recall the known Gagliardo-Nirenberg inequality as
follows.

Lemma 2.1. Let Q =R" or Q c R" be a bounded domain with
smooth boundary 0Q, and u e L1(Q), D™u e L'(Q),1 < q, r < . Then

there exists a constant c, such that
|Dul, < dD™ululs?,

where

1 J 1 m 1 .
-1 Py i(1l-a)=,1<p<o,0<j<
Liat-2)eq-ataspsnoscm

iSaSl;
m

¢ depends only on (n, m, j, a, q, r).

Since the Stokes operator A is positive, self-adjoint operator with a

compact inverse, there exists a set of eigenvalues Ay, Ag, Ag, ... such that
0<7x1S)\,zﬁ)\,gﬁ"',)\,]\]—)waSN—)-i-oo,

and corresponding eigenvectors w;, wy, ws, ..., in D(A), which form a

basis of V and orthonormal in H, such that
Aw, = \,w,, VnelN

Let Vi = span{wy, ..., wy}, then Vy is a finite dimensional subspace
of V. Denote by Pp the orthogonal projector from V into Vy and we

obviously have |Py| <1 for each N e N, and we write @y = I — Py.

In order to establish the existence of the exponential attractor,
according to Theorem 2.1, we need only to show the Lipschitz continuity

and the squeezing property of the dynamical system S(¢) in B. That is

what we proceed to do in the following section.
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3. The Exponential Attractor

In this section, we first establish the Lipschitz continuity of the

dynamical system S(t) associated with the Equation (1) in B. Then we
show the squeezing property for semigroup S(¢) and deduce the existence
of finite fractal dimensional exponential attractor.

Lemma 3.1. Suppose % <B <5, feH, ult), usg(t) are two solutions

of the problem (1) with initial values ugyy, ugy € B. Then we have

Jur () = ua @] < € lugr - wozl,
where ¢y is a constant depending only on p.

Proof. Let w(t) = uy(¢) — us(t). Then by (3) we find that
Cfi—ler wAw + B(uy) — B(ug) + G(uy) — G(ug) = 0, 4)

w(0) = ugy — upg- (6))
Taking the inner product of (4) with Aw in H, we infer that

1d

5%"“)"2 + H|Aw|§ = —b(uy, uy, Aw) + b(ug, ug, Aw) - (F(uy) - F(uy), Aw)

-b(uy, w, Aw) - bw, uy, Aw) — (F(uy) - F(uy), Aw)

IN

1/2 3/2 1/2 1/2
ey ool 2 Al ? + oo Juea 2| Aueg [5 2| A,

+ | F(uy) - Flug)|y|Awl,
3
3ZH|AW|§ ooy |* + | Aus |y eel® + | F(aar ) - Fluz )5

©)
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and because

_ _ 2
[Fur) = Flug)fy = [ [olenfP e — ool s
-1 -1 -1 2
S"‘JAQ[|“1|B |w|+‘|u1|B ~ [ug? ‘|u2|] dx

2
<cf _taPP Ol +cf [l P2 a2 g Pl i,

in the last inequality, we used the fact that

2P = 5P| < ep(lxP™ + AP e~ o,

for any x, y > 0, where c is an absolute constant. So

2 2(B-1 2 2141, 12,12
[Fu)~ Flug)f3 < e B0 f? + o] a2 + g P2 g ol

< clol?| BT+l + e [l |

< el B8 + (un 28°2) + us 282w ] @)

Substituting (7) into (6), and applying Gronwall inequality, we have

W@H<W@mem{JMmH+MﬂM@bIm@EB

#5555 + e gy~ 2))]ds} ®

Applying Gagliardo-Nirenberg inequality, we obtain

8(p-2) 2(3+1)% 2(56-13)  2(p2-1)

-1 2
|“|3EE 1; < dAul,”7 julg B+ |u|6§[g 2; < clauly, P g BT )

