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Abstract

In this paper, the fixed point theorem in cones is used to obtain the existence of multiple

positive solutions for systems of nonlinear m-point semipositone boundary value problems:
= (Lu)(t) = ra(t) (Au@), vt) + g1(u(), v(?)),
= (Lo)(t) = ub(t) (fa(u(®), v(t)) + g2(u(), v(t)),
m-2
w0) =0, u)= Y o).

1=

m-2
w0)=0. v = D" i),

where (Lu)(t) = (p(t)u'(t))! +q@)u() and &; €(0,1) with 0<§& <&y <--<&y 9 <],

a;, B; € R*, £, and g; are both semipositone.
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1. Introduction

In this paper, we consider the existence of positive solutions for the

following m-boundary value system (SBVS for short):

~ (L) €) = 7a(t) (A (0), v(2) + &1 (u(t), o)),
- (L0)(€) = ubl0) (fo(lt), v(e) + 2(lt), v(0),
w(0) =0, ult)= " “oulz),

00)= 0, (1) = 3" “pinley),

(€

where A and p are positive parameters, (Lu)(t) = (p(t)u'(t)), + q(t)ult),
at), bt) e C[J', R*], f; and g;:JxR"xR" - R(i=1,2) are
continuous, &; € (0,1) with 0<§& <&y <+ <&, 9 <1,a;,B; € R,
here J =[0,1], J" =(0,1), R* =[0, +x), a(t), b(t) may be singular at
t = 0, 1. Since the nonlinearity f; and g; may change sign, the problem

studied in this paper is so-called semipositone problem in the literature
which arises naturally in chemical reactor theory. Up to now, much
attention has been attached to the existence of positive solutions for
semipositone differential equations and system of differential equations,
see [1-11] and references therein to name a few. Recently, when
nonlinearity is continuous, Su et al. [10] obtained the existence of
positive solutions for the following second-order semipositone two-point

boundary-value system:
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x"(L) + M, u), v(t) + pgr (¢, ult), v(t)) = O,
() + Mt ult), v(t)) + ngal(t, ult), v(t)) = 0,
x(0) = x(1) = ¥(0) = y(1) =0, ¢ ed.

On the other hand, the multi-point boundary-value problems for
ordinary differential equations arise in a variety of different areas of
applied mathematics and physics. For the background in this area, we
refer the reader to the references [12-14]. The study of multi-point
boundary-value problems for linear second-order ordinary differential
equations was initiated by Ilin and Moiseev [14]. Since then, nonlinear
multi-point boundary-value problems have been studied by many authors
using the Leray-Schauder continuation theorem, nonlinear alternatives
of Leray-Schauder, coincidence degree theory, and fixed point theorem in
cones. When f is nonnegative, Zhang and Sun [2] investigated the
positive solution for the following m-point boundary value problem under
some conditions concerning the first eigenvalue with respect to the

relevant linear operators:
= (Lo) (x) = h(x)f(o(x)),
0(0)= 0, o) = 3" “uio(E,).

i=1

Motivated by [10] and [2], the purpose of this paper is to consider the
existence of multiple positive solutions for SBVS (1) and the following
SBVS:

- (Lw)(¢) = (o) (t), vle),
- (L0)(¢) = wb(Og(ult), v(2),
w0) = 0, u)= 3" Foguls;),
00) =0, o(1)= 3 “piule)

@
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Compared with [10], since the nonlinearities in question allow to be

singular at ¢ = 0, 1, the construction of the cone is different from that in

[10]. Furthermore, the operator discussed in this paper is the general
Sturm-Liouville operator and the boundary value problem is the more

complicated one.

