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Abstract

Using the Riemann-Liouville integration-differentiation operator, Djrbashyan
generalized the class of Nevanlinna’s meromorphic functions in the unit
circle including the product B, (-1 < a < +®), which in the special case of
o =0 coincide with the Blaschke product. Furthermore, when -1 < a <0,
Djrbashyan and Zakaryan showed a connection between the products B, and B
of Blaschke.

In this work, we show the existence of Blaschke and Djrbashyan products with
the same null sets, Taylor-Maclaurin coefficients satisfying certain new
constraints. To achieve that result, we use a theorem of Shapiro and Shields

and a remark from Zakaryan. We further estimate the Taylor coefficients of

these functions.
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1. Introduction

Let D = {z; |2|; <} be the unit circle on the complex plane. [1] studied

o0
classes S, of analytic functions f(z) = Zanzn in D, which Taylor-
n=1

Maclaurin coefficients satisfy the following condition:

0
Z:rzo‘|an|2 <40, O<a<l.
n=1
Let 0 < p<+w, —1<a <+ and define DZ as the set of analytic

functions satisfying the following condition:

r2n

HD&’“ID = J.j(l - r)a‘f'(reie )‘prdrde < 4o,
00

When a +1 < p, classes D are called Dirichlet-type classes.

The set {a,} = D is called the uniqueness set for class Dé, if from

fla,)=0 and f e Dg it follows that f = 0. [9] solves the problem of
when the sequence {a,} is a set of uniqueness for the class Dg,
0<a<1 and a comprehensive answer is given. For more general

classes D? (w) using the same approach a similar result is given in [10].

In this work, we study the question of certain analytic in the unit

circle functions belonging to the Dirichlet-type class DZ, 0 <a<1. The

connection between classes S, and Dg, 0 < a <1, was first given (to
the best of the authors knowledge) in [11], where it was shown that
f e Dg, 0 <a <1 if and only if f € S;_,. Using this remark and the

fact that functions of our interest belong to the class Dg, O<a<l1 we

obtain several new results on the Taylor-Maclaurin coefficients of these

functions.
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Let the sequence of the complex numbers {z,,} = D be such that

D (1 =lznl) < +oo. 6)
n=1

Blaschke product is the following function:

1-z,z 2z,

CETSRINY | =
n=1

The properties of Blaschke product can be found, for example, in [7] and
[8].
In ([3], Chapter IX), [6] has introduced the classes N (-1 < o < +®)

of meromorphic in the unit circle functions and derived their parametric

representation. The class N, (-1 < a < +») is defined by the a-chara-

cteristic
T,(r, F)=my(r, F)+ N,(r, F),

as the set of those meromorphic in the circle D |z| <1 functions F, for

which

sup {T,, (r, F)} < +o.
1

O<r<

Note that the functions my(r, F), N,(r, F) and T,(r, F) are original
analogues of known Nevanlinna functions m(r, F), N(r, F), and
T(r, F), coinciding with them for o =0, therefore the class N,

coincides with Nevanlinna class IV.
Furthermore, an important property of classes N, is the fact that

for any values -1< o < ag <+, the following strict inclusion

Ng, < Ny, holds, and in particular,

N, c Ny =N, (-1<ac<0).
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The Riemann-Liouville integration-differentiation operator D~“(for

-1 < a < +w) with the zero origin initial null point is defined as
r
D™ *{o(r)} = LJ.(i“ - t)a_ltp(t)dt, (0 < a < +x),
e J

D{o(r)} = olr),
Do)} = L D o)), (-1 < < 0).

Define function 7, (r, F') for analytic functions from class N, as follows:

T,(r, F)= I D(:S log‘f(reie )‘ do,

—T

where

D% o)} S max {D*{olr)}; 0f

It is well-known (see [3], [6]) that analytic functions from class N,

have the following form:

f(z) = eiv+xka2%3a (z; {a,}) exp {2%: J. Sq, (e_iez)d\y(e)},

—T

o0
. . e 1
where y 1s a real number, A is a positive integer, K, = a E —_—
Y p g o — n(n + a)

and y(0) is a realvalued function with a finite total variation on [-=; ],

0

B, (z: la,)) = H(l _aijewa(z;an),

n=1 n
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1 o
Wtz 8) = [ L a
[§

Sl fooamae v uoratal

lo] <1, ¢ <1,

1 2
56) - gy e | M <

The function S,(z) is called the Djrbashyan kernel of Schwartz type.
Re S, (z) is the Djrbashyan kernel of Poisson type. For o = 0, those

kernels coincide with the Schwartz and Poisson kernels, respectively.

B, (z; {a,}) is called Djrbashyan product; and for the special case
o = 0 product B, coincides with the Blaschke product ([3], [6]).

