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Abstract 

The aim of this paper is to present the decomposition of Lie triple derivations 
for filiform Lie algebra .NL  Meanwhile its bosonic and fermionic representations 
are also constructed. 

1. Introduction and Preliminaries 

Let L be a Lie algebra over a commutative ring R. Recall that a linear 
mapping φ  from L to L is called a Lie derivation of L, if it satisfies 

[ ]( ) ( )[ ] ( )[ ] .,allfor,,,, Lyxyxyxyx ∈φ+φ=φ  
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It is called a Lie triple derivation (in the paper [1], it is called 
prederivation), if the following equation holds: 

[ ][ ]( ) ( )[ ][ ] ( )[ ][ ] [ ] ( )[ ] .,,allfor,,,,,,,,, Lzyxzyxzyxzyxzyx ∈φ+φ+φ=φ  

Lie derivations are important research objects in the structure theory 
for Lie algebras. It is well-known that any Lie derivation for finite 
dimensional semisimple Lie algebras is inner. So people focused on those 
for solvable and nilpotent ones [10, 12]. Lie triple derivation, as a natural 
generalization of Lie derivations, also attracted many authors’ attentions 
[8, 13, 14]. Meanwhile, Lie triple system on infinite-dimensional case is 
also studied by Martín and González in [9]. 

Define a decreasing central series for a finite dimensional Lie algebra 
L as follows: 

[ ] [ ] .,,,,,, 110 ii LLLLLLLL === +   (1.1) 

If there exists a positive integer s such that ,0=sL  then L is called a 
nilpotent Lie algebra. Filiform Lie algebras are a class of important 
nilpotent Lie algebras, which were first introduced by Vergne in [11]. 
They are defined as follows: 

Definition 1. A Lie algebra L with nL =dim  is called filiform, or a 
filiform Lie algebra, if 

.1,1dim ≥−−= kkk nL  

Here we give four examples of filiform Lie algebras. Actually there 
are some other types [7]. By [5], any filiform Lie algebra is a deformation 
of .NL  So NL  has a role importance in filiform Lie algebras. Here the 

non displayed commutators are either zero or obtained by skew 
symmetry. 

(1) Let NL  be the n-dimensional Lie algebra with basis { }Neee ,,, 21  

satisfying the following brackets: 

[ ] .12,, 11 −≤≤= + Nieee ii  
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The undefined brackets are zeros. One can check that it is indeed a 
filiform Lie algebra. It is, in a certain manner, the simplest filiform Lie 
algebra. 

(2) Let ( )12 += knQn  be the ldimensiona-1+n  Lie algebra with 

basis { }.,,, 10 nXXX  The nonzero Lie brackets are 

[ ] ;11,, 10 −≤≤= + niXXX ii  

[ ] ( ) .1,1, k≤≤−=− iXXX n
i

ini  

This Lie algebra is also filiform. 

(3) Let nR  be defined in the basis { }nXXX ,,, 10  by 

[ ] ;12,, 10 −≤≤= + niXXX ii  

[ ] .22,, 21 −≤≤= + njXXX jj  

It is evidently filiform. 

(4) Let nW  be the Lie algebra whose brackets defined in the basis 

{ }nXXX ,,, 10  are 

[ ] ;12,, 10 −≤≤= + niXXX ii  

[ ] ( ) ( ) ( )
( ) .1,11,!

!1!16, 1 njinjiXji
ijjiXX jiji ≤++−≤<≤

+
−−−= ++  

This Lie algebra is filiform. It is isomorphic to the Lie algebra defined by 

[ ] ( ) ,11,1,, −≤<≤+≤+−= + njinjiYijYY jiji  

which is a finite quotient of the nilpotent part of Witt algebra. 

Significant researches of bosonic and fermionic representations have 
been done on Kac-Moody algebras, affine Lie algebras, and other 
infinitely dimensional Lie algebras. For instance, fermionic 
representations for the affine Kac-Moody algebras were first given by 
Frenkel [3]. The representations for classical affine Lie algebras were 
constructed by Feingold and Frenkel [4] by using Clifford or Weyl 
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algebras with infinitely many generators. Chen and Gao [2] developed 
the bosonic and fermionic representations for a class of graded-NBC  Lie 

algebras. However, bosonic and fermionic representations have not been 
given for filiform Lie algebras, so the other aim of this paper is to 
construct the bosonic and fermionic representations of .NL  

Throughout this paper, { }nvvv ,,,span 21  stands for the space 

spanned by { }.,,, 21 nvvv  The symbols ,, +ZC  and −Z  denote the set 

of complex, positive integers, and negative integers, respectively. 

