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Abstract 

In this paper, the fixed point theorem in cones is used to obtain the existence of multiple 
positive solutions for systems of nonlinear m-point semipositone boundary value problems: 
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where ( ) ( ) ( ) ( )( ) ( ) ( )tutqtutptLu +′′=  and ( )1,0∈ξi  with ,10 221 <ξ<<ξ<ξ< −m"  

iii fR ,, +∈βα  and ig  are both semipositone. 
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___________________________________________________________________ 

1. Introduction 

In this paper, we consider the existence of positive solutions for the 
following m-boundary value system (SBVS for short): 
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 (1) 

where λ  and µ  are positive parameters, ( ) ( ) ( ) ( )( ) ( ) ( ),tutqtutptLu +′′=  

( ) ( ) [ ] ifRJCtbta ,,, +′∈  and ( )2,1: =→×× ++ iRRRJgi  are 

continuous, ( )1,0∈ξi  with ,,,10 221
+

− ∈βα<ξ<<ξ<ξ< Riim"  

here [ ] ( ) [ ) ( ) ( )tbtaRJJ ,,,0,1,0,1,0 ∞+==′= +  may be singular at 

.1,0=t  Since the nonlinearity if  and ig  may change sign, the problem 

studied in this paper is so-called semipositone problem in the literature 
which arises naturally in chemical reactor theory. Up to now, much 
attention has been attached to the existence of positive solutions for 
semipositone differential equations and system of differential equations, 
see [1-11] and references therein to name a few. Recently, when 
nonlinearity is continuous, Su et al. [10] obtained the existence of 
positive solutions for the following second-order semipositone two-point 
boundary-value system: 
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On the other hand, the multi-point boundary-value problems for 
ordinary differential equations arise in a variety of different areas of 
applied mathematics and physics. For the background in this area, we 
refer the reader to the references [12-14]. The study of multi-point 
boundary-value problems for linear second-order ordinary differential 
equations was initiated by Ilin and Moiseev [14]. Since then, nonlinear 
multi-point boundary-value problems have been studied by many authors 
using the Leray-Schauder continuation theorem, nonlinear alternatives 
of Leray-Schauder, coincidence degree theory, and fixed point theorem in 
cones. When f is nonnegative, Zhang and Sun [2] investigated the 
positive solution for the following m-point boundary value problem under 
some conditions concerning the first eigenvalue with respect to the 
relevant linear operators: 
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Motivated by [10] and [2], the purpose of this paper is to consider the 
existence of multiple positive solutions for SBVS (1) and the following 
SBVS: 
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Compared with [10], since the nonlinearities in question allow to be 
singular at ,1,0=t  the construction of the cone is different from that in 

[10]. Furthermore, the operator discussed in this paper is the general 
Sturm-Liouville operator and the boundary value problem is the more 
complicated one. 

The rest of this paper is organized as follows. In Section 2, we give 
some preliminaries and lemmas. The main results are formulated in 
Section 3 and an example is also given in Section 4. 

2. Preliminaries and Several Lemmas 

Let [ ] ( ){ } [ ] [ ],1,01,0,,0:,1,0 CCEEJttuEuECE ×=×∈≥∈== +  

then ( ( ))⋅⋅× ,,EE  is a Banach space with norm ( ) ,, yxyx +=  

( ) .max txx Jt∈=  We also introduce the space ( )1,01L  with norm  

( ) .
1
01 dttxx ∫=  

Throughout this paper, we always suppose the following ( )1H  holds: 

( )1H     ( ) [ ] ( ) ( ) [ ] ( ) .0,1,0,0,1,01 ≤∈>∈ tqCtqtpCtp  

Then we have the following: 

Lemma 1 ([2]). Assume that ( )1H  holds. Let ( ) ( )tt 21 , ΦΦ  be the unique 

solution of 
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respectively. Then 

(i) ( )t1Φ  is increasing on [ ] ( ) ( ];1,0,0,1,0 1 ∈>Φ tt  

(ii) ( )t2Φ  is decreasing on [ ]1,0  and ( ) [ ).1,0,02 ∈>Φ tt  

It’s clear, ( ) ( ) [ ] [ ]( ).1,0,1,0, 21 Ctt ∈ΦΦ  Let 
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By Lemma 1, we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )stssttttst ,1, 2121210 kk ≤ΦΦΦΦ
ρ

≤ΦΦ  

( ) ( ) [ ].1,0,1
021 ∈ΦΦ

ρ
≤ ttt  (10) 

Lemma 2. Suppose that [ ] [ )( )∞+∈ω ,0,1,01 C  satisfy the following 

boundary value problem: 
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Proof. It is easy to be proven by (8), we omit the details. 

