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Abstract 

Let n be the nilpotent Lie algebra consisting of all strictly upper triangular nn ×  
matrices over a commutative ring. In this paper, we characterize the 
decomposition of the derivations of n when ( )φ,n  is a hom-Lie algebra. 
Meanwhile, the isomorphic classes are also determined. 

1. Introduction and Preliminaries 

The concept of hom-Lie algebra was first introduced by Hartwig et al. 
in their paper [7], which satisfies the skew symmetry and twisted-σ  

Jacobi identity, where σ  is an algebra homomorphism. The motivations 
to study hom-Lie structures are related to physics and to deformations of 
Lie algebras, in particular Lie algebras of vector fields. The paradigmatic 
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examples are q-deformations of Witt and Virasoro algebras constructed 
in pioneering works (see [1], [2]-[4], [6]). Jin and Li [8] discussed the hom-
Lie algebra structures on finite dimensional semisimple Lie algebras. 
They proved that the hom-Lie algebra structures are almost trivial and 
determined the isomorphic classes of non-trivial hom-Lie algebras. 
Firstly, we give some definitions which follows those of [10]. 

Definition 1. (1) A hom-Lie algebra is a triple [ ]( )α,..,,L  consisting of 

a vector space L, a skew-symmetric bilinear map (bracket) [ ] LLL →×:..,  

and a linear map LL →α :  satisfying the following hom-Jacobi identity: 

( ) [ ][ ] ( ) [ ][ ] ( ) [ ][ ] .0,,,,,, =α+α+α yxzxzyzyx  (1.1) 

(2) A hom-Lie algebra is called a multiplicative hom-Lie algebra, if α  
is a Lie algebra endomorphism, i.e., for any ,, Lyx ∈  we have 

[ ]( ) ( ) ( )[ ].,, yxyx αα=α  

(3) A hom-Lie algebra is called a regular hom-Lie algebra, if α  is a 
Lie algebra automorphism. 

This paper mainly focuses on the case that the linear map α  is a 
derivation, i.e., [ ]( ) ( )[ ] ( )[ ],,,, yxyxyx α+α=α  for any ., Lyx ∈  In the 

other words, for an arbitrary derivation ,α  when ( )α,n  is a hom-Lie 

algebra, we get the decomposition of α  and determine all the isomorphic 
classes of hom-Lie algebra ( )., αn  

We state some notation and list five types of automorphisms of n as 
in [5] and three types of derivations as in [11], which will be used later. 

Let R be a commutative ring with identity, ∗R  be the set of invertible 
elements of R, and ( )RMn  be the set of nn ×  matrices over R, where n is 

a positive integer. Obviously, ( )RMn  is a Lie algebra under the Lie 

product defined as follows: 

[ ] ( ).,,, RMBABAABBA n∈∀−=  
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Denote by n the nn ×  strictly upper triangular matrices over R, which is 
a nilpotent Lie subalgebra of ( ).RMn  Define a lower central series of n 

[ ] [ ] .,,,,, 23121 nnnnnnnn ===  (1.2) 

Let ( ) ( )( )nn DerAut .,resp  be denoted the set of all the 

automorphisms (resp., derivations) of n. Let E be the identity matrix of 
( )RMn  and ijE  be the matrix whose sole nonzero entry is 1 in the ( )ji,  

position. One can check that { }njiEij ≤<≤1  is a basis of n as a vector 

space and { }111, −≤≤+ niE ii  is the generators of n as a Lie algebra. 

● Five types of automorphisms 

(1) Inner automorphisms 

For any zExz +=∈ ,n  is invertible and the map 1: −σ xyxyx  

is an automorphism of n, which is called the inner automorphism. 

(2) Diagonal automorphisms 

Let ∗∈ Rdi  and { }.,,,diag 21 ndddd =  Define a map 1: −η dxdxd  

and it is easy to testify that this is an automorphism of n, which is called 
the diagonal automorphism. 

(3) Central automorphisms 

When ,4≥n  we define a linear map cµ  as follows: 

( ) ( ) ,;22,1,1, ijijciniiiiic EEniEcEE =µ−≤≤+=µ ++  otherwise. 

This definition is called proper central automorphism in [5]. 

