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Abstract

Using computations related to vertex operator algebra characters, we derive the
simplest example of almost holomorphic modular forms.

1. Introduction

It is well-known [9, 12, 14] that vertex operator algebras [2, 6, 9]
serve as a natural algebraic source of automorphic forms generation. In
this short note, we show how to generate the simplest example of almost
holomorphic modular form [3] Eg(t) = Ey(t) + ¢/ y, where Ey(t) is the
second Eisenstein series [13], y = Im(t), 7 is the torus modular
parameter, and c is a constant. For this purpose, we use the machinery of
character computations developed for vertex operator algebras/conformal

field theory [12]. The holomorphic quasi-modular form Es(t) appeared at

various points in computations related to vertex operator algebra module.

At the same time, it was not know how to generate its non-holomorphic
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extension E’z (1) using similar reasoning. The author is also grateful to
Bringmann for pointing the problem and useful discussions. In this note,
we find answer for this question.
1.1. Almost holomorphic modular forms

Almost holmorphic modular forms [3], which originally defined in [8],
transform like usual modular forms, but are polynomials in 1/v with

holomorphic coefficients. Standard examples of almost holomorphic
modular form include derivatives of holomorphic modular forms, as well

as the non-holomorphic Eisenstein series Eq(t), defined by

Ey(7) = Eg(7) +

’

ImT

where ¢ = -3/ n Here its holomorphic part is given by
Ey(7) =1-24) 01(n)q",
nx1

where o;(n) is the sum of positive integer divisors of n, and ¢ = ¢2™7. In

general, the holomorphic part of an almost holomorphic modular form is
called a quasimodular form. After their introduction [8], almost
holomorphic modular forms have been shown to play numerous roles in
mathematics and physics (see, for example, [1]).

1.2. Vertex operator algebras

Recall that a vertex operator algebra [2, 6, 9] is a quadruple
(V,Y, 1, ®) consisting of a Z-graded complex vector space V = @,,.7V,,,

a linear map Y : V — (EndV)[[z 2z !]], and a pair of distinguished
vectors, i.e., the vacuum vector 1 € V;, and the conformal vector © € Vs.

A vertex operator is given by the map

Y(v, 2) = Zv(n)z_n_l,

nez
with modes v(n) € EndV, where Y(v, 2).1|,_, = v(-1).1 = v, and z is a

formal variable. For the vector ®, one has
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Y(o, 2) = ZL(n)z_n_Q.

nez

The modes L(n) form the Virasoro Lie algebra of central charge C:
[L(m), L(n)] = (m - n)L(m + n) + (m® - m)s,, _,C/12.

We define the homogeneous space of weight %k to be

V,, = {v e V|L(O) = kv}, where for v in V, we write wt(v) = k. Then as

an operator on V, we have

v(n):V, = Viik-no- (1.1
In particular, the zero mode o(v) = v(wt(v) —1) is a linear operator on
each homogeneous space of V.
1.3. The Heisenberg vertex operator algebra M

Consider a € V; whose modes obey
[a(m)’ a(n)] = msm,—nIV’

where Iy is the identity operator on V. The vertex operator Y(a, z)

generates the Heisenberg vertex operator algebra M with vector space V
with Fock basis

a(-1)ta(-2)2 -—-a(-n)r.1; 1, >0,
with a = a(-1).1, and a(n).1 =0 for all n > 0. The Virasoro vector is
o = %aQ(— 1).1 for central charge C =1 with

L(0) = %a(O)Z + 3" a(- mya(m).

m=0

In the context of modular-invariance for n-point functions at genus 1, Zhu

introduced in [14] a second vertex operator algebra (V, Y[], 1, ®)

associated to a given vertex operator algebra (V, Y(,), 1, ®). The
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underlying Fock space of the second vertex operator algebra is the same
space V as the first, moreover, they share the same vacuum vector 1 and
have the same central charge. The new vertex operators are defined by a

change of co-ordinates, namely,

Y[, z] = Z:v[n]z_n_1 = Y(qZL(O)v, q, -1),

nez

where g, = . The new conformal vector @ is defined to be the state

(T)=(n—£.1. We set

24

Y[®, 2] = Z L[n]z"2,

nez
and write wt[v] = k if L[0].v = kv, V3 = {v € V]wt[v] = k}. A Heisenberg

vertex operator algebra module M, is determined by
a(n)w = 8§, ga - w,
forall w e M,, n > 0 for a complex a € C.

1.4. Torus two-point function

Torus n-point function for a vertex operator algebra is defined by [14]
1 _
F‘(,)(vl, 215 e Ups Zps Q) = TrV(Y(vl, z1)...Y(v,, zn)qL(O) C/24).