Similarly, we have 

Lemma 3. Suppose that ([ ] [ ))∞+∈ω ,0,1,02 C  satisfy the following 

boundary value problem: 
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For SBVS (2), we adopt the following assumptions: 
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Remark. From ( )1S  and ( ),S1′  we know there exist 0t  and 1t  such that 

( ) ( ) .0, 10 >tbta  We can pick out ( )2
1,0∈θ  such that ∈10 , tt  [ ].1, θ−θ  

For notational convenience, we denote 
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( ) ( ) ( ) ( ) ., 22121211 ω+µ=ωω+λ=ω MMtMMt  

Define an operator EEEET ×→×:  as follows: 

( ) ( ) ( ( ) ( ) ( ) ( )),,,,, 21 tvuTtvuTtvuT =   (11) 

where 

( ) ( ) ( ) ( ) [ ( ) ( )] ,,,,,,, 2112111
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0
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(12) 

( ) ( ) ( ) ( ) [ ( ) ( )] .,,,,,, 2122122
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0
2 dsvusGvusFsbstKtvuT ω−ω−+ω−ω−µ= ∫  

(13) 

Lemma 4. Let ( )1H  and ( )2H  be satisfied, then ( )vu,  is a positive 

solution for SBVS (1) if and only if ( ) ( )21,~,~ ω+ω+= vuvu  is a fixed 

point of operator T, and ( ) ( ) ( ) ( ) .,~,~
21 Jtttvttu ∈ω>ω>   

Let 

{ ( ) },,: JtutuEuK ∈∀≥∈= +  

{ ( ) [ ]}.1,,: θ−θ∈∀≥∈= θ+θ tuMtuEuK   (14) 

Choose [ ] ( ) ( ).min 211, ttM t ΦΦ= θ−θ∈θ  It is easy to verify that θK  and 

θθ × KK  are cones in E and ,EE ×  respectively. 

Lemma 5. Let ( )1H  and ( )2H  be satisfied, then θθθθ ×→× KKKKT :   

is completely continuous. 

Proof. By (8) and (12), for any ( ) KKvu ×∈,  and ,Jt ∈  we have 
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( ) .,1 vuTMθ≥  (18) 

In the same way, we get 

( ) ( ) ( ) ( ) ( ) [ ].1,,,, 2212 θ−θ∈ΦΦ≥ tvuTtttvuT   (19) 

It follows from (18) and (19) that .: θθθθ ×→× KKKKT  Ascoli-Arzela 

theorem and the Lebesgue dominated convergence theorem guarantee 
that θθθθ ×→× KKKKT :  is completely continuous. 

To prove the main results of this paper, we need the following well-
known fixed point theorem: 

Lemma 6 ([12]). Suppose E is a real Banach space, EP ⊂  is a cone, let 

321 ,, ΩΩΩ  be three bounded open set in E such that ,, 211 Ω⊂ΩΩ∈θ  
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.32 Ω⊂Ω  Let operator PPA →Ω3: ∩  be completely continuous. 

Suppose that 

,, 1Ω∂∈∀≤ ∩PxxAx  

,,, 2Ω∂∈∀≠≥ ∩PxxAxxAx  

., 3Ω∂∈∀≤ ∩PxxAx  

Then A have two fixed points ∗∗∗ xx ,  in 3Ω∩P  and ( ),\ 12 ΩΩ∈∗ ∩Px  

( ).\ 23 ΩΩ∈∗∗ ∩Px  

3. Main Results 

The following two theorems are the main results: 

Theorem 1. Assume that conditions ( ) ( ) ( ) ( )3121 S-S,H,H  are satisfied. 
Then for sufficiently small λ  and SBVS,µ  (1) has at least two positive 
solutions. 

For system (2), we have the following results: 

Theorem 2. Assume that conditions ( ) ( ) ( ) ( )3121 S-S,H,H ′′  are satisfied. 
Then for sufficiently small λ  and SBVS,µ  (2) has at least two positive 
solutions. 