2. Lie Triple Derivations of NL  

In this section, we shall fix our discussion on the complex number 
field C  and give the decomposition of any Lie triple derivation of .NL  

Before this we define four types of standard Lie triple derivations. 

(1) For any ( ) [ ]yxyadxLx N ,, =∈  defines a Lie derivation (also a 

Lie triple derivation), which is called the Lie triple derivation induced by 
x. 

(2) Let α  be a linear mapping on NL  and defined as 

( ) .21111 eee kk ′+=α  

For even ( ) ( ) .2, 2211 eeiei i kk +−=α  

For odd i and ( ) ( ) .3,3 3311 eeiei i kk +−=α≥  Here .,,, 3211 C∈′ kkkk  

One can check that α  is a Lie triple derivation of .NL  

(3) For any integer 1≥j  and ,0,1 ≠−≥ ll  define linear mappings 

js  and ,lt  

,:, NNlj LLts →  

( ) ( ) ., lililjijij eetees ++ =ε=   
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If i is even and jNji ε≤+ ,  is a nonzero constant; otherwise 0. If i is 

odd, 3≥i  and lNli ,≤+  is a nonzero constant; otherwise 0. 

Obviously js ’s and lt ’s are all Lie triple derivations on .NL  

(4) For ,,,, 2121 C∈bbaa  let β  be a linear mapping of NL  defined 

as follows: 

( )

( )

( )











=β

+=β

+=β

−

−

.otherwise,0

;

;

2113

2112

i

NN

NN

e

ebebe

eaeae

 

It is not difficult to verify that β  is a Lie triple derivation of .NL  

In order to get the decomposition of ,φ  we assume that 

( ) ( ) ,
1

j
i
j

N

j
i eae ∑

=

=φ   (2.1) 

where ( ) ,C∈i
ja  for all .,,2,1, Nji =  

Lemma 1. For any Lie triple derivation φ  of ,NL  we have 

( )

{ }

{ }

{ }











≥

=

∈φ

−

+

.3,,,,

;,,,,

;1,,,,

1

1

21

iandoddieeespan

evenieeespan

ieeespan

e

Nii

Nii

N

i  

Proof. Suppose φ  is an arbitrary Lie triple derivation. By applying 

φ  on the both sides of [ [ ]] ,0,, 321 =eee  we have 

([ [ ]])321 ,,0 eeeφ=  

[ [ ( ) ]] [ [ ( )]321321 ,,,, eeeeee φ+φ=  

( ) ( ) .4
3

15
2

1 eaea −=  



HENGTAI WANG and CHONGHUI HUANG 48

So ( ) ( ) .03
1

2
1 == aa  For any ,22 −≤≤ Ni  by considering the 

operation of φ  on [ [ ]] ,,, 211 += ii eeee  we have the desired result.  
 

We now give the theorem of decomposition for any Lie triple 
derivation of .NL  

Theorem 1. If ,6≥N  any Lie triple derivation φ  of NL  can be 

uniquely expressed as 

.
2

2

2

3
3

l

N

l
j

N

j
tsadx

l

∑∑
−

=

−

=
≠

++β+α+=φ   (2.2) 

Proof. By (2.1), we can choose ( ) ,1
1

1

2
ii

N

i
eax +

−

=
∑−=  then ( ) ( ) =−φ 1eadx  

( ) ( )
2

1
21

1
1 eaea +  and ( )Niei ≤≤2  are stable under .adx  Denote 

.1 adx−φ=φ  

For any even i, by applying 1φ  on [ [ ]] ,,, 211 += ii eeee  we can get that 

( ) ( ) ( ),2 4
4

2
2

1
1 aaa =+  

( ) ( ) ( ),2 6
6

4
4

1
1 aaa =+  

..,..........  