The rest of this paper is organized as follows. In Section 2, we give
some preliminaries and lemmas. The main results are formulated in

Section 3 and an example is also given in Section 4.
2. Preliminaries and Several Lemmas

Let E=C[0,1],E, ={ucE:ult)>0,ted}, ExE =C[0,1]x C|0, 1],
then (ExE, |(,-)| is a Banach space with norm |(x, y)| = || + 3],

lx| = max,.s|x(t)]. We also introduce the space L'(0,1) with norm
1
Jxly = [ (@) .
Throughout this paper, we always suppose the following (H;) holds:

(Hy) p@)eCo,1], p@)>0, q@)eClo,1], q@)s<o0.
Then we have the following:

Lemma 1 ([2]). Assume that (H;) holds. Let ®(t), ®9(t) be the unique

solution of

(Lu)(() =0, 0<t<1,
{ 3)
u(0) =0, u(1) =1,
and
(Lu)(¢) =0, 0<t<1,
{
u(0) =1, u(1) = 0,
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respectively. Then

(i) ®(t) is increasing on [0, 1], ®;(¢) > 0, t € (0, 1];

(i) ®q(¢) is decreasing on [0, 1] and ®4(t) > 0, t € [0, 1).

It’s clear, @4(t), ®4(¢) € C([0, 1], [0, 1]). Let

l<1>1(t)CI>2(s), 0<t<s<l,

Kt s) = ®)
B<1>1(s)q>2(t), 0<s<t<l1,

where p = ®1(0) (we know from Lemma 1, ®;(0) > 0) and

m-2
Ky (t, s) = k(t, s)+ D*lcpl(t)z ak(;,s), 0<ts<l,  (6)
=1

m—2
Kyt 5) = k(t, s) + D'01(0) ) Bk, ), 0<ts<1, (D)
i=1
m—2
where D =1 - Z a;®;(&;). Then K;(t, s) is continuous on [0, 1]x [0, 1]
i=1

and K;(t, s)(i = 0,1) is nonnegative for any ¢, s € [0, 1]. Obviously, for

e(t) = %d)l(t) ®y(t), by Lemma 1, (5)-(7) we have
m—2 m—2
Ki(t, s) < [1 + D7 Z oci]e(s) or [1 + D7 Z ai]e(t), 0<t s<1,(8
i=1 i=1

m—2 m=—2
Ks(t, s) < [1 +D7! Z Bi]e(s) or [1 +D7! Zﬁije(t), 0<ts<1.(09
i=1 i=1
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By Lemma 1, we have

k(tg, s)@1(0)P2(t) < — @1(2) Do () D1 (s) Do(s) < A, 5)

kel

< =D () Do), ¢y €0, 1].

ol

(10)

Lemma 2. Suppose that o € C([0, 1], [0, + ©)) satisfy the following
boundary value problem:

- (Lu)(t) = alt), O0<t<1,

u(0) =0, w) = 3" Lol

then

1 m=2
o = Io K (t, s)a(s)ds < (1 +D7! Z ai}"aﬂle(t), ted.
i=1

Proof. It is easy to be proven by (8), we omit the details.

Similarly, we have

Lemma 3. Suppose that oy € C([0, 1], [0, + ®)) satisfy the following
boundary value problem:

- (Lu)(t) =b(t), 0 <t <1,

w0)=0, w))= 3" “puls),

then

1 m—2
®y = jo Ky(t, s)b(s)ds < [1 +D7 ;Bijllbllle(t% ted.

We make the following assumptions for system (1):

m-2 m-2
(Hy) D a®(E) <1 ) BioiE) <L
=1 i=1
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(81) fis 8i € C(R" x R*, R)(i = 0, 1), fi(u, v) 2 0, g1(x, v) 2 0,
V(u, v) € J x R*; fo(u, v) > 0, g9(u, v) > 0, V(u, v) € R" x J; alt),
b(t) € C[J', R*] with

1 1
0 < Io e(s)a(s)ds < 4o, 0 < -[0 e(s)b(s)ds < +o.
(Sg) Forany u > 0, v > 0, there exist M; > 0, (i =1, 2) such that
filu,v) =2 -M;, giw,v)=-My, i=1,2
(S3) f* = o, g =0, where

o= lim [®Y e &) gy

i = lim
u+v—>+o U+ U x+y—>+o U+ UV
u>0,v>0 u>0,v>0

For SBVS (2), we adopt the following assumptions:

(S}) f, g € C(R" x R*, R), f(u, v) >0, V(u, v) € J x R"; g(u, v) > 0,

Y(u, v) € R* xdJ; aft), b(t) € C[J', R ] with
1 1
0< -[0 e(s)a(s)ds < +o, 0 < .[0 e(s)b(s)ds < +o.