Proof of Theorem 1. By Lemma 4, we need only to prove T has at least 
two fixed points ( ) ( )yxyx ′′ ~,~,~,~  with ( ) ( ) ( ) ( ) ( ) ( ),~,~,~,~

21 ttytyttxtx ω≥′ω≥′  
( ).1,0∈t  

Firstly, by ( ),S3  we have 

( ) .2,1,0,lim 21

0,0

==
+

ω−ω−

>>
+∞→+

ivu
vuGi

vu
vu

 

Then, there exist 11 >L  and 0~ >N  such that 
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and for λ  small enough, N~  satisfies 
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1
2111 11  

( ) ( ) ( )( ) ,1
1

0
<+× ∫ dssbsase   (20) 

where R is given next. Thus, 

( ) ( ) .2,1,,~, 121 =≥++≤ω−ω− iLvuvuNvuGi   (21) 

Set 11 += LR  and {( ) ( ) }.,:,1 RvuEEvu <×∈=Ω  For any  

( ) ( ) 1, Ω∂×∈ θθ ∩KKvu  and [ ],1, θ−θ∈t  by (21), we have 

( ) ( ) ( ) ( ) [ ( ) ( )]dsvusGvusFsastKtvuT 2112111
1

0
1 ,,,,,, ω−ω−+ω−ω−λ= ∫  

( ) ( ) [ ( )211
1

0

2

1

1 ,,1 ω−ω−












α+λ≤ ∫∑

−

=

− vusFsaseD i

m

i
 

( )]dsvusG 211 ,, ω−ω−+  

( ) ( ) ( )( ) [( )21
1

0

2

1

11 MMFsbsaseD Ri

m

i
+++













α+λ≤ ∫∑

−

=

−  

 ( )]dsvuN ++ ~  
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[( ) ]NMMFD Ri

m

i

~1 21

2

1

1 +++












α+λ≤ ∑

−

=

−  

( ) ( ( ) ( )) ( ).
1

0
vudssbsase ++× ∫   (22) 

Similarly, we get 

( ) ( ) [( ) ]NMMFDtvuT Ri

m

i

~1, 21

2

1

1
2 +++













β+µ≤ ∑

−

=

−  

( ) ( ( ) ( )) ( ).
1

0
vudssbsase ++× ∫  (23) 

It follows from (22) and (23) that 

( ) ( )

























β+µ+













α+λ+++≤ ∑∑

−

=

−
−

=

−
i

m

i
i

m

i
R DDNMMFvuT

2

1

1
2

1

1
21 11~,  

( ) ( ).
1

0
vudsse +× ∫  

Then, by (20), we have 

( ) ( ) ( ) ( ) .,,,, 1Ω∂×∈∀≤ θθ ∩KKvuyxvuT   (24) 

Secondly, set {( ) ( ) }.1,:,2 <×∈=Ω vuEEvu  For any ( ) ∈vu,  

( ) 2Ω∂× θθ ∩KK  and [ ],1, θ−θ∈t  we have 

( ) ( ) ( ) ( ) [ ( ) ( )]dsvusGvusFsastKtvuT 2112111
1

0
1 ,,,,,, ω−ω−+ω−ω−λ= ∫  

( ) ( ) [ ( )211
1

0

2

1

1 ,,1 ω−ω−












α+λ≤ ∫∑

−

=

− vusFsaseD i

m

i
 

( )]dsvusG 211 ,, ω−ω−+  
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( ) ( ) ( )( ) [( )11
1

0

2

1

11 MFsbsaseD i

m

i
++













α+λ≤ ∫∑

−

=

−  

( )]dsMG 21 ++  

( )2111

2

1

11 MGMFD i

m

i
+++













α+λ≤ ∑

−

=

−  

( ) ( ) ( )( ) .
1

0
dssbsase +× ∫   (25) 

Similarly, we have 

( ) ( ) ( ) ( ) ( ) ( )( ) .1,
1

0
2111

2

1

1
2 dssbsaseMGMFDtvuT i

m

i
++++













β+µ≤ ∫∑

−

=

−  

(26) 

By (25), (26), and (20), we get 

( ) ( ) ( )

























β+µ+













α+λ+++≤ ∑∑

−

=

−
−

=

−
i

m

i
i

m

i
DDMGMFtvuT

2

1

1
2

1

1
2111 11,  

( ) ( ) ( )( ) .
1

0
dssbsase +× ∫  

Thus, 

( ) ( ) ( ) ( ) .,,,, 2Ω∂×∈∀≤ θθ ∩KKvuvuvuT   (27) 