By(z; {a,}) = B(z; {a,}) = lanT |Zn|

In [5], the following was proven:

Theorem (On connection between B, and B). Given that

DA -fan )" < e, (-1<a<0), )
n=1
the following holds:

21
B, (25 {an}) = B(z; {a,}) exp {2% jsa(e_iez)d@(e)},
0

where o(0) is a non-increasing function of bounded variation on [0, 2r] of

the type
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g 0
Blr,e"™; {a,}

O<n<m<..<r <., Tl

do, 3)

0
o(0) = lim ID‘“ o
n—oo 0

We also remark the definitions of classes 73(0 < < 1) included in

class N = Nj. Let w(z) € Ty, if
1
J. (r, wﬁ) dr < 4o,
0( —7‘)

where

A(r,w)= dedy.
e ) f

It is known [4] that if w(z) = Z anz" € Tg(0 < B < 1) and it is bounded,

n=1

then

0
Z:|an|2nB < +0,
n=1

2. Main Results

Theorem 1. Let -1 <a <0 and let {z,} c D be a sequence of

complex numbers such that condition (2) is satisfied. Then
By(z; {2,}) € Diva,  B(z {zn)) € Diy.

Proof. Given (2) in [2] it was shown, that B(z; {z,,}) € T_,, and in [4]
it was shown, that B,(z; {z,}) € T_,. This means that the following

statements hold for their Taylor-Maclaurin coefficients:
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0

Z‘f}(n)‘zn*a < 400,

n=1

i‘ﬁa(n)Fn*“ <40, —-1<ac<0.

n=1
Therefore, the products B(z; {z,,}) and B,(z; {z,}) belong to the class
S_,- On the other hand, it is not difficult to verify the following
statements (see, e.g., [11]):
feS., < feDi,.
Hence, the proof of the theorem follows.

Remark. This theorem is known for Blaschke product. But the
authors believe that this proof presents particular interest since it is

based on the early results of famous mathematicians.

Theorem 2. Let -1 <a <0 and let {z,} c D be a sequence of

complex numbers such that the condition (2) is satisfied. Then
1 2n
-i0
g2,(2) = exp {% I Syle™ z)dw(e)}, o] <1,
0

belongs to the class D12+a, where ® is a non-increasing function of

bounded variation on [0, 2n] having the form (3).

Proof. From the theorem about the Blaschke and Djrbashyan
products, we have

By (2: {zn}) = 84(2) - B(z: {2, ))-

Hence,

1Bi(z {za))” = 184(2)- B(z; {2n}) + 8u(2)- Bz {20}

> (|g4(2) - Blz: {20 ) - [80(2) - Bz {zn 1))’
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= gL () - |B(z; {2, )] - 284,(2)| - |B(z; 2} |84 (2)]
< |B'(z; {2, )| + |24 (2) - Bz 2, )

Applying Holder’s inequality, we have

: ‘B(reiq’ ; {20 })‘2 do

o 5 2n 9
J 1Bl o = [l e
0 0

1

2n
0

DO |

2n 9

0

? -‘B’(rei(p; {zn})fd(p.

27
+ J ‘gq (rei(p)
0

Once again applying Hélder’s inequality, we obtain

1 2n
[a=nre [|Bybe; t2,)) dgar
0 0

1 27
S .[(1 _ )t J ‘g&(rei(p)
0 0

2 .‘B(rei‘l’; {zn})fd(pdr

b |

N

1 2n
-2 {2[(1 -yt '([ ‘g&(reiq’)

Bre™; {zn})‘zdcpdr}

o

1 27
y {J‘(l _ r)1+ocj‘ga(reiq))
0 0

2 .‘B’(rei‘P; {zn})‘zd(pdl}
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1 2
+ J(l - r)tte f‘ga (reiq’)‘2 : ‘B’(reiq’; {zn})zd(pdr.
0 0
Therefore,
1 2n
'[ (1 - r)i+e J' 1B (re’®; {2,}) dodr
0 0
1 2n %
> J.(l —r)tte I ‘g& (reiq’)‘2 : ‘B'(reiq’; {z, })‘2d(pdr
0 0
172

1 2n 2
_ j(l - r)lte J ‘ga(reiq’)‘g .‘B'(reiq’; {zn})‘zd(pdr
0 0

It is known from [1] that, if (2) holds, then
: 9. _
rli)r{l_‘B(re ; {zn})‘ =1,
except may be of a set E < 0D with zero (1 + a)-capacity.

Then, since 0 < |g,(z)| < 1, it is not difficult to see that there exists a

positive constant ¢, such that

1Balpz,, = clgalpz,, ~1Blpz,, -
From Theorem 1, we have B, D12+a and B e D12+a. From these facts
and taking into account the last inequality, it follows that g, € Di?+a.