(S5) Forany u > 0, v > 0, there exist M; > 0, (i = 1, 2) such that

flw,v)>-M;, gu,v)=-Ms,.
(S5) f* = o, g° =0, where

o= tim @Y e gy SWY)
x+y—>+0 U+ UV ’ x+y—>+0o U+ U ’

u>0,v>0 u>0,v>0
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Remark. From (S;) and (S]), we know there exist {5 and ¢; such that

a(ty), b(t;) > 0. We can pick out 6 € (0, %) such that ¢y, ¢t; € [0,1-0].

For notational convenience, we denote
F(u, v) = f;(u, v) + My, G;(u,v)=g;(u,v)+ My, i=1,2.
F = f(u7 U)+M17 G = g(t7 X, y)+M2’

For any L > 0, denote

Fy, = max{ sup |fi(u, v)|, sup |fo(u, v,
u+v<L u+y<L
u>0,v>0 u>0,0>0

Gy, = max{ sup |g1(u, v)|, sup |g5(u, v)|},
u+v<L u+v<L
u>0,v>0 u>0,v>0

Fi = sup |f(u,v)], G = sup |g(u, v)|.
u+v<L u+v<L
u>0,v>0 u>0,v>0

Let
F;(u,v), u>=0,v2>0,
F;(u,0), u>0,v<0,

E(u’ U) =
F;(0,v), u<0,v=0,

F;(0,0), u<0,v<0,

G;(u,v), u>=0,v

Y
L

G;(u, 0), u>0,v<0,

G;(0,v), u<0,v 2>

\Y%
=

A
L

G;(0,0), u<0,v
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o1(t) = MM; + My)oy,  o9(t) = W(M; + My Jo,.
Define an operator T : Ex E — E x E as follows:
T(u, v)(t) = (T1(w, v) @), To(u, v) (), (11)

where

Ty (u, v)(t) = XI:Kl(t, s)a(s)[Fy(s, u — oy, v — )+ Gy(s, u — o, v — 0y)]ds,
(12)
Ty (u, ) () = pj;K2(t, $)b(s) [ Fy(s, t — g, v — 0g) + Gols, u — o, v — wy)]ds.

(13)

Lemma 4. Let (H;) and (Hy) be satisfied, then (u, v) is a positive

solution for SBVS (1) if and only if (U, 0) = (u+ o, v+ wy) is a fixed
point of operator T, and U(t) > w;(t), 0(¢) > wg9(¢), t € J.

Let
K={ueE, :ul)=|ul, vt € J},
Ky ={u e E, :u(t) 2 Mg|u|, vt € [6,1-06]}. (14)
Choose My = min;c[g 1_9] P1(t)P2(¢). It is easy to verify that Kg and

Ky x Ky are cones in E and E x E, respectively.

Lemma 5. Let (H;) and (Hy) be satisfied, then T : Kq x Ky - Ko x K

is completely continuous.

Proof. By (8) and (12), for any (u, v) € K x K and t € J, we have
1 _
Tylu v)(©) = 2] Kilt, s)a) [Fi(s, u - 01, v - 05)
0

+Gy(s, u— o, v—0y)]ds
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m—2

%} [ els)a(s) By on, v - )
0

+Gy(s, u— o, v—0y)]ds. (15)

Hence
m-2 1 .
Iy, v)| < 2 [1 +D1 Y ai]j a(s)e(s) [Fy (s, u~ o1, v - 03)
o 0
=1

+Gy(s, u— o, V- 0y)]ds. (16)

Similarly, we get
m—2 1 B
IT5(w, v)| < M[l +D Z Bz} Jo b(s)e(s)[Fa(s, u — 01, v~ 0g)
i=1

+ Gols, u — w1, v — mg)]ds. (17)