On the other hand, choose j 0M >  big enough such that for some  
[ ]θ−θ∈∗ 1,t  

( ) j ( ) ( ) ( ) ( )
1 1

min , , , 1.M t s a s ds t s b s ds
−θ −θ

∗ ∗

θ θ

 
λ + µ ≥ 

 ∫ ∫k k  

By ( ),S3  we get 

( ) .2,1,,lim 21

0,0

=∞=
+

ω−ω−

>>
+∞→+

ivu
vuFi

vu
vu
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Therefore, there exists 21 L<  such that for any 2Lvu ≥+  and Jt ∈  

( ) j ( ( ) ( ) )1 2, max max , 1, 2.i t J t J
F u v M u t v t i

∈ ∈
− ω − ω ≥ + =  (28) 

Choose RrM
L

<<
θ

2  and {( ) ( ) }.,:,3 rvuEEvu <×∈=Ω  For any 

( ) ( ) ,, 3Ω∂×∈ θθ ∩KKvu  we have by the construction of cone θK  that 

( ) [ ].1,, θ−θ∈≥ θ suMsu  Therefore, ( ) ( ) ( ) .2LvuMsvsu ≥+≥+ θ  

Thus, for [ ],1, θ−θ∈t  by the definition of iF  and (28), we have 

( ) j ( )− ω − ω ≥ + + ≥ =1 2 2, , , 1, 2.iF u v M u v u v L i   (29) 

So, for some [ ]θ−θ∈∗ 1,t  and ( ) ( ) ,, 3Ω∂×∈ ∩KKvu  by (12) and (13), 

we have 

( ) ( ) ( ) ( ) [ ( ) ( )]dsvuGvuFsastKtvuT 2112111
1

0
1 ,,,, ω−ω−+ω−ω−λ= ∗∗ ∫  

( ) ( ) ( )dsvuFsast 211
1

0
,, ω−ω−λ≥ ∗∫ k  

j ( ) ( ) ( )
−θ

∗

θ
≥ λ +∫

1
, .M t s a s x y dsk  (30) 

Similarly, we get 

( ) ( ) j ( ) ( ) ( )
−θ

∗ ∗

θ
≥ µ +∫

1
2 , , .T u v t M t s b s x y dsk  

As a consequence, 

( ) ( ) ( ) j ( ) ( ) ( ) ( )
1 1

, min , , ,T u v t M t s a s ds t s b s ds
−θ −θ

∗ ∗

θ θ

 
≥ λ + µ  

 ∫ ∫k k  

( )× + ≥ + .x y ds x y  
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So, we have 

( ) ( ) ( ) ( ) .,,,, 3Ω∂×∈∀≥ θθ ∩KKvuvuvuT   (31) 

It follows from (24), (27), (31), and Lemma 6 that T have two fixed     
points ( ) ( )vuvu ′′ ~,~,~,~  on ,KK ×  and ( ) ( ) .~,~~,~1 Rvurvu <′′<<<  

Finally, we are in position to show that ( ) ( ) ( ) ( ) ( ).1,0,~,~
21 ∈ω>ω> tttvttu  

For ( ) ( ),1, >+= vuvu  we shall give the proof for three cases:          

(1) ;1>u  (2) ;1>v  (3) 1,1 ≤≤ vu  and .1>+ vu  

Case 1. If ,1>u  then for λ  small enough, by Lemma 2,                  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).11212121 ttMMttttutu ω=ω+λ>ΦΦ>ΦΦ≥  Similarly, we 

have ( ) ( ) ( )1,0,~
2 ∈ω> tttv  when .1~ >v  On the other hand, if ,1≤v  

set { [ ] ( ) ( )} { [ ] ( ) ( )}.~:1,0,~:1,0 2221 ttvtJttvtJ ω≤∈=ω>∈=  It is 

clear, [ ].1,021 =JJ ∪  Since ( )vu ~,~  is a solution of (11), we have 

( ) ( ) ( ) [ ( ) ( )]dsvusGvuFsbstKtv 2122122
0

~,~,~,~,~ ω−ω−+ω−ω−µ= ∫  

 ( ) ( ) [ ( )2122
~,~,

21
ω−ω−µ








+= ∫∫ vuFsbstK

JJ
 

( )] .~,~, 212 dsvusG ω−ω−+  

For ( ) ( ) ( ) ( ) ,0~,0~, 211 >ω−>ω−∈ ssvssuJs  then by the definition of  

2F  and ,2G  we have 

[ ( ) ( )]212212
~,~~,~ ω−ω−+ω−ω−µ vuGvuF  

[ ( ) ( )]212212
~,~~,~ ω−ω−+ω−ω−µ= vuGvuF  

[( ( ) ) ( ( ) )].~,~~,~
22121212 MvugMvuf +ω−ω−++ω−ω−µ=  
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Therefore, 