In particular, the partition (or zero-point) functions and one-point

functions are given by

F‘(/l)(q) — Tl"V (qL(O)—C/24 ),

FP©, 2 ) = Try (Y (v, 2)gXO-C/2) = 7y (ofw) 200121 )

The second equality in the last formula follows from (1.1). Note that one-

point function does not depend on z.
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Modular and elliptic functions arise in context of computation of
n-point functions for vertex operator algebras [12, 14]. The Zhu recursion

formula [14] relates n-point functions to (n —1)-point functions. Thus,

two-point function

F‘(,l)(u, X0, q)= TrV(o(u) o(v)qL(O)fc/%)

1 o™
+ ZW—@ —Py(x - YEN @[mlv, q), (1.2)
m>0 Y

for elliptic and modular functions

enz 1 on-1
Pi(z) = - Z w5 2B (@
neZ,n#0 1-¢q n>1
and
B 9 r2n—1qr
EZn(T) = - 2n + ’
! —1)
@2n)  (2n-1) ; 1-q"

where Eg, (1) are Eisenstein series, and By, being Bernoulli numbers
[13]. Note that FEy(t) is a quasi-modular form satisfying the

transformation law:

9 B B c _(a b _at+b
(c7+d) " Ey(yr) = Ey(7) 2ni(et +d)’ v= (c dj’ "

for y e SL(2, Z).
2. The Simplest Almost Holomorphic Modular Form

2.1. Identities for the Heisenberg vertex operator algebra

E5(t) has also important relations with derivatives of modular

forms. One can show that

a5 () = =5 ().
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Note, in particular, that the one-point Virasoro vector function for the

Heisenberg vertex operator algebra is given by [7]

Fi @ - g o) - 220,

For the Virasoro vector ® = @ — % , we find [12]

FO@, ¢) = Try (L) - €/ 24)g40-C124) = g0, 7P (q)

1
= %3715‘1(/1)((1)-

For n primary (ie., satisfying L(n)u =0, for all n >1) vectors
Uy, ..., Uy, the Zhu reduction gives the Ward identity [10, 12] for the

n + 1-point function:
1)/~ 1
F‘(,)(o), X5 Uy, 215 e Ups 255 q) = qaqF‘(,)(ul, 215 s Uy Zps Q)

+ Z (Py(x - 2;)0,, +wt[u; 0., Py (x ~ zi))F‘(,l)(ul, 215 e Ups 2 Q)

1<i<n

E5(7) can be reproduced via the computation of a one-point function for

the Heisenberg vertex operator algebra [11, 12, 14]. For the Heisenberg
vertex operator algebra M, the Zhu reduction gives all n-pt functions,
e.g., [10, 12]

F]%)(a’ 215 @; 295 q) = Po(z — 29, T)FJ(;})(Q),

where Py(z, 7) = —%, P,(z, 7). Then,
~ 1,. -
F(@. ) = § lim () (0, 215 0. 251 0) - (a1 - 22) 7 F (@)

- 5 B (@)F{}(@). 2.1)
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Thus one has an ordinary differential equation
1
qasz(‘})(Q) =3 Ey(@)F\D(9),

therefore, the genus one partition function for the Heisenberg vertex
1
n(q)’

2.2. The simplest almost holomorphic modular form

operator algebra is given by F ](é) (q@) =

Since, as we saw in (2.1) that Eq(t) is given by the Heisenberg
vertex operator algebra one point function for the Virasoro vector ®, [12],
we need to extend this vertex operator algebra in order to reconstruct the
non-holomorphic part of Ez(’l’). For that purpose, we consider Virasoro

state ® one-point function for a Heisenberg module. We formulate the

following:

Proposition 1. For o = +( IL )1/ 2 the torus Virasoro state character
mT

generates the simplest almost holomorphic modular form, i.e.,
~ 12
Fj) ® ) = 5 E(0Fy) ().

Proof. The Zhu reduction formula (1.2) also applies to n-pt
correlation functions for a vertex operator algebra module [12]. For a

Heisenberg module M, (for some a € C), one finds that

(12

Fy, (@) = Tru, (a"(0) =1/ 24) = L.

The one-point function for the Virasoro vector @ is [7]
Fﬁ}l @, q) = qaqF](‘}l (@)
On the other hand, the Zhu reduction formula (1.2) gives

OL2

F](l}l(a; 215 @ 25 q) = ( 5 (= _ZZ)J F](él(q),
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so that

- 1
6.0~ S + B 0

Now let us choose o = %( ﬁ )1/2. Then we obtain
T

c
Im

P @) = 3 [ Ba0)+ 15 | Pl (@) = § B2 (@),

O

Thus we see that the Zhu recursion formula (1.2) which is the main

tool in computation of the torus as well as genus two (see [10]) n-point

functions for vertex operator algebras results in generation of non-

holomorphic modular forms as coefficients, and provides us with the

simplest example of non-holomorphic quasi-modular forms. Similar

reasoning can be used to derive [15] more complicated examples of mock
forms [3, 16].
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