Pick out ¢y € [0, 1] such that Ti(u, v)(ty) = |T1(x, v)|. By (17) and (12),

for any t € [0, 1 — 6], we have

T (u, v) (t)

1 _ _
= XJ' Kia(s)(t, s)[Fi(s, u— o, v—m9)+ Gi(s, u -, v—ny)]ds,
0

1 _ _
= kj. k(t, s)a(s)[Fi(s, u — o1, v — w9) + Gi(s, u — 01, v — wy )]ds
0

m=2
D70,y 01| K s)a)[Fils, u - on, v - 05)
i=1

+ 61(8, U-—0;,0— 09 )]ds
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1 —
2 010501 klto, 8)als) [Fi(s u - o1, v =)
0
+Gy(s, u—o, v—09)]ds
m=2 .1 —
#2070 o k& $)al)[Fi(s u-0r, v - 0y)
e 0
1=1
+Gy(s, u— o, v—0y)]ds
1 —
2 01(0005() (2] Ko, $)ale)[Fi(s, u - o1, v-03)
+Gy(s, u—o, v—09)]ds

m2 . —
+ ADT01(10) Y o ME $)als) Fy(s, w0, v - 0y)
i=1

+Gy(s,u—0,v-0y)]ds}

D1 ()P ()T1 (u, v) (o) = P1(£) @) |11 (w, V)]

\Y

My||Ty (w, v)]. (18)
In the same way, we get
Ty(u. v) () 2 @1 ()0 Ty(w, v)]. ¢ < [6,1 0] (19)

It follows from (18) and (19) that T : Kg x Kg —» Kg x Kg. Ascoli-Arzela

theorem and the Lebesgue dominated convergence theorem guarantee

that T : Kg x Ky —> Ky x Ky is completely continuous.

To prove the main results of this paper, we need the following well-

known fixed point theorem:

Lemma 6 ([12]). Suppose E is a real Banach space, P < E is a cone, let

Q;, Qq, Qg be three bounded open set in E such that 0 € Qp, Q; c Q,,
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Qy c Q3. Let operator A: P Qg — P be completely continuous.

Suppose that

[Ax| < |||, Vx e PN oQy,
[Ax|| = |lx], Ax # x, Vx € P 0Qg,

lAx] < ¢, Va e PN o

Then A have two fixed points x*, x™ in PN Qg and x* € PN (Qy\Q;),

x** S Pﬂ (53\52 )

3. Main Results

The following two theorems are the main results:

Theorem 1. Assume that conditions (Hy ), (Hg), (S1)-(S3) are satisfied.
Then for sufficiently small A and p, SBVS (1) has at least two positive

solutions.
For system (2), we have the following results:

Theorem 2. Assume that conditions (H; ), (Hy), (S1)-(S5) are satisfied.
Then for sufficiently small A and p, SBVS (2) has at least two positive
solutions.
Proof of Theorem 1. By Lemma 4, we need only to prove T has at least
two fixed points (X, ¥), (X', ¥') with X(2), X'(t) > o;(2), ¥(t), ¥'(t) > 09(¢),
t €(0,1).

Firstly, by (Sg), we have

. 6 u—-—m,uv—-—0o .
lim i( L 2)=0, =1, 2.
U+v—>+w0 u+v

u>0,v>0

Then, there exist L; > 1 and N > 0 such that

Giu-o,v-0y)<Nu+v), u+tvzL;, i=12
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and for A small enough, N satisfies

m—=2 m—=2
(Fp + M; + Mgﬁ){k(l + D_IZOLL} + ;{1 + D_lz[}l}]

i=1

’ j Ole(s) (als) + b(s))ds < 1,

m—2 m—2
(F, + My +G; + M2)|:7\‘(1+Dlzai]+u[1+D12Bi]]

< :e(s) (a(s) + bls))ds <1, (20)

where R is given next. Thus,
Gi(u—-w,v-09)< N(||u|| +l), w+vz=L;, i=12. (21)

Set R=L +1 and O ={(u,v) e ExE :|(u, v)| < R}. For any
(u, v) e (Ko x Kg)N0Qq and ¢ € [0, 1 - 0], by (21), we have