( ) ( ) [ ( ) ( )]2122122
~,~~,~,

1
ω−ω−+ω−ω−µ∫ vuGvuFsbstK

J
 

( ) ( ) [ ( ) ( )]2122122
~,~~,~,

1
ω−ω−+ω−ω−µ= ∫ vugvufsbstK

J
 

( ) ( ) ( ) .,221
1

dssbstKMM
J∫+µ+  

For ( ) ( ) ( ) ( ) ,0~,0~, 212 ≤ω−>ω−∈ ssvssuJs  then by the definition of  

2F  and ,2G  we have 

[ ( ) ( )]212212
~,~~,~ ω−ω−+ω−ω−µ vuGvuF  

[ ( ) ( )]0,~0,~
1212 ω−+ω−µ= uGuF  

[( ( ) ) ( ( ) )].0,~0,~
212112 MugMuf +ω−++ω−µ=  

Thus, 

( ) ( ) [ ( ) ( )]2122122
~,~~,~,

2
ω−ω−+ω−ω−µ∫ vuGvuFsbstK

J
 

( ) ( ) [ ( ) ( )]0,~0,~, 12122
2

ω−+ω−µ= ∫ ugufsbstK
J

 

( ) ( ) ( ) .,221
2

dssbstKMM
J∫+µ+  

By ( ),S1  we have 

( ) ( ) ( ) .,,0,,0, 22 JRvuvugvuf ×∈∀≥≥ +  

Then, we obtain 

( ) ( ) ( ) [ ( ) ( )]dsvuGvuFsbstKtv
JJ

2122122
~,~~,~,~

21
ω−ω−+ω−ω−µ








+= ∫∫  

( ) ( ) ( ) ( ) ( ).1,0,, 22
1

0
21 ∈ω=+µ≥ ∫ ttdssbstKMM  
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So, ( ) ( ) ( ).1,0,~
2 ∈ω> tttv  

Case 2. If .1~ >v  In a similar way to Case 1, we get ( ) ( ),~
1 ttu ω>  

( ) ( ) ( ).1,0,~
2 ∈ω> tttv  

Case 3. If 1~,1~ ≤≤ vu  and .1~~ >+ vu  We set 

{ [ ] ( ) ( )} { [ ] ( ) ( )};~:1,0,~:1,0 1211 ttutJttutJ ω≤∈=ω>∈=  

{ [ ] ( ) ( )} { [ ] ( ) ( )}.~:1,0,~:1,0 2221 ttvtBttvtB ω≤∈=ω>∈=  

Similar to the proof of Case 1, we have ( ) ( ),1,0,1,0 11 == BJ  i.e., 

( ) ( ) ( ) ( ) ( ).1,0,~,~
21 ∈ω>ω> tttvttu  Thus, we have proved that ( ) =vu,  

( )21
~,~ ω−ω− vu  is a positive solution for the system (1). 

Proof of Theorem 2. The proof is similar to that of Theorem 1. Define 

operator EEEET ×→×∗ :  as follows: 

( ) ( ) ( ( ) ( ) ( ) ( )),,,,, 21 tvuTtvuTtvuT ∗∗=  

where 

( ) ( ) ( ) ( ) ( ) ,,,, 211
1

0
1 dsvuFsastKtvuT ω−ω−λ= ∫∗  

( ) ( ) ( ) ( ) ( ) .,,, 212
1

0
2 dsvuGsbstKtvuT ω−ω−µ= ∫∗  

Firstly, by ( ),S3′  we have 

( ) .0,lim 21

0,0

=
+

ω−ω−

>>
+∞→+ vu

vuG

vu
vu

 

Then, there exist 11 >∗L  and 0~ >∗N  such that 

( ) ( ) ,,~, 121
∗∗ ≥++≤ω−ω− LvuvuNvuG  
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and for µλ,  small enough, ∗N~  satisfies 

