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Abstract 

In this paper, we consider the asymptotic behaviour of solutions for             
three-dimensional incompressible Navier-Stokes equations with nonlinear 
damping. We show the squeezing property and the existence of exponential 
attractor for this equation. 

1. Introduction 

In this paper, we investigate the following Navier-Stokes equation 
with nonlinear damping: 
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where 3R⊂Ω  be an open bounded domain with the boundary Ω∂  
smooth enough. 0>µ  is the kinematic viscosity of the fluid and ( )xff =  

is the external body force. The unknown functions here are 
( ) ( ( ) ( ) ( ))txutxutxutxuu ,,,,,, 321==  and ( ),, txpp =  which stand for 

the velocity field and the pressure of the flow, respectively. In dampness 
term, 1≥β  and 0>α  are two constants. The given function ( )xuu 00 =  

is the initial velocity. 

We will use the following notations in this paper: 

{ ( ( )) } ( ( ) ) ( ( ) ) ,,,0div: 31
0

32
3

0 VVV
ΩΩ

∞ ===Ω∈= HL clVclHuCu  

where Xcl  denotes the closure in the space X. It is well known that VH ,  

are separable Hilbert spaces and identifying H and its dual ,H ′  we have 

VHV ′  with dense and continuous injections, and HV   is 

compact. H and V endowed, respectively, with the inner products 

( ) ,,,, Hvudxvuvu ∈∀⋅= ∫Ω  

and 

( )( ) ,,,,
3

1
Vvudxvuvu ii

i
∈∀∇⋅∇= ∫∑ Ω=

 

and norms ( ) ( )( ) .,,, 2121
2 ⋅⋅=⋅⋅⋅=⋅  
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In this paper, ( ) ( ( )) ,3Ω=Ω pp LL  and we use p⋅  denotes the norm 

in ( ).ΩpL  The letter c or ic  is a generic positive constant, which may 

change its value from line to line. 

We say that ( ) ( ) ( ( ))Ω∈ +β+β∞ 112 ;,0;,0;,0 LTLVTLHTLu ∩∩  is a 

weak solution of (1) on [ ],,0 T  if 

( ) ( )( ) ( ) ( ) ( )

( )







=

>∀∈∀=α++µ+ −β

.0

,0,,,,,,,,
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uu

tVvvfvuuvuubvuvudt
d

 

(2) 

The weak formulation (2) is equivalent to the function equation 

( ) ( )

( )



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=

>∀=++µ+

,0

,0,

0uu

tfuGuBAudt
du

 (3) 

where P~  be the orthogonal projection of ( ( ))32 ΩL  onto H and .Hf ∈  

uPAu ∆−= ~  is the Stokes operator defined by ( )( ),,, vuvAu =  and 

( ) ( ) ( ) VVVBuFPuGuuuF ′→×=α= −β :.~,1  is a bilinear operator 

defined by ( ) ( ) ( ) ( ),,.,,,, uuBuBwvubwvuB ==  where 

( ) ,,,
3

1,
dxwx

v
uwvub j

i

j
i

ji
∂
∂

= ∫∑ Ω=

 

and ⋅⋅,  is the duality product between V and .V ′  

We call the function pair ( ) ( )( )txptxu ,,,  the strong solution of 

problem (1) if it is a weak solution of (1) satisfying 

( ) ( ( )) ( ( )).;,0;,0;,0 122 ΩΩ∈ +β∞∞ LTLHTLVTLu ∩∩  

Let us recall some relevant researches in this area. 
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In [1], Cai and Jiu investigated the existence and uniqueness of 

strong solution of system (1) when .,52
7

0 Vu ∈≤β≤  In [2], we showed 

the strong solutions has global attractors in V and ( )Ω2H  when initial 

data .0 Vu ∈  And in [3], we proved the strong solutions has uniform 

attractors in V and ( )Ω2H  when initial data .Vu ∈τ  As far as we know, 

there are no other results about attractors of system (1). 

In this paper, we will discuss the existence of finite dimensional 
exponential attractor for system (1). In Section 2, we state some basic 
results on the existence of exponential attractors and recall some known 
results on the existence and uniqueness of solutions. In Section 3, we 
establish the Lipschitz continuity of the dynamical system ( )tS  

associated with system (1), and prove the semigroup ( )tS  satisfies the 

squeezing property and obtain the existence of the exponential attractor. 

2. Preliminaries 

In this section, we state some basic results on the existence of 
exponential attractors and recall some known results of strong solutions. 

Definition 2.1 ([4]). Assume ( ){ } 0≥ttS  be semigroup defined on E.      

