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Abstract 

Given any infinite set B of positive integers ,21 "<< bb  let ( ) inf=Bτ  

{ }.1:0
1

∞<> ∑∞

= ττ
nn b

 For any ( ],1,0∈x  let ( )xan  and ( )xgn  be the n-th 

partial quotients of regular and generalized continued fraction expansion of x, 
respectively. Define 

( ) { ( ) ( ) ( ) },asand,1:1,0 ∞→∞→≥∀∈∈= nxanBxaxBE nn  

( ) { ( ) ( ) ( ) },asand,1:1,0 ∞→∞→≥∀∈∈= nxnBxxBG nn kk  

Hirst [4] proved the inequality ( ) ( )
2dim BBEH

τ
≤  for any infinite set B and 

the equality ( ) ( )
2dim BBEH

τ
=  for { } ,,,3,2,1 N∈= tB tt "  where Hdim  

denotes the Hausdorff dimension. In this note, we show that ( )BG  is twice the 

size of ( )BE  for all the above cases. 
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1. Introduction 

In 2003, Schweiger [7] introduced a whole class of continued fraction 
algorithm with increasing digits, called generalized continued fractions 
(GCF), which is induced by the map ( ] ( ]1,01,0: →T  

( ) ( ) ( ) ,1,1
1:,1

11: 





+
=∈

−+
++−=

kk
k

k
k Ixx

xxT
  (1.1) 

where the parameter RN →:  satisfies 

( ) .01 >++ kk   (1.2) 

For any ( ],1,0∈x  define its partial quotients nkkk ,,, 21 "  in the GCF  

expansion as 

( ) ( ) ( ( )).:and,1: 1
111 xTxxx n

nn
−==



== kkkkk  

By the algorithm (1.1), it follows [7] that 

( )
( )
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+
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n
nn



  

where the numbers nnnn DCBA and,,,  are given by the recursive 

relations 
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 (1.3) 

For any non-decreasing integer vector ( ),,,1 nkk "  define the n-th order 

cylinders as follows: 

( ) { ( ] ( ) }.1,:1,0,,1 njxxB jjn ≤≤∀=∈= kkkk "  

Since there is a one-to-one correspondence between ( ]1,0∈x  and the 

non-decreasing integer sequence ( ),,, 21 "kk  we have that 
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Lemma 1.1 ([7]). The cylinder ( )nB kk ,,1 "  is just the interval with 

the end-points 
n
n

n C
AL =  and .

nnn
nnn

n DCK
BAKR

+
+

=  As a consequence, the 

length of ( )nB kk ,,1 "  is 

( ) ( ) .,,, 21
nnnn
nnnn

n DCC
DACBB

+
−

=
k

kkk "  (1.4) 

A calculation shows ( )kk =+1n  

( ) ( ) (( ) ) .1,,,, 21
nnnn

nnnn
n DCDC

DACBB
+++

−
=

kk
kkkk "  (1.5) 

Furthermore, the following lemmas hold: 

Lemma 1.2 ([9]). Let the sequences ( ) ( ) ( ) ,,, 111 ≥≥≥ nnnnnn CBA  and 
( ) 1≥nnD  be recursively defined by (1.3). Then 

( ( )).1
1

ii

n

i
nnnn DACB kk ++=− ∏

=

 (1.6) 

Lemma 1.3 ([7]). Suppose there is a constant δ  such that ( ) δ≤ kk  
with 10 <δ≤  for all ,1≥k  then 

,22
1 ≤

+
≤

nnn
nn
DC

C
k
k  (1.7) 

for all ( ).δ≥ Knk  

The GCF algorithm extends our knowledge on one-dimensional 
dynamical systems. The behaviours of the sequence ( )xnk  as ∞→n  are 
of interest and the metric properties of the sequence have been 
investigated by a number of authors, see [7, 8, 9]. In particular, the 
second author in [9] proved that for any ,11 ≤<−   

( ) ( ) ..a.elim;lim
21

21
1 λ==

∞→∞→
eex n

nn
n

nn
kkkk "  

For a more special case that ,0=  the GCF is just Engel series 

expansion, which have been studied in a series of papers by Borel [1], 
Levy [5], Erdos et al. [2], and Renyi [6] etc.. 
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Now, let us introduce the Hirst’s results in the regular continued 
fractions (RCF). For any irrational ( ),1,0∈x  let { } 1≥nna  be the 