(4) Graph automorphisms 

For ( ),RMx n∈  let tx  denote the transpose of x. Set 

.12,11,21 nnnn EEEEr ++++= −−  

It is clear that Er =2  and .trr =  The map rrxx t−ω :0  is an 

automorphism of n, which is called the graph automorphism. 
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(5) Extremal automorphisms 

Assume that ( ) ,,,3 2
21 Rbbbn ∈=≥  define a linear map 

,,,: 1,12,1,1211212 ijijnnnnnnb EEEbEEEbEE −−− ++ξ  otherwise; 

which is called extremal automorphism. 

By [5], any automorphism ϕ  of n can be uniquely expressed as 

.σ⋅µ⋅ξ⋅η⋅ω=ϕ   (1.3) 

● Three types of derivations 

(1) Inner derivations 

For any ,n∈x  define [ ],,: yxyadx  which is called the inner 

derivation of n. 

(2) Central derivations 

For ( ) ,,,, 3
232

−
− ∈= n

n Rtttt  define linear map 

,0;22,: 11, ijniiit EniEtE −≤≤λ +  otherwise; 

which is called the central derivation. 

(3) Extremal derivations 

Define linear map ρ  as follows: 

( )
( )
( )








=ρ
=ρ

=ρ

−−

.otherwise,0
;

;
1,12,1

2112

ij

nnn

n

E
EaE

EaE
  (1.4) 

As it is checked in [11], ρ  is a derivation of n and called the extremal 

derivation. 

Remark 1. The notions of diagonal derivation and central derivation 
are different with those in [11] in order not to make confusion with 
diagonal automorphism and central automorphism. 
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2. Hom-Lie Algebra Structures of n and Isomorphic Classes 

In this section, we firstly show that any derivation φ  can be written 

as the sum of three inner derivations, the central derivation, and the 
extremal derivation when ( )φ,n  is a hom-Lie algebra. In addition, all the 

isomorphic classes of ( )φ,n  are found. 

Lemma 1. Let ( )φ,n  be a hom-Lie algebra over a commutative ring   

R with ,2 ∗∈ R  then φ  can be written as 

,ρ+λ+=φ tadw  

where 3−∈ nw n  and ρλ ,t  are central, extremal derivation, respectively. 

Remark 2. By the result in [11], any derivation φ  can be expressed 

as ,ρ+λ+χ+=φ cdadw  where ρλχ ,,, cdadw  are called inner, 

diagonal, central, extremal derivation, respectively. When 2 is in ∗R  the 
extremal derivation ρ  is slight different with that in [11]. 

Proof. (1) If ., ijij
ji

Eawadw ∑
<

==φ  In (1.1), by taking 

,31,,, 3,22,11, −≤≤=== +++++ niEzEyEx iiiiii  

we can figure out that all 0=ija  but ,,,,, 21,211,12,1 nnnnn aaaaa −−−  

1,3 −na  and .3na  That 

,01,3 =−na  

follows from 

[ ( ) [ ]] [ ( ) [ ]]12,123,12312 ,,,, EEEadwEEEadw nnnn −− +  

 [ ( ) [ ]] .0,, 2312,1 =+ − EEEadw nn  

So if ( )adw,n  is a hom-Lie algebra, .3−∈ nw n  
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(2) If ,dχ=φ  where ( ).,,, 21 ndddd =  In (1.1), by taking 

,1,,, npjiEzEyEx pjij ≤<<<≤=== kkk  

it is not difficult to check that .21 nddd ===  In view of the 

construction of diagonal derivation in [11], we can get .1,0 nidi ≤≤=  

(3) If cλ=φ  or ,ρ  it satisfies (1.1). 

So ,ρ+λ+=φ cadw  which completes the lemma.   

Definition 2. Let ( )σ,1L  and ( )τ,2L  be both hom-Lie algebras, 

21: LL →ϕ  an algebra isomorphism, we call ( )σ,1L  is isomorphic to 

( ),,2 τL  if .τ ϕ=σϕ  In the other words, the following diagram 

commutes: 

 

Suppose ( ),nDer∈σ τ,  if ( )σ,n  and ( )τ,n  are isomorphic as hom-

Lie algebra, then there exists a Lie algebra automorphism ϕ  such that 

.τ ϕ=σϕ  In the other words, τ.=ϕσϕ −1  

Theorem 1. Let n be defined an above, then two hom-Lie algebra 
structures ( )σ,n  and ( )τ,n  are isomorphic if and only if the two Lie 

derivations σ  and τ  are conjugate. 