( ) ( ) ( ) ( )( ) ,11~1
1

0

2

1

1
2

1

1
1 <+


























β+µ+













α++′λ ∫∑∑

−

=

−
−

=

−
∗ dssbsaseDNDMF i

m

i
i

m

i
R

 

( ) ( )

























β++′µ+













α++λ ∑∑

−

=

−
−

=

−
i

m

i
i

m

i
DMGDMF

2

1

1
21

2

1

1
11 11  

( ) ( ) ( )( ) .1
1

0
<+× ∫ dssbsase  

where ∗R  is given next. Thus, 

( ) ( ) .2,1,,~, 121 =≥++≤ω−ω− iLvuvuNvuGi   (32) 

Set 11 += ∗∗ LR  and {( ) ( ) }.,:,1
∗∗ <×∈=Ω RvuEEvu  By the 

same discussion of Theorem 1, we get 

( ) ( ) ( ) ( ) .,,,, 1
∗Ω∂×∈∀≤ ∩KKvuvuvuT  

Obviously, (27) is also valid for Theorem 2. On the other hand, choose 

j 0M ∗
>  big enough such that for some [ ], 1t∗ ∈ θ − θ  

( ) j ( ) ( ) ( ) ( )
−θ −θ

∗ ∗

θ θ

 
λ + µ ≥ 

 ∫ ∫
1 1

min , , , 1.M t s a s ds t s b s dsk k  

By ( ),S3  we get 

( ) ,,lim 21

0,0

∞=
+

ω−ω−

>>
+∞→+ vu

vuF

vu
vu

 

( ) ,,lim 21

0,0

∞=
+

ω−ω−

>>
+∞→+ vu

vuG

vu
vu
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Therefore, there exists ∗< 21 L  such that for any ∗≥+ 2Lvu  and 

( ) j ( ( ) ( ) ) ( )1 2 1 2, max max , ,
t J t J

F u v M u t v t G u v
∈ ∈

− ω − ω ≥ + − ω − ω  

j ( ( ) ( ) )max max .
t J t J

M u t v t
∈ ∈

≥ +  

Choose 2L r RM

∗
∗ ∗

θ
< <  and { ( ) ( ) }3 , : , .u v E E u v r∗ ∗Ω = ∈ × <  For any 

( ) ( ) 3, ,u v K K ∗∈ × ∂Ω∩  similar to the same method of Theorem 1, we have 

( ) ( ) ( ) ( ) .,,,, 3
∗Ω∂×∈∀≥ ∩KKvuvuvuT  

Then Theorem 2 follows from Lemma 6. 

4. An Example 

Consider the singular semipositone three-point boundary-value 
problem system: 

( ) ( ) ( ( ) ( )( ) ( ) ( )( ))

( ) ( ) ( ( ) ( )( ) ( ) ( )( ))

( ) ( ) ( )

( ) ( ) ( )














<<==

==

+µ=′′−

+λ=′′−

,10,2
1

4
11,00

,2
1

2
11,00

,,,

,,,

22

11

tuvv

uuu

tvtugtvtuftbtv

tvtugtvtuftatu

 (33) 

where λ  and µ  are positive parameters and 

( )
( )

( ) ( ) ( ) ,10,,
3
1,

1
1,2

1,4
1,2

1
11111 =Φ′=Φ=

−
==ξ=β=α xx

t
tb

tt
ta  

( )
( ) [ ] [ )

( ) ( ) [ ) [ )







∞+×∞+∈−−+

∞+×∈+
=

− ,,0,1,,143

,,01,0,,3
,

263

6

1
2
5

vueuvu

vuvu
vuf

u
 

( ) ( ) ( ),37cos,,, 2
1

5
2 3

4
−+== vuvugvuvuf  
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( )
( ) [ ) [ ]

( ) ( ) [ ) [ )





∞+×∞+∈−−+

×∞+∈+
=

−−−

−−

.,1,0,,123

,1,0,0,,3
,

4 223

3 223

2
vuevveue

vuveue
vug

vvu

vu
 

It is easy to check that ( ) ( ) ( ) ( )3121 S,S,H,H  hold. For any ,0≥u  

,0≥v  we have 

( ) ( ) ( ) ( ) ,2,,0,,0,,4, 2121 −≥≥≥−≥ vugvugvufvuf  

so, condition ( )2S  also holds. Then Theorem 1 shows that for 0>λ  and 

0>µ  small enough, system (33) has at least two positive solutions. 
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