Remark. If ® i1s a non-increasing function of bounded variation not

of form (3), then the statements of the theorem may not be true.
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From Theorem 2 and from the fact that for -1 < a < 0,
feS, o feDi,,

the following holds:

Theorem 3. Let -1 < o < 0 and let {z,,} = D be a sequence of complex

numbers such that the condition (2) is satisfied. Then for the Taylor-
Maclaurin coefficients of the function g, (z), the following holds:

o0
n=1

It is not difficult to prove the following theorem:

Su (z)|2n_a < +oo,

Theorem 4. Let -1 < o < 0 and let {z,,} = D be a sequence of complex

numbers such that the condition (2) is satisfied. Then

&) By(n) = ) &q(k)- Bn - k);
k=0
(@) B(r) = Y hq(k)- By(n k),
k=0

where hy(2) = [, ().
Similarly, one can verify that the following theorem holds:

Theorem 5. Let -1 < o < 0 and let {z,,} = D be a sequence of complex

numbers such that condition (2) is satisfied. Then we have the following

connection between the Taylor-Maclaurin coefficients of the functions

8a(2) and hy(2) = [ga ()" :

éa(o) ' };'a(o) =1,

n
Zga(k)ha(n_k):09 n:l’ 25 3’
k=0
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Theorem 6. Let 0 <y <1, then for each 5,0 < 6 <1 —vy, there exist

Blaschke and Djrbashyan products, having coinciding null sets, such that
their Taylor-Maclaurin coefficients of corresponding those products satisfy

the following conditions:

1) iny‘B(n)‘Z < +oo,
n=0

2) iny‘éa(n)‘z < +oo,
n=0

(3) in“a‘fi(n)‘z _—
n=0

(4) inY+8‘Ba(n)‘2 = +o0,
n=0

Proof. Let o) =t°, ¢ e [0, +»), then from the aforementioned
theorem of Shapiro and Shields follows the existence of the null set

{z,,} = D for the class D? .5 satisfying the following condition:

o0
D= J2n) 00— foa]) < 4oc,
n=0

le.,

o0
Z (1= |zn))Y < +e0.
n=0

Then from Theorem 1, the products B_,(z; {2z, }) and B(z; {z,}) belong to

the class Dlz_y. This means that these products also belong to the class

Sy, therefore the conditions (1) and (2) are satisfied.
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As {z,} is a uniqueness set for the class D$ .5, then from conditions
f(z) D$+5 and f(z,)=0,n=1,2,..., it follows that f(z)=0
Therefore, the products B_,(z; {z,,}) and B(z; {z,}) do not belong to the
class Dlz,y,g. This in turn means that those products do not belong to the
class S, 5. Thus we derive conditions (3) and (4).

Theorem 7. Let —1 < o < 0 and assume that the sequence of complex
numbers {z,} c D satisfies the condition (2) and has a finite number of

boundary points on 0D, such that for each point e® of unit circle, the

Frostman type condition takes place

o 1+a
Z{ ~ [zl ] < oo, (4)
1

_Zn

Then the function

2n

f(z) = —% J.Re S, (e_iez)do)(ﬁ), lz] <1,

0

where o(0) is defined by equality (3), is a bounded function.

Proof. From the theorem about the connection of Blaschke and

Djrbashyan products, we have

2n 0
- Ln IRe Sa(e_iez)d(o(e) = log % = ZRe[Wa(z; z,) - Wo(z; 2,)]
0 i n=1
< Walzs 20) - Wol2s 24))
n=1

Therefore, from the well-known inequality (see [12]), we get

1+a
W (25 &) - Wo(z; €) < C- { i J , g <1, z=r-e°,

e — &‘
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which gives

i [e's} 1+a
_ % J Re S, e 2)do(0) < C - Z{l—_lznlJ .
0 n=1

e'? — zn‘

From the last inequality follows the statement of the theorem.

Theorem 8. Let -1 < a. < 0 and assume the sequence {z,} satisfies
the conditions of the Theorem 7. Then for the Taylor coefficients of the
function hy(2) = [g4(2)] " takes place the following statement:

o0
n=1

S 2
ho ()] P < 4o

where o < —B < 0.

Proof. Let |z| < 1. Then

' 2
A(r, h) = dedy
35+ i)

2 2

2n
exp {— 2%[ J. S, (e_iez)dm(e)}

1 2n

r [, —10
O J. S, (e ! z)d(o(e)
0 0

dxdy = A(r, g).

-l

2 2
|z|]<r

1+

2n
exp {— = JO' Sa (eiez)dm(e)}

Therefore, if the sequence {z,} satisfies the Frostman type condition,
then hg(z) € Tp, (0 < B < 1) if and only if g,(2) € Tg. But in [4], it is
shown that for B, a < - <0, g4(2) € T, that means that h(z) € Tp.

This completes the proof.
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