A compact set EM ⊂  is called an exponential attractor of ( ( ){ } )EtS t ,0≥  

if 

(1) ( ) ,0, ≥∀⊆ tMMtS  

(2) M has finite fractal dimension, ( ) ,+∞<MdF  

(3) for any bounded set B in E, there exist positive constants 10 , cc  

such that 

( )( ) ,0,,dist 10 >∀≤ − tecMBtS tc
V  

where ( ) ByxBA VByAxV ,infsup,dist −= ∈∈  is a positively invariant 

set for ( )tS  in V. 
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Definition 2.2 ([4]). If for every ( ),8
1,0∈δ  there exists a time 

,0>∗t  an integer ,10 ≥N  and an orthogonal projection 0NP  of rank 

equal to 0N  such that for every u and v in B, either 

( ) ( ) ,vuvtSutS −δ≤− ∗∗  

or 

( ( ) ( ) ) ( ( ) ( ) ) ,00 vtSutSPvtSutSQ NN ∗∗∗∗ −≤−  

then we call ( )tS  is squeezing in B, where .00 NN PIQ −=  

Theorem 2.1 ([5]). Suppose (3) satisfies the following conditions: 

(1) there exists a compact global attractor A  in V , 

(2) there exists a compact set B in V which is positively invariant for 
( ),tS  

(3) ( )tS  is squeezing and Lipschitz continuous, that is there exists a 
bounded function ( )tl  such that ( ) ( ) ( ) vutlvtSutS −≤−  for every 

., Bvu ∈  

Then (3) admits a exponential attractor M for ( )( )BtS ,  in V and 

( ) ,
0

∗
≤≤ ∗

= MtSM
tt
∪  

where 

( ( ) ( ( ) )).
11

k

k

EtSM j

j
∗

∞

=

∞

=
∗ = ∪∪∪A  

Moreover, 

( ) ( ) ,1log21log1 0 θ
δ++≤ lNMdF  

( )( ) ,,dist 10
tc

V ecMBtS −≤  

where ( )kEN ,, 0θ  are defined as in [4], l is the Lipschitz constant for 

( )∗tS  in ∗tandB,  is a positive constant. 
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In [1], the authors have established the following result: 

Theorem 2.2. Suppose that ( )Ω∈≥β +β 1
0,2

7 L∩Vu  and .Hf ∈  

Then there exists a strong solution ( ) ( )( )txptxu ,,,  to problem (1) 

satisfying 

( ) ( ( )) ( ( )),;,0;,0;,0 221 ΩΩ∈ +β∞∞ HL TLTLVTLu ∩∩  

( ) ( ).;,0,;,0 222
1

HTLuHTLuu t ∈∈∇
−β

 

Moreover when ,52
7 ≤β≤  the strong solution is unique. 

Because 3R⊂Ω  is sufficiently regular, so ( ) ( ),52
71 ≤β≤Ω+βLV  

so ( ) .1 VV =Ω+βL∩  In the following, we use Vu ∈0  to replace Vu ∈0  

( ).1 Ω+βL∩  

In [2], we have established the following results: 

Proposition 2.1. Suppose that Vu ∈≤β≤ 0,52
7  and .Hf ∈  Then 

there exists closed absorbing sets 21, BB  in ( ),, ADV  respectively, and 

{ },: 11 ρ≤∈= uVuB  

{ ( ) }.: 222 ρ≤∈= AuADuB  

Letting ,2BB =  then ,12 VBBB ⊂⊂=  and ( ) .BBtS ⊂  

Theorem 2.3. Suppose that Vu ∈≤β≤ 0,52
7  and .Hf ∈  Then 

problem (1) has a global attractor in V, which is invariant and compact 
and attracts every bounded subset of V with respect to the norm topology 
of V. 
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Proposition 2.2 ([6]). 

( ) ;,,,,, 2 HwVvLuwvuwvub ∈∈∈≤ ∞
∞  

( ) ( ) .,,,,, 2
21

2
21 HwADvVuwAvvuwvub ∈∈∈≤ k  

Now, let us recall the known Gagliardo-Nirenberg inequality as 
follows. 

Lemma 2.1. Let nR=Ω  or nR⊂Ω  be a bounded domain with 

smooth boundary ,Ω∂  and ( ) ( ) .,1,, ∞≤≤Ω∈Ω∈ rquDu rmq LL  Then 

there exists a constant c, such that 

,1 a
q

a
r

m
p

j uuDcuD −≤  

where 

( ) ( ) ;1,0,1,1111 ≤≤≤≤∞≤≤−+−+= am
jmjpqan

m
ran

j
p  

c depends only on ( ).,,,,, rqajmn  

Since the Stokes operator A is positive, self-adjoint operator with a 
compact inverse, there exists a set of eigenvalues …,,, 321 λλλ  such that 

,as,0 321 +∞→∞→λ≤λ≤λ≤λ< NN"  

and corresponding eigenvectors ,,,, 321 …www  in ( ),AD  which form a 
basis of V and orthonormal in H, such that 