Lemma 2. ( )nREad 1  is an isomorphic class. 

Proof. Notice that nE1  is in the center of [ ] ,0,, 1 =ijn EEn  we 

therefore have, for any ( ),nAut∈ϕ  

.1
1

1 nn adEadE =ϕϕ −  

  
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Lemma 3. ( )nn REREad 21,1 +−  is an isomorphic class. 

Proof. We divide it into five steps to prove this lemma. 

Case 1. Suppose ϕ  is an inner automorphism .xσ  

( ) ( ) ( ) ( );12221,111212
1

221,11 EEaEaadEaEEaEaad nnnxnnx +=−=σ+σ −
−

−  

( ) ( ) ( ) ( );,1221,1111,1
1

221,11 nnnnnnnxnnx EEaEaadEaEEaEaad −−−
−

− +==σ+σ  

( ) ( ) ( ) ( );0 1,221,111,
1

221,11 +−+
−

− +==σ+σ iinniixnnx EEaEaadEEaEaad  

( ).22 −≤≤ ni  

So ( ) ( ).21,1
1

221,11 nnxnnx REREadEaEaad +∈σ+σ −
−

−  

Case 2. Suppose ϕ  is a diagonal automorphism .dη  

( ) ( ) ( ) ( );122
1

221,1
1
11112

1
221,11 EEddaEddaadEEaEaad nnnndnnd

−
−

−
−

−
− −=η+η  

( ) ( ) ( )( );,12
1

221,1
1
111,1

1
221,11 nnnnnnnndnnd EEddaEddaadEEaEaad −

−
−

−
−−

−
− −=η+η  

( ) ( ) ( )nnnniidnnd EddaEddaadEEaEaad 2
1

221,1
1
1111,

1
221,11 0 −

−
−
−+

−
− −==η+η  

( ) ( ).22;1, −≤≤× + niE ii  

So ( ) ( ).21,1
1

221,11 nndnnd REREadEaEaad +∈η+η −
−

−  

Case 3. Suppose ϕ  is a central automorphism .cµ  

( ) ( ) ( ) ( );12221,1112
1

221,11 EEaEaadEEaEaad nncnnc −=µ+µ −
−

−  

( ) ( ) ( ) ( );,1221,11,1
1

221,11 nnnnnncnnc EEaEaadEEaEaad −−−
−

− −=µ+µ  

( ) ( ) ( ) ( );0 1,221,111,
1

221,11 +−+
−

− −==µ+µ iinniicnnc EEaEaadEEaEaad  

( ).22 −≤≤ ni  

So ( ) ( ).21,1
1

221,11 nncnnc REREadEaEaad +∈µ+µ −
−

−  
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Case 4. Suppose ϕ  is a graph automorphism .0ω  

( ) ( ) ( ) ( );12211,1212
1

0221,110 EEaEaadEEaEaad nnnn −=ω+ω −
−

−  

( ) ( ) ( ) ( );,1211,12,1
1

0221,110 nnnnnnnn EEaEaadEEaEaad −−−
−

− −=ω+ω  

( ) ( ) ( ) ( );0 1,211,121,
1

0221,110 +−+
−

− −==ω+ω iinniinn EEaEaadEEaEaad  

( ).22 −≤≤ ni  

So ( ) ( ).21,1
1

0221,110 nnnn REREadEaEaad +∈ω+ω −
−

−  

Case 5. Suppose ϕ  is a extremal automorphism .bξ  

( ) ( ) ( ) ( );12221,1112
1

221,11 EEaEaadEEaEaad nnbnnb −=ξ+ξ −
−

−  

( ) ( ) ( ) ( );,1221,11,1
1

221,11 nnnnnnbnnb EEaEaadEEaEaad −−−
−

− −=ξ+ξ  

( ) ( ) ( ) ( );0 1,221,111,
1

221,11 +−+
−

− −==ξ+ξ iinniibnnb EEaEaadEEaEaad  

( ).22 −≤≤ ni  

So ( ) ( ).21,1
1

221,11 nnbnnb REREadEaEaad +∈ξ+ξ −
−

−  

We therefore can conclude that for any ( ),nAut∈ϕ  

( ) ( ),21,1
1

21,1 nnnn REREadREREad +∈ϕ+ϕ −
−

−  

which completes the lemma.  

Lemma 4. ( )nnn REREREad 31,22,1 ++ −−  is an isomorphic class. 