T (u, v) () = kI:Kl(t, s)a(s)[Fy(s, u — o1, v—0g)+ Gi(s, u — 01, v — 0y )]ds

-2

<A [1 +D! Z ai]‘[:e(s)a(s)[E(S, Uu-w;,v—0y)

1=

+Gy(s, u— o, v—0y)]ds
-2

<A [l +D7! Z ai]J';e(s) (a(s) + b(s) [(Fp + My + My)

1=

+ N + ol )ds
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m—2
< }\.[1+DIZOLL}[(FR + M, + My)+ N]
i=1

y j 01 ofs) (als) + b(s))ds(lu] + b)), (22)

Similarly, we get

m-2

Z_BiJ[(FR+M1+M2)+N]

To(u, v)(t) < u{l +D!
=1
1 01 (s) (als) + b(s))ds(d] + [o]). 23)

It follows from (22) and (23) that
N m—2 m—2
IT(, v)| < (Fg + My + My + N){x [1 +D1 Y ai] + u[1 +D1y Bi]]
=1 =1

" j; e(s)ds(Ju] + Jo]).

Then, by (20), we have
”T(u’ U)" s "(x’ y)”’ V(u, U) € (KG x Ke)ﬂ 8Q1 (24)

Secondly, set Qg = {(u,v) € ExE : |(u, v)| <1}. For any (u,v)e
(Ko x Kg)N0Qg and ¢ € [0, 1 - 0], we have

T (u, v)(t) = kI;Kl(t, s)a(s)[Fi(s, u — o1,v — 0g) + Gy (s, u — w1, — wg)]ds

m—2
<A [1 + D71 Z ai]I:e(s)a(s)[E(s, u- o, v—0y)
1=1

+Gy(s, u—o, v—09)]ds
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m—2
<A (1 + D! Z oci] J;e(s) (a(s) + b(s))[(F, + My)
i=1
+ (Gl + M2 )]dS

m—2
< K[1+D_lzaiJ(Fl + M; + Gy + My)
i=1

Xj}@m@+mm@. (25)

Similarly, we have

m—2
To(u, v)(t) < p (1 + Dt Z Bi} (Fy + My + G, + My )I;e(s) (a(s) + b(s))ds.
i=1

(26)
By (25), (26), and (20), we get

m-2 m-2
T(u,v)(t) < (F, + My + Gy + MZ)H1 +D1y aij + ,{1 +D1Y ﬁiH
i=1 i=1

a1 () (als) + b(s))ds.
0

Thus,
IT(w, v)|| < |(w, v)], V(u, v)e (KqxKg)NoQs. (27)
On the other hand, choose M>0 big enough such that for some
te €[0,1-0]
_ 1-6 . 1-6 N
(k+u)Mmin{J. k(t,s)a(s)ds,J. k(t,s)b(s)ds}Zl.
0 0

By (S3), we get

i Filu-op,v-09)
U+v—>+0 u+v
u>0,v>0

o, 1=1,2.
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Therefore, there exists 1 < Ly such that forany u +v > Ly and t € J

F (u-o,v-0y)>M(maxu()+maxv()), i=1,2. (28)
ted ted

Choose % <r<Rand Q3 = {(u,v) e ExE : |(, v)| < r}. For any
0

(u, v) € (Kg x Kg)N 0Qg, we have by the construction of cone Ky that
u(s) = Mgllu|, s € [6,1-6]. Therefore, u(s)+ v(s) = Mg(u| + |v]]) = Lo

Thus, for ¢ e [0, 1 — 0], by the definition of F; and (28), we have
F (u-op,v-0y)>M (Ju|+|v]), w+v>Ly, i=1,2. (29)

So, for some t* € [0,1~-0] and (u, v) € (K x K)(N 6Q3, by (12) and (13),

we have

T, () = 2 K0, $)al) [T~ 01, 0 - @3) + G- 01, 0 - 03)lds
1 _
> )\J.o k(t*, s)a(s)Fy(u — o1, v — @y )ds

