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Abstract
Given any infinite set B of positive integers b < bg <---, let 7(B) = inf
{r>0: Zw L. w}. For any x € (0, 1], let a,(x) and g,(x) be the n-th
n=1 bg

partial quotients of regular and generalized continued fraction expansion of x,

respectively. Define

EB)={x€(0,1): a,(x) e BVn >1, and a,(x) > © as n — o},

GB)={x €(0,1): ky(x) e BYn =1, and k,(x) > o as n - o},

Hirst [4] proved the inequality dimpg E(B) < @ for any infinite set B and

the equality dimpg E(B) = @ for B =1{1, 2, 8%, ...}, t e N, where dimg

denotes the Hausdorff dimension. In this note, we show that G(B) is twice the

size of E(B) for all the above cases.
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1. Introduction

In 2003, Schweiger [7] introduced a whole class of continued fraction
algorithm with increasing digits, called generalized continued fractions
(GCF), which is induced by the map 7. : (0, 1] — (0, 1]

-1+ (k+1)x

T.(x) = T hen er(k)::( 1 1}, (1.1)

k+1 &
where the parameter ¢ : N — R satisfies

e(k)+k+1>0. (1.2)

For any x € (0, 1], define its partial quotients k;, kg, -+, k,, in the GCF.

expansion as
1 _
=)= | L] and =y (6) = k(277 0))

By the algorithm (1.1), it follows [7] that

At BTI)

,for all n > 1,
C, + DT (x)

where the numbers A,, B,, C,, and D, are given by the recursive

relations
Cn Dn Cn—l Dn—l kn +1 kne(kn)
= n>1. (1.3)
An Bn Cn—l Bn—l 1 1+ e(kn)
For any non-decreasing integer vector (k;, ---, k,), define the n-th order

cylinders as follows:

B(ky, =+, ky) = {x € (0, 1] : kj(x) = kj, V1 < j < nj.

Since there is a one-to-one correspondence between x e (0, 1] and the

non-decreasing integer sequence (k;, kg, ---), we have that
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Lemma 1.1 ([7]). The cylinder B(k;, ---, k,,) is just the interval with

A K,A, +B
-points L. = 2n - Znfn T On oy
the end-points L, c, and R, K,C, + D, s a consequence, the
length of B(ky, -, k,) is
B,C, - A, D
By, kg, -+, k)| = =2-n_“n—n_ (1.4)
Bl b b = G 0,0, D)
A calculation shows (k,,; = k)
|B(k‘1, kZ’ e kn, k.)l — BnCn - AnDn (15)

(kC,, + D,,)((k +1)C,, + D,,)"
Furthermore, the following lemmas hold:

Lemma 1.2 ([9]). Let the sequences (A, ),s1, (By)ys1> (Cy)ys1, and
(D, )51 be recursively defined by (1.3). Then

n
ByCy = ADy = [ [+ K + (i) (1.6)
i=1

Lemma 1.3 ([7]). Suppose there is a constant § such that |e(k)| < i®
with 0 <3 <1 forall k > 1, then

1 k,C
— < __nTn_ <
2 kC,+D, 2 (.7

for all k, > K(3).

The GCF algorithm extends our knowledge on one-dimensional
dynamical systems. The behaviours of the sequence k,(x) as n — o are

of interest and the metric properties of the sequence have been
investigated by a number of authors, see [7, 8, 9]. In particular, the
second author in [9] proved that for any -1 < ¢ <1,

2
lim k,ll/n(x) =e  lim (kg - kn)l/n =Je & ae.
n—ow n—»ow

For a more special case that ¢ =0, the GCF is just Engel series

expansion, which have been studied in a series of papers by Borel [1],
Levy [5], Erdos et al. [2], and Renyi [6] etc..
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Now, let us introduce the Hirst’'s results in the regular continued
fractions (RCF). For any irrational x e (0,1), let {a,},»; be the

sequence of the partial quotients of RCF for x. Let B = {b, },5; be an

infinite subset of natural numbers N. Denote by 7(B) the convergence

. 0 — .
exponent of the series anl bt ie.,

~(B) = inf {T >0: ) b7 < oo}
n=1

Define

E(B) = {x €(0,1]: a,(x) e BVn >1, and a,(x) - «© as n—)oo}.

Hirst [4] proved the inequality dimgy E(B) < @ for any infinite

set B, and the equality dimg R(B):@ for the special

B=1{1,2! 3" ..}t e N. Now, we consider the same question in the
setting of generalized continued fractions. If there is a constant & such

that |e(k)| < k° with 0 <& <1 forall k > 1. Let
G.(B)={x€(0,1): k,(x) e BYn >1, and k,(x) > o as n — o},

where {k,(x), n > 1} are the sequence of the partial quotients of x in
CEF expansion. We get the parallel results with the Hirst sets E(B) in

RCF expansions as

Theorem 1.4. Suppose there is a constant & such that |e(k)| < k® with
0<38<1forall k>1, then dimy G.(B) < 1(B) for any infinite set B.

Theorem 1.5. Suppose there is a constant & such that |e(k)| < k® with

0<8<1 forall k>1, then dimy G.(B) = 7(B), for B = {1, 2!, 8!, ...}
and t € N.
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2. Proof of the Main Result

Proof of Theorem 1.4. Fixed s > 7(B), choose v, large enough so

that for any n; > v,

. o 1 . . .
since Zn 15 s convergent. Then for any increasing sequence
b
n

{kn(x), n > 1} c B, there exists a smallest integer v satisfying e, > b,,

and

Z (%)S <1, Vn;2v 2.1)

e,eB
Fiy 2 i

Now let’s estimate the Hausdorff dimension of G.(B).