that is to say ( ) ( ) ( ) ( ).2 2
2

1
1

i
iaaai =+−  Similarly for odd i and ,3≥i  we 

have ( ) ( ) ( ) ( ).3 3
3

1
1

i
iaaai =+−  

Let ( ) ( ) ( )2
22

1
21

1
11 ,, aaa ==′= kkk  and denote .12 α−φ=φ  By 

applying 2φ  on [ [ ]] ,,, 211 += ii eeee  we can show that the following two 

equalities hold: 

( ) ( ) ( )

( ) ( ) ( )





≠−≤≤===

−≤≤===

++

++

.3,22,

;23,

7
4

5
2

3

6
4

4
2

2

lNlaaa

Njaaa

lll

jjj
  (2.3) 
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Let ( ) ( )
lljj aa =ε= 32 ,  and ,

2

2

2

3
23

3

l
N

l
j

N

j
ts

l

∑∑
−

=

−

=
≠

−−φ=φ  then 

( ) { }

( )





=φ

=∈φ −

.otherwise,0

;3,2,,span

3

13

i

NNi

e

ieee
 

By choosing ( ) ( ) ( ) ( ),,,, 3
2

3
11

2
2

2
11 NNNN ababaaaa ==== −−  we can prove 

that ( ) ( ) ,03 =β−φ ie  for all i. So any Lie triple derivation φ  has the 

decomposition of (2.2). 

Suppose that ,0=φ  that is to say ( ) 0=φ ie  for all ,3,2,1≠i  we 

have ,0== lj ts  if Nij ≤+  and .Nil ≤+  Meanwhile jε  and l  are 0 

when Nij >+  and .Nil >+  Then all js  and lt  are 0. It follows that 

0=β  from ( ) ( ) ( ) ( ) ,032 =β+α+=β+α+ eadxeadx  hence .0=α+adx  

That ( ) ( ) 01 =α+ eadx  implies 0=adx  and then ,0=α  which 

completes the proof of uniqueness of the decomposition. 


 

Remark 1. The length of the two equalities in (2.3) is variable. That 

is to say, if the subscript of ( )i
ja k2+  are greater than N, the equalities will 

end before this term. 

Remark 2. The uniqueness of this decomposition depends on the 
definitions of standard Lie triple derivations. Once they are defined, the 
decomposition is unique. In another word, if the definition of α  is 
changed, then those of js  and lt  will be also changed, but the types of 

Lie triple derivations are the same. 

 

 



HENGTAI WANG and CHONGHUI HUANG 50

3. The Representations of NL  

In this section, we construct the representations for filiform Lie 
algebra NL  given in Section 1. Let A be an associative algebra and 

,1±=ρ  the bracket-ρ  is defined as follows: 

{ } .,,, Ababaabba ∈ρ+=ρ  

It is easy to see that 

{ } { } [ ] { } { } ,,,,and,, bcacbacababba ρρρρ ρ−=ρ=  

for ,,, Acba ∈  where [ ] { } 1,, −= baba  is the Lie bracket. 

Define V  to be a unital associative algebra with 2N generators 

Niaa ii ≤≤∗ 1,,  with respect to the relations 

{ } { } { } .,and0,, ijjijiji aaaaaa ρδ=== ρ
∗

ρ
∗∗

ρ  

Let ( )ρ,NV  be the unital associative algebra generated by 

( ) ,,
11 








∈















∈ ∗

==
ZCC maaumu i

N

i
i

N

i
  

with the relations 

( ) ( ){ } { } .,, 0,nmvunvmu +ρρ δ=  

We now define the normal ordering as in [4] 

( ) ( )

( ) ( )

( ) ( ) ( ) ( )( )

( ) ( )











>ρ−

=ρ−

>

=

.if,

;if,2
1

;if,

::

nmmunv

nmmunvnvmu

mnnvmu

nvmu  

One can check that the following equalities hold: 