Because V o [P (Q), so there exists a positive constant ps, such

that |u|B+1 < p3 when u € B.
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Because u;, ug € B, and thanks to (9), there must exists a positive

constant c;, such that

@) < Jo(0)|7e** = e**' gy — gy .
0

Lemma 3.2. Assume that uy(¢t) and us(t) are two solutions of
problem (1) with initial values ug;, ugy € B. Then q = Qn(u; —uy)

satisfies that

— C
la@ < (7t + 52— ) ),

Proof. Let w(t) = uy(t) — us(t), q(t) = @nw(t). Applying Qp to

dw

W+qu :_B(u1)+B(u2)—ﬁF(u1)+13F(u2),

we obtain
%) - Qn(Blug)- B PF(uy) - PF
5 T hAg = @n(Blug) - B(w)) + Qn (PF(uz) (1)) (10)
Taking the inner product of (10) with Aq in H, we find that
1d I~ I~
5 gl +HAdE = [ Qu(Bluz) - Blu)Agds + [ Qn(PF(uz) - PF(u)Aqd.
Q Q

(11

Because

I, (PP ) - PP )dads| < | ) - Flaa ), -l

< | F(u) - Flup)l3 + £ 1Adl3,  (12)

==

and

| (Bl - B g

<|B(ug) - Bluy )|, - |Aql,

< =|B(ug) - B(yy )|§ + %|AQ|§ (13)

1
n
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LB(U2)—=B(U1N§ = JQ[B(uz,u2'-u1)+=B(u2'—u1,u1)]2dx
< o(|Bug, uy — )2 +|Blus - w1, u)2) (14)
< Qug 2wl + cljus ||| Auy |y oo
and since kN+1||q||2 < |Aq|§, combining (12)-(14) with (11), we have
Lyl + vl < el 200 + G 2072 + o 202 Nue P
uzf? + oy | A |y ool (15)

Because uy € B, so |Au2|2 < pg. Applying Agmon’s inequality, there

exists a positive constant p, such that

luzll, < pa-

So when ug7, ugy € B,

d
lal® + wiy gl < caluol® < epe® o (0))?,

(16)
for some positive constant cy.
Then it follows from Gronwall lemma that
2 2 —pApn it €2 2cyt 2
q|* < [|qO)|[*e M N+ 4 = 2% (0)
jl? < 14(0) ot e u(0)
< (eMANwf €2 2atyy )2, 17
( sl JulO)]
which concludes the proof of Lemma 3.2. O

We now show the squeezing property.

Lemma 3.3. Suppose % <B <5 and f € H, then the semigroup S(t)

associated with problem (1) is squeezing in B.
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Proof. Let ¢, > 0 fixed, and w(t) = uy(¢) — uy(t). We now assume

that
[Pyw(t. )| < ||@nw(t.)].
Then we can deduce
(e )? = [Pyw(t)” + |Quw(t )|

< 2| @nuwl(t. )|

< e MNwt €2 2abyy0))2
( e o)

<Ml 4 C2  p2aboyi,0)2, 18)
(e 4 o) <

Let ¢, be large enough so that

b o 1 19
€ =256 (19)

Next we choose N large enough so that

c c 1
2 e2abke "2 2ahk < (20)

2ep + AN HAN +1 256
From (18)-(20), we obtain that
2 _ 1 2
JIP < — , 21
il )P < o lw(O)] 21
(21) completes the proof of Lemma 3.3. O
Theorem 3.1. Suppose % <B <5 and f € H, then there exists N

large enough such that

ANl = 256¢5 51601 /(n11)
0l 2 :
n
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For the semigroup S(t), ({S(¢)};,so, B) admits an exponential attractor M,

and

dp(M) <1 +16¢4/cg [n 28/ (1), (22)

Proof. From Lemmas 3.1 and 3.3, we have known that {S(t)},5 is

Lipschitz continuous and squeezing in B, by Theorem 2.1, we know
({S(t)};0, B) admits an exponential attractor M. We note that,

AN ~ N 2, and let §, 0 be fixed, thus obtain the estimate (22) of fractal

dimension. Theorem 3.1 therefore is proved. O

(1]

(2]

(3]

(4]

(5]

(6]
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