., N∈∀λ= nwAw nnn  

Let { },,,1 NN wwspanV …=  then NV  is a finite dimensional subspace 
of V. Denote by NP  the orthogonal projector from V into NV  and we 

obviously have 1≤NP  for each ,N∈N  and we write .NN PIQ −=  

In order to establish the existence of the exponential attractor, 
according to Theorem 2.1, we need only to show the Lipschitz continuity 
and the squeezing property of the dynamical system ( )tS  in B. That is 
what we proceed to do in the following section. 
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3. The Exponential Attractor 

In this section, we first establish the Lipschitz continuity of the 
dynamical system ( )tS  associated with the Equation (1) in B. Then we 

show the squeezing property for semigroup ( )tS  and deduce the existence 

of finite fractal dimensional exponential attractor. 

Lemma 3.1. Suppose ( ) ( )tutuHf 21 ,,,52
7 ∈≤β≤  are two solutions 

of the problem (1) with initial values ., 0201 Buu ∈  Then we have 

( ) ( ) ,020121 1 uuetutu tc −≤−  

where 1c  is a constant depending only on .β  

Proof. Let ( ) ( ) ( ).21 tututw −=  Then by (3) we find that 

( ) ( ) ( ) ( ) ,02121 =−+−+µ+ uGuGuBuBAwdt
dw  (4) 

( ) .0 0201 uuw −=  (5) 

Taking the inner product of (4) with Aw  in H, we infer that 

( ) ( ) ( ( ) ( ) )AwuFuFAwuubAwuubAwwdt
d ,,,,,2

1
212211

2
2

2 −−+−=µ+  

( ) ( ) ( ( ) ( ) )AwuFuFAwuwbAwwub ,,,,, 2121 −−−−=  

2
21

22
21

2
23

2
21

1 AwAuuwcAwwuc +≤  

( ) ( ) 2221 AwuFuF −+  

( ) ( ) ( ) ,4
3 2

221
2

222
4

1
2
2 uFuFcwAuuucAw −+++µ≤  

(6) 
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and because 

( ) ( ) dxuuuuuFuF
2

2
1

21
1

1
2
221

−β−β

Ω
α−α=− ∫  

[ ] dxuuuwuc
2

2
1

2
1

1
1

1 ⋅−+≤ −β−β−β

Ω∫  

( ) [ ] ,22
2

22
2

2
1

212
1 dxwuuucdxwuc −β−β

Ω

−β

Ω
++≤ ∫∫

 

in the last inequality, we used the fact that 

( ) ,11 yxyxcpyx pppp −+≤− −−  

for any ,0, ≥yx  where c is an absolute constant. So 

( ) ( ) ( )
( ) 2

6
2
62

2

6
2

2
2

1
2
6

12
131

2
221 wuuucwucuFuF −β−β−β

−β ++≤−  

( )
( )

( )
( )





 ++≤

−β

−β
−β
−β

2
2

22
2621

12
131

2 uuuuwc  

( )
( ) ( ( )

( )
( )
( ) )[ ].2

2
22
262

22
261

12
131

2 uuuuwc −β
−β

−β
−β

−β
−β ++≤   (7) 

Substituting (7) into (6), and applying Gronwall inequality, we have 

( ) ( ) ( )
( )[





++≤ −β
−β∫ 12
131222

4
1

0
22 exp0 uAuuucwtw

t
 

( ( )
( )

( )
( ) )] .22

262
22
261

2
2





++ −β
−β

−β
−β dsuuu  (8) 

Applying Gagliardo-Nirenberg inequality, we obtain 

( )
( )

( ) ( )

( )
( )

( ) ( )

., 7
122

7
1352

7
212

7
28

12
22
2612

12
13

+β
−β

+β
−β

+β
+β

+β
−β

+β
−β
−β+β

−β
−β ∆≤∆≤ uucuuucu  (9) 

Because ( ),1 Ω+βLV   so there exists a positive constant ,3ρ  such 

that 31 ρ≤+βu  when .Bu ∈  
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Because ,, 21 Buu ∈  and thanks to (9), there must exists a positive 
constant ,1c  such that 

( ) ( ) .0 2
0201

2222 11 uueewtw tctc −=≤  

 

Lemma 3.2. Assume that ( )tu1  and ( )tu2  are two solutions of 
problem (1) with initial values ., 0201 Buu ∈  Then ( )21 uuQq N −=  
satisfies that 