( ) ( ) ( ) ( ) ( ) ( ),:: mananamanama ijjiji ρ−==  
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( ) ( ) ( ) ( ) ( ),:: 0, nmnamanama nmijjiji −θδρδ−= +
∗∗  

and 

[ ( ) ( ) ( )] ,0, =panama ji k  

[ ( ) ( ) ( )] ( ) ( ),, 0,0, manapanama ipnjjpmiji ++
∗ δρδ+δδ−= kkk   (3.1) 

where .,,1,,, Njipnm ≤≤∈ kZ  

Define ( )+ρ,NV  to be the subalgebra generated by ( ) ( ) ( ),0,, ∗∗
kamana ji  

for ,, +∈ Zmn  and .,,1 Nji ≤≤ k  Let ( )−ρ,NV  be the subalgebra 

generated by ( ) ( ) ( ),0,, kamana ji
∗  for ,, −∈ Zmn  and ,,1 ji≤ .N≤k  As 

in [2, 4], let ( )ρ,NM  be a simple ( ) module-, ρNV  containing the vacuum 

vector ,0v  and satisfying 

( ) .0, 0 =ρ +vNV  

So all annihilation operators kill 0v  and 

( ) ( ) ( ) .,,, 00 vNvNNM −ρ=ρ=ρ VV  

For 11, −≤≤∈ Nis Z  and any fixed ,Z∈m  we are now to 

construct the bosons ( )1if −=ρ  or fermions ( )1if =ρ  as follows: 

( ) ( ) ( ) :: 1

1

1
sasmamf ii

s

N

i

∗
+

∈

−

=

−= ∑∑
Z

 

( ) ( )( ) ( ).1: 11 smasmjamg jN
s

j −+−= −+
∈
∑
Z

 

Theorem 2. Suppose NL  is the filiform Lie algebra defined as above 

with basis .,,, 21 Neee  Let 

( ) ( ),1 mfem =τ  

( ) ( ) .2, Njmge jjm ≤≤=τ  
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Then mτ  is a representation of NL  on ( )., ρNV  

Proof. In view of (3.1), for any ,12 −≤≤ Nj  

[ ( ) ( )]mgmf j,  

[ ( ) ( ) ( )( ) ( ) ]:1::,: 111

1

1
tmatmjasasma jN

t
ii

s

N

i
−+−−= −+

∈

∗
+

∈

−

=
∑∑∑
ZZ

 

[ ( ) ( ) ( )( ) ( )]tmatmjasasma jN
t

ii
s

N

i
−+−−= −+

∈

∗
+

∈

−

=
∑∑∑ 111

1

1
1,

ZZ
 

( ) [ ( ) ( )( ) ( )]tmatmjasasma jNii
ts

N

i
−+−−= −+

∗
+

∈

−

=
∑∑ 111
,

1

1
1,

Z
 

[ ( ) ( )( ) ( )] ( )satmatmjasma ijNi
ts

N

i

∗
+−+

∈

−

=

−+−−+ ∑∑ 111
,

1

1
1,

Z
 

( ) ( )sjmasma jN
s

−−ρ−= −
∈
∑ 1
Z

 

( ) ( ) :: 1 smasjma jN
s

−−= −
∈
∑
Z

 

( ).1 mg j+=  

Similarly, one can show that [ ( ) ( )] .0, =mgmf N  

According to (3.1), for any ,1, ≠ji  we have 

[ ( ) ( )]mgmg ji ,  

[ ( )( ) ( ) ( )( ) ( ) ]:1::,1: 1111 tmatmjasmasmia jN
t

iN
s

−+−−+−= −+
∈

−+
∈

∑∑
ZZ

 

 [ ( )( ) ( ) ( )( ) ( )]tmatmjasmasmia jN
t

iN
s

−+−−+−= −+
∈

−+
∈

∑∑ 1111 1,1
ZZ
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 ( )( ) [ ( ) ( )( ) ( )]tmatmjasmasmia jNiN
ts

−+−−+−= −+−+
∈
∑ 1111
,

1,1
Z

 

[ ( )( ) ( )( ) ( )] ( )smatmatmjasmia iNjN
ts

−−+−+−+ −+−+
∈
∑ 1111
,

1,1
Z

 

 .0=  


 

For any ,Z∈m  there is a bosonic or fermionic representation .mπ  

All of mπ ’s are equivalent mutually. Meanwhile, if we fix an integer m, 

let 

( ) ( ) ( ) ::~
1

2
sasmamf ii

s

N

i

∗
−

∈=

−= ∑∑
Z

 

( ) ( )( ) ( ) ( ),2:1:~
1 Njsasmjamg jN

s
j ≤≤+−= ∗

−
∗

∈
∑
Z

 

and define 

( ) ( ),1 mfem =π  

( ) ( ) ,2, Njmge jjm ≤≤=π  

then mπ  is also a representation of .NL  

It is known from [5] that any filiform Lie algebra arises as a linear 
deformation of the model algebra .NL  So by Theorem 2 and this linear 

deformation, we can get the bosonic and fermionic representations of any 
filiform Lie algebra. 