16 N
22M[ k(' 5)a ) () ds. (30)
Similarly, we get
* — 10 *
Ty o) (¢ ) 20 [ (2 8)b(E) ]+ ) ds

As a consequence,

mewha+mﬁmmgek01ﬂa@%[ekinMw4

< (] + 1) ds = ] + 1]
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So, we have
|7, v)]| 2 @ v)], V(u, v) e (Kqx Kq)N Q. (31)

It follows from (24), (27), (31), and Lemma 6 that 7 have two fixed
points (&, 0), (@', 0') on KxK, and 1<|(@ 0)|<r<|@, o) <R
Finally, we are in position to show that @(t) > w;(¢), 0(t) > wg9(¢), t € (0, 1).
For |(u, v)| = (Ju +|v]| > 1), we shall give the proof for three cases:

@) [le] > 15 @) o] > 1 @) Jlull <1, || <1 and [e| + vl > 1.

Case 1. If |u|>1, then for A small enough, by Lemma 2,
u(t) = Ju| @1 (E)Po(t) > D1 (t)Do(t) > MMy + My )o (t) = 01 (t). Similarly, we
have U(t) > wg(t), ¢ € (0, 1) when || > 1. On the other hand, if |v| <1,
set J; ={t e[0,1]:0(t) > wg(t)}, Jo = {t €[0,1]: 0(t) < wy(t)}. Tt is

clear, J; U Jg = [0, 1]. Since (&, U) is a solution of (11), we have

5(0) = uJ.OKz(t, () [Fo(@ - oy, T — w9) + Gols, &l — o1, T — g)]ds

) UJ1+ szJMKZ(t’ (T o, T 02)

+Gols, T — 01, T — 0g)]ds.

For s e Jy, ti(s) — o1(s) > 0, 0(s) — w9(s) > 0, then by the definition of

F, and Gy, we have
WPy (i — 01, T — og) + Go(il — 01, T - 03)]
= W[Fy(@ - o1, 0 - 0g) + Go(& - 0, U — 03)]

= p[(fo(@ -, 0 —0g)+ My) +(g2(& — 0, U — 0g) + Mg)].
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Therefore,

JJ Ky(t, 8)b(s)u[ Fo(@ - o, T = 0g) + Go(@ — 0y, T - 0]
= [ Kolt, )b(slAa( — o1, 7 - 03) + (7~ 01, 7 - 03)]

(M + MQ)IJ Ky (t, s)b(s)ds.

For s e Jg, u(s)— o1(s) > 0, U(s) — mg(s) < 0, then by the definition of
F, and Gy, we have
W Fo(T - 1, 0 - 0g) + Go(@ - o, U - 0y)]
= W[Fy(& — 01, 0) + Gy (& — oy, 0)]
= u[(f2(@ - o, 0)+ My )+ (82(@ — w1, 0) + My)].

Thus,

jJ2 Ky(t, (sl Fo(ii - o1, 5 — wp) + G — oy, T — 03)]
= [ Kt spmlf(i - on, 0) + g(i - . 0)]

+u( My + My )J.J Ky(t, s)b(s)ds.

By (S;), we have

folu,v) >0, go(u,v)>0, VY(u,v)e R" xd.

Then, we obtain

5(t) = UJ1+ IJZ ]qu(t, $)b(s)[Fy(@ = oy, T — 09) + Go(@ — oy, § — w9)]ds

> w(M, + M, )J:Kz(t, $)b(s)ds = wq(t), ¢ e (0, 1).
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So, 0(t) > wg(t), t € (0, 1).

Case 2. If [ > 1. In a similar way to Case 1, we get u(¢) > o(?),

U(t) > wy(t), t € (0, 1).

Case 3.If [if] < 1, [] < 1 and |jif| + 7] > 1. We set
Jy =1t [0, 1] alt) > (1)}, Jo =t €[0,1]: ult) < o ()5
By ={t €[0,1]: 0(t) > w2(t)}, By = {t €[0,1]: () < wa(t)}.