Proof. This process is similar to that of Lemma 3.   

Lemma 5. tλ  is an isomorphic class. 
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Proof. On one hand, for any ( )nAut∈ϕ  and ,22 −≤≤ ni  

( ) ( ) ( ) ( ).mod 1,121,1,
1

+++
− λ=ϕ=ϕλ=ϕϕλ iitniiitiit EEtEE n  

On the other hand, tλ  vanishes on other generators of n and then 

.1
tt λ=ϕϕλ −  

  

Lemma 6. ρ  is in the isomorphic class of ( ).21,1 nn REREad ++ρ −  

Proof. (i) For any inner automorphism ,, ijij
ji

x EaEx ∑
<

+=σ  assume 

,1
ijij

ji
EbEx ∑

<

− +=  one can figure out that 

( ) ( ( )) ( );1221211,1,1212
1 EEaaEbaadE nnnnxx −+ρ=ρσσ −−
−  

( ) ( ( )) ( ).,121211,1,12,1
1

nnnnnnnnxx EEaaEbaadE −−−−
− −+ρ=ρσσ  

Meanwhile, both of them vanish on the other elements of n, so 

( ).21211,1,12
1

nnnnxx EaaEbaad −+ρ=ρσσ −−
−  

(ii) For any diagonal automorphism ,dη  it acts on ijE  as a constant, 

so ρ′=ρηη −1
dd  for some extremal derivation .ρ′  

(iii) For any central automorphism ,cµ  it acts on 12E  and nnE ,1−  as 

identity and ρ  vanishes at other elements, which follows that 

.1 ρ=ρµµ −
cc  

(iv) For any graph automorphism ,0ω  define an extremal derivation 

,0;;:ˆ 1,111,12212 ijnnn EEaEEaE −−ρ  otherwise. 
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It is easy to show that .ˆ0
1

0 ρ=ρωω−  

(v) For any extremal automorphism ,bξ  it is not difficult to verify 

that .1 ρ=ρξξ −
bb  Hence, for any ( ) ( ++ρ∈ϕρϕ∈ϕ −

−
1,1

1, nREadAut n  

).2nRE  

  

Theorem 2. Suppose that R is a commutative ring such that 

φ∈ ∗,2 R  is a derivation of n and ( )φ,n  a hom-Lie algebra. Set 

.,,, 361,252,14231,1211 RsEsEsEszEsEsyEsx innnnnn ∈++=+== −−−  

If ,4≥n  each hom-Lie algebra is isomorphic to one of the following 

24 types: 

( ){ };, ρ+λ+++ tadzadyadxn   (2.1) 

 {( ) ( ),,,, ρ+++λ+++ adzadyadxadzadyadx t nn  

( ) ( )};,,, ρ+λ++ρ+λ++ tt adzadyadyadx nn  (2.2) 

{( ) ( ) ( ),,,,,, ρ++λ++++ adyadxadyadxadzadyadx t nnn  

( ) ( ) ( ),,,,,, ρ++λ++λ++ adzadyadzadyadzadx tt nnn  

( )};, ρ+λ+ tadyn   (2.3) 

{( ) ( ) ( ) ( ),,,,,,,, adzadyadxadzadxadyadx t +λ+++ nnnn  

( ) ( ) ( )};,,,,, tt adzadyady λ+ρ+λ+ nnn   (2.4) 

( ) ( ) ( ) ( ){ };,,,,,,, tadzadyadx λnnnn   (2.5) 

( ){ }.0,n   (2.6) 
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Proof: Claim 1. Suppose 1D  is isomorphic to 32, DD  is isomorphic 

to itself, then 31 DD +  is isomorphic to .32 DD +  

If there is an automorphism ϕ  of n such that 2
1

1 DD =ϕϕ −  and 

,3
1

3 DD =ϕϕ −  then 

( ) .32
1

31 DDDD +=ϕ+ϕ −  

Claim 2. Suppose iD  is isomorphic to 2,1, =iDi  and 1D  is not 

isomorphic to ,2D  then 21 DD +  is isomorphic to itself. 

It follows from 

( ) .21
1

2
1

1
1

21 DDDDDD +=ϕϕ+ϕϕ=ϕ+ϕ −−−  

In view of Claim 1 and Claim 2 and Lemma 6, we can conclude that 
there are 24 isomorphic classes of hom-Lie algebra ( )φ,n  stated as above. 

  
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