For example, let NP  be a Lie algebra with basis { }NXXX ,,, 21  

subject to the relations 

[ ] ;12,, 11 −≤≤= + niXXX ii  
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[ ] .13,, 12 −≤≤= + njXXX jj  

It is not difficult to verify that this Lie algebra is a deformation of .NL  In 

another word, there exists a linear space isomorphism (not Lie 
isomorphism) σ  from NP  to ,NL  where σ  is defined by 

( ) ( ) ,,,4,3,1,,212 NieXeeX ii ==σ+=σ  

then the bosonic and fermionic representations can be constructed as 
follows: 

( ) ( ) :: 1

1

1
1 sasmaX ii

s

N

i

∗
+

∈

−

=

−= ∑∑
Z

 

( ) ( ) ( )( ) ( ) :1::: 111

1

1
2 smasmjasasmaX N

s
ii

s

N

i
−+−+−= −

∈

∗
+

∈

−

=
∑∑∑
ZZ

 

( )( ) ( ) ( ).3:1: 11 NjsmasmjaX jN
s

j ≤≤−+−= −+
∈
∑
Z

 

References 

 [1] D. Burde, Lie algebra prederivations and strongly nilpotent Lie algebras, Comm. in 
Algebra 30(7) (2002), 3157-3175. 

 [2] H. Chen and Y. Gao, graded-NBC  Lie algebras arising from fermionic 
representations, J. Algebra 308 (2007), 545-566. 

 [3] I. B. Frenkel, Spinor representations of affine Lie algebras, Proc. Natl. Acad. Sci.     
77 (1980), 6303-6306. 

 [4] A. J. Feingold and I. B. Frenkel, Classical affine algebras, Adv. Math. 56 (1985),     
117-172. 

 [5] J. R. Gómez, A. Jimenéz-Merchán and Y. Khakimdjanov, Low-dimensional filiform 
Lie algebras, J. Pure Applied Algebra 130 (1998), 133-158. 

 [6] M. Goze and Y. Khakimdjanov, Nilpotent Lie Algebra, Mathematics and its 
Applications, The Netherlands: Kluwer Academic Publishers, MIA 361 (1996). 

 [7] M. Hazewinkel, Handbook of Algebra, Vol. 2, CMI Amsterdam, 2000. 

 [8] P. Ji and L. Wang, Lie triple derivation of TUHF algebra, Linear Algebra Appl.      
403 (2005), 399-408. 



LIE TRIPLE DERIVATIONS AND BOSONIC AND … 55

 [9] A. J. Martín and C. M. González, The Banach-Lie group of Lie triple automorphisms 

of an algebra,-∗H  Acta Math. Sci. Ser. B Engl. Ed. 30(4) (2010), 1219-1226. 

 [10] S. Ou, D. Wang and R. Yao, Derivations of the Lie derivation of strictly upper 
triangular matrices over a commutative ring, Linear Algebra Appl. 424(2-3) (2007), 
378-383. 

 [11] M. Vergne, Cohomologie des algèbres de Lie nilpotentes, Application à l’étude de la 
variété des algèbres de Lie nilpotentes’, Bull. Soc. Math. 98 (1970), 81-116. 

 [12] D. Wang and Q. Yu, Derivations of the parabolic subalgebras of the general linear 
Lie algebra over a commutative ring, Linear Algebra Appl. 416(2-3) (2006),            
763-774. 

 [13] H. Wang and Q. Li, Lie triple derivation of the Lie algebra of strictly upper 
triangular matrix over a commutative ring, Linear Algebra Appl. 430(1) (2009),      
66-77. 

 [14] J. Zhang and H. Cao, Lie triple derivation of nest algebra, Linear Algebra Appl. 
416(2-3) (2006), 559-567. 

g 