Similar to the proof of Case 1, we have J; = (0,1), B; = (0, 1), i.e.,
a(t) > w(t), 0(¢) > wy(t), t € (0,1). Thus, we have proved that (u, v) =

(& — ®1, U — 9 ) 1s a positive solution for the system (1).

Proof of Theorem 2. The proof is similar to that of Theorem 1. Define

operator T* : Ex E — E x E as follows:

T(u, v)(t) = (17 (w, V) (2), Ty (u, v) (1)),

where

T (u, 0) () = xjolKl(t, §)a(s)F(u - o, v - 0y )ds,

TS (u, ) (¢) = uJ;KQ(t, $)b(s)G (u - oy, v — 0y )ds.

Firstly, by (S3), we have

. 6 Uu—-—m,0—0

lim ( L 2) _ 0.
U+v—>+0 u-+v

u>0,v>0

Then, there exist L] > 1 and N* > 0 such that

Glu-o,v-0y)< Nw+v), u+v=Li
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and for A, p small enough, N* satisfies

k(F'*+M1)[1+D Za, +pN{1+D ZBHI (s)(a(s) + b(s))ds < 1,

m-2
MEFy + Ml)[l +D” 12%] +u(G) + MQ){1 + D‘lzﬁiﬂ

< ;e(s) (als) + b(s))ds < 1.

where R” is given next. Thus,
Gi(u-op,v-0y) < N(d| + o)), w+v=L, i=12 (32)

Set R* =L +1 and Q ={(u,v) e ExE :|(u, v)| < R"}. By the

same discussion of Theorem 1, we get
IT(w, v)| < |, V)|, ¥(u v)e (KxK)NaoQi.
Obviously, (27) is also valid for Theorem 2. On the other hand, choose

M’ >0 big enough such that for some ¢, [6, 1-6]

(K+M)Mmin{fe k(t*,s)a(s)ds,.“e k(t*,s)b(s)ds}zl.

By (Ss), we get

. F u—m,u—0

lim ( L 2) = o0,
U+v—>+0 u+v

u>0,v>0

. 6 Uu—m,u—0

lim ( 1> 2) = o,
U+v—>+o u-+v

u>0,v>0
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Therefore, there exists 1 < Ly such that for any u +v > L; and

F(u-o, v-0y)>M(maxu()+maxv()), G(u—o, v-oy)
ted ted

>M t t)).
(maxu () +maxv(t))

L* * * * *
Choose Vi’<r <R" and Q3 ={(u, v)e ExE :|u, v)|<r"}. For any

(w, v) € (K x K)N6Q3, similar to the same method of Theorem 1, we have
|7, o) 2 @, v, ¥ v) e (K x K)N Q3.

Then Theorem 2 follows from Lemma 6.

4. An Example

Consider the singular semipositone three-point boundary-value

problem system:
- u'(t) = hal(t) (A (), v(t) + &1 (ul), v()),
= v"(t) = ub(t) (fo (), v(t) + g (ult), v(t)),

(33)
w0)=0, u)=Lu(L),

v(0) = 0, un:%m%x 0<t<1,

where A and p are positive parameters and

1 b(t) = 1

ia-1) 37 @) =x @1(0)=1,

1 1 1
a; =5 Bl=27 élzg’ a(t)z

£, v) = u% + 308, (u, v) € [0, 1] x [0, + ),

ud + 308 —4u-1)e?, (4, v)e[l, +0)x [0, +),

4
folu, v) = ud®,  g1(u, v) = VYu + cos®(Tv - 3),
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e Yy + 3¢ 20302 (u, v) € [0, +0) x [0, 1],
gZ(u’ U) =
e Yy + 3¢ 202 — 20 1), (u, v) € [0, +0) x [, +o0).

It is easy to check that (H;), (Hy), (S;), (S3) hold. For any u > 0,

v > 0, we have
fl(u’ U) 2 _4’ fZ(u’a U) 2 07 gl(u7 U) 2 07 gQ(u7 U) 2 _27

s0, condition (Sy) also holds. Then Theorem 1 shows that for A > 0 and

p > 0 small enough, system (33) has at least two positive solutions.
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