It 1s clear that

o0

@< U Lk
k

n=1 ki, kneB

So, the s-dimensional Hausdorff measure of G.(B) can be estimated as

H*(G(B)) < iminf > [L,(ky, -+, ky )
n—oo
Ky, kyeB
ky<kg <<k

= lim inf Z [Ty 1(ky, -, kv—l)ls
" kg, FyqeB
ky<kg <-<hy_q

| I, (kys - k)| )S ( |1 (ks s k)| js
X .
kUZEZB [llv—l(kl"”7kv—1)| k;B |In—1(k17”'akn—]_)|
kyzkyq kp>knq
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Thus, the desired result follows if we can show that

I (kl’ ok )l )s
W, = ( |1 n <1,forall k, >k, >0, .
’ anEB [t (bys oo k)| roren

Fp>ky_q

By (1.4) and (1.5), for &y, k9, -+, k, € B and k < ky <, --- <k, with

k, = k,, we have
I, (ks ooy Ky, DY
W, — |n+1 1> > pos j
n+l 1;;( |In(k1’ - kn)l
b> ky
_ Z Cn(kncn +Dn) ’
= (b+1)C, +D,)(C, +D,))"
€
b>ky

From (1.7), we get that

kn Cn

D, z -

(2.2)

Then by (2.1) and notice that &, < b, we have

2\8
Y[ o
beB
b>k,

which gives that dimgy G(B) < s. Since this is true for all s > 7(B), we

obtain dim g G(B) < 7(B) when |¢(k)| < k° with 0 < & <1 forall k > 1.
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3. Proof of Theorem 1.2

In this section, the infinite subset B of integers is specified as
B = {nt, n > 1}, for some ¢t € N,
G.(B) and 7(B) are defined before, we will prove that
dimy G.(B) = 7(B).
By Theorem 1.4, we only need to prove dimpg G.(B) > 7(B). It is

obvious that ~(B) = 7 for B = {1, 2/, 3", - }.

Now, we cite a dimensional result concerning a specially defined

Cantor set. Let I = Ej > E; o E9 o --- be a decreasing sequence of
sets, with each E, a union of a finite number of disjoint closed intervals.
For every n > 1, each interval of E, contains at least two intervals of

E, .;. In addition, the maximum length of intervals in E, tends to O as

n — o, Then the set E = ﬂ:z 1 E, is a totally disconnected subset of I,

and is called a general Cantor set. If each interval of E,_; contains at
least m,, intervals of E,(n =1, 2, ---), which are separated by gaps of at
least 6,,, where 0 < 0,,,; < 0,, for each n. Then the lower bounded of the

Hausdorff dimension of E can be given by the following lemma:

Lemma 3.1 ([3]).

dimy B > lim inf 12807172 " Mn-1)
n—ow - log(m,6,)

Proof of Theorem 1.5. For each n > 1, let
G, = {I,(k, -, k,): k(x) e B, 2% < k;(x) < 20* 1 < i < n).

Recall that B = {n' : n € N}, then G,, can be explicitly expressed as
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G, = {1, (k, -, k) ¢ ki(x) = k! with 2" < k; < 270, for all 1 < i < n}.

(3.1)
Let

Gp = ﬁEn
n=1

Firstly, we note that Gpg 1is just the set
{x €(0,1]: k,(x) € B, 2" < k,(x) < 27 wn > 1)
Clearly, it is a subset of G.(B).

Secondly, it fulfills the construction of the Cantor set in Lemma 3.1.

Now, we specify the integers {m,, },; and the real numbers {0,, },;.

Due to the definition of G, each interval of G,_; contains m, = 2"

intervals of G,, and any interval of (), does not contain the interval

I, 1(ky, e, Ky, 20%28) of G, . So we have

n(n-1)
MMy - My, = gl+2+-+(n-1) _ 97 3 : (3.2)

and any two of intervals in k, are separated by at least one interval

In+1(k1’ oy ki, 2(n+2)t )
By (1.5), we have

|11 (Bys oy Ko g(n+2)t )| = B,C, - A,D, '
(2(n+2)tcn " Dn)((z(n+2)t +1)C, + D,)

(3.3)
From (1.7), we get

D, <k,C,. (3.4)
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Thus and by (1.3), we get that
Cp = (kp +1)Cpy + Dy
< (ky +1)Chq + ky1Cryg
< 3k,Cp_q < -+
< 3"kpky_q k. (3.5)
Combine (1.6) with the above three results to get that

[ Tpp1 (R, ooy Ky, 2(n+2 )l

| ) BCERRE ()
> =1
- 9. (2(n+2)t Cn )2

klk2 kn

1
= . (3.6)
9n+14(n+2)t kle . kn
Substituting k; < oli+1)t of (3.1) into (3.6), one has
Ly (ky, ey by, 200420 > 1 .0, (3.7)
n+1\" n n

3 =!
9n+l4(n+2)t . zn(n2+ )t

Combining with (3.2), (3.7) and Lemma 3.1, we obtain

n(n-1)
2
dimy; G(B) > lim inf log 2 _L
k—o0 n 1 t
h log(z ’ n(n+2) )
9n+14(n+2)t .9 2 ¢
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