( ) ( ) ( ) .02
22

11
22 11 wec

cetq tc
N

tN
+

µλ−
µλ+

+≤ +  

Proof. Let ( ) ( ) ( ) ( ) ( ).,21 twQtqtututw N=−=  Applying NQ  to 

( ) ( ) ( ) ( ),~~
2121 uFPuFPuBuBAwdt

dw +−+−=µ+  

we obtain 

( ) ( ( ) ( )) ( ( ) ( )).~~
1212 uFPuFPQuBuBQAqt

tq
NN −+−=µ+

∂
∂  (10) 

Taking the inner product of (10) with Aq in H, we find that 

( ( ) ( )) ( ( ) ( )) .~~
2
1

1212
2
2

2 AqdxuFPuFPQAqdxuBuBQAqqdt
d

NN −+−=µ+ ∫∫ ΩΩ
 

(11) 

Because 

( ( ) ( )) ( ) ( ) 222112
~~ AquFuFAqdxuFPuFPQN ⋅−≤−∫Ω  

( ) ( ) ,4
1 2

2
2
221 AquFuF µ+−

µ
≤  (12) 

and 

( ( ) ( )) ( ) ( ) 221212 AquBuBAqdxuBuBQN ⋅−≤−∫Ω  

( ) ( ) ,4
1 2

2
2
212 AquBuB µ+−

µ
≤  (13) 
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( ) ( ) ( ) ( )[ ] dxuuuBuuuBuBuB 2
112122

2
212 ,, −+−=− ∫Ω  

( ) ( )( )2
2112

2
2122 ,,2 uuuBuuuB −+−≤  (14) 

,2 2
211

22
2 wAuucwu +≤ ∞  

and since ,2
2

2
1 AqqN ≤λ +  combining (12)-(14) with (11), we have 

( )
( ) [ ( )

( ){ ( )
( ) ] 2

2
22
262

22
261

12
131

2
1

2 uuuucqqdt
d

N
−β
−β

−β
−β

−β
−β+ ++≤µλ+  

} .2
211

2
2 wAuuu ++ ∞  (15) 

Because ,2 Bu ∈  so .222 ρ≤Au  Applying Agmon’s inequality, there 

exists a positive constant 4ρ  such that 

.42 ρ≤∞u  

So when ,, 0201 Buu ∈  

( ) ,0 22
2

2
2

2
1

2 1 wecwcqqdt
d tc

N ≤≤µλ+ +   (16) 

for some positive constant .2c  

Then it follows from Gronwall lemma that 

( ) ( ) 22
11

222 020 11 wec
ceqq tc

N
tN

+

µλ−
µλ+

+≤ +  

( ) ( ) ,02
22

11
2 11 wec

ce tc
N

tN
+

µλ−
µλ+

+≤ +  (17) 

which concludes the proof of Lemma 3.2.   

We now show the squeezing property. 

Lemma 3.3. Suppose 52
7 ≤β≤  and ,Hf ∈  then the semigroup ( )tS  

associated with problem (1) is squeezing in B. 
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Proof. Let 0>∗t  fixed, and ( ) ( ) ( ).21 tututw −=  We now assume 

that 

( ) ( ) .∗∗ ≤ twQtwP NN  

Then we can deduce 

( ) ( ) ( ) 222
∗∗∗ += twQtwPtw NN  

( ) 22 ∗≤ twQN  

( ) ( ) 22
11

2 022 11 wec
ce tc

N
tN ∗∗+

+

µλ−
µλ+

+≤  

( ) ( ) .022 22
11

2 11 wec
ce tc

N
t ∗∗

+

µλ−
µλ+

+≤  (18) 

Let ∗t  be large enough so that 

.256
11 ≤∗µλ− te  (19) 

Next we choose 0N  large enough so that 

.256
1

2
11 2

1
22

11
2 ≤

µλ
<

µλ+
∗∗

++

tc
N

tc
N

ecec
c  (20) 

From (18)-(20), we obtain that 

( ) ( ) ,064
1 22 wtw ≤∗  (21) 

(21) completes the proof of Lemma 3.3.   

Theorem 3.1. Suppose 52
7 ≤β≤  and ,Hf ∈  then there exists 0N  

large enough such that 

( ).2256 11
0

162
1

µλ
+ µ

≥λ c
N

c  



EXPONENTIAL ATTRACTOR FOR THE THREE- … 39

For the semigroup ( ) ( ( ){ } )BtStS t ,, 0≥  admits an exponential attractor M, 

and 

( ) ( ).2161 118
23

µλµ+≤ c
F ccMd   (22) 

Proof. From Lemmas 3.1 and 3.3, we have known that ( ){ } 0≥ttS  is 

Lipschitz continuous and squeezing in B, by Theorem 2.1, we know 
( ( ){ } )BtS t ,0≥  admits an exponential attractor M. We note that, 

,~ 2NNλ  and let θδ,  be fixed, thus obtain the estimate (22) of fractal 

dimension. Theorem 3.1 therefore is proved.   
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