sequence of the partial quotients of RCF for x. Let { } 1≥= nnbB  be an 

infinite subset of natural numbers .N  Denote by ( )Bτ  the convergence 

exponent of the series ,1
1

−∞
=∑ nn b  i.e., 

( ) .:0inf
1 











∞<>= −
∞

=
∑ τττ n
n

bB  

Define 

( ) ( ] ( ) ( ){ }.asand,1:1,0: ∞→∞→≥∀∈∈= nxanBxaxBE nn  

Hirst [4] proved the inequality ( ) ( )
2dim BBEH

τ≤  for any infinite        

set B, and the equality ( ) ( )
2dim BBRH

τ=  for the special 

{ },,3,2,1 "ttB = .N∈t  Now, we consider the same question in the 

setting of generalized continued fractions. If there is a constant δ  such 

that ( )k  δ≤ k  with 10 <δ≤  for all .1≥k  Let 

( ) { ( ) ( ) ( ) },asand,1:1,0 ∞→∞→≥∀∈∈= nxnBxxBG nn kk  

where { ( ) }1, ≥nxnk  are the sequence of the partial quotients of x in 

CEF expansion. We get the parallel results with the Hirst sets ( )BE  in 

RCF expansions as 

Theorem 1.4. Suppose there is a constant δ  such that ( ) δ≤ kk  with 

10 <δ≤  for all ,1≥k  then ( ) ( )BBGH τ≤dim  for any infinite set B. 

Theorem 1.5. Suppose there is a constant δ  such that ( ) δ≤ kk  with 

10 <δ≤  for all ,1≥k  then ( ) ( ),dim BBGH τ=  for { ,2,1 tB =  }",3t  

and .N∈t  
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2. Proof of the Main Result 

Proof of Theorem 1.4. Fixed ( ),Bs τ>  choose 0v  large enough so 
that for any ,0vnj ≥  
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nnn
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n

n b
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=

 is convergent. Then for any increasing sequence 

{ ( ) } ,1, Bnxn ⊂≥k  there exists a smallest integer v satisfying ,0vv be ≥  

and 
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Now let’s estimate the Hausdorff dimension of ( ).BG  

It is clear that 
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So, the s-dimensional Hausdorff measure of ( )BG  can be estimated as 
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Thus, the desired result follows if we can show that 

( )
( ) .allfor,1,,
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By (1.4) and (1.5), for Bn ∈kkk ,,, 21 "  and nkkk ≤≤≤ ",21  with 

,vn kk ≥  we have 
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From (1.7), we get that 

.2
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−≥  (2.2) 

Then by (2.1) and notice that ,bn ≤k  we have 
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which gives that ( ) .dim sBGH ≤  Since this is true for all ( ),Bs τ>  we 

obtain ( ) ( )BBGH τ≤dim  when ( ) δ≤ kk  with 10 <δ≤  for all .1≥k  

 

 



SOME PARALLEL RESULTS FOR THE HIRST … 45

3. Proof of Theorem 1.2 

In this section, the infinite subset B of integers is specified as 

{ } ,somefor,1, N∈≥= tnnB t  

( )BG  and ( )Bτ  are defined before, we will prove that 

( ) ( ).dim BBGH τ=  

By Theorem 1.4, we only need to prove ( ) ( ).dim BBGH τ≥  It is 

obvious that ( ) tB 1=τ  for { }.,3,2,1 "ttB =  

Now, we cite a dimensional result concerning a specially defined 
Cantor set. Let "⊃⊃⊃= 210 EEEI  be a decreasing sequence of 

sets, with each nE  a union of a finite number of disjoint closed intervals. 

For every ,1≥n  each interval of nE  contains at least two intervals of 

.1+nE  In addition, the maximum length of intervals in nE  tends to 0 as 

.∞→n  Then the set nEE ∩∞
=

= 1k  is a totally disconnected subset of I, 

and is called a general Cantor set. If each interval of 1−nE  contains at 

least nm  intervals of ( ),,2,1 "=nEn  which are separated by gaps of at 

least ,nθ  where nn θ<θ< +10  for each n. Then the lower bounded of the 

Hausdorff dimension of E can be given by the following lemma: 

Lemma 3.1 ([3]). 

( )
( ) .log

loginflimdim 121
nn

n
nH m

mmmE
θ−

≥ −
∞→

"  

Proof of Theorem 1.5. For each ,1≥n  let 

{ ( ) ( ) ( ) ( ) }.1,22,:,, 1
1 nixBxIG ti

i
it

innn ≤≤<≤∈= +kkkk "  

Recall that { },: N∈= nnB t  then nG  can be explicitly expressed as 
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{ ( ) ( ) }.1allfor,22with:,, 1
1 nixIG i

i
it

iinnn ≤≤<≤== +kkkkk "  

(3.1) 

Let 

.
1

n
n

B EG ∩
∞

=

=  

Firstly, we note that BG  is just the set 

{ ( ] ( ) ( ) ( ) }.1,22,:1,0 1 ≥∀<≤∈∈ + nxBxx tn
n

nt
n kk  

Clearly, it is a subset of ( ).BG  

Secondly, it fulfills the construction of the Cantor set in Lemma 3.1. 
Now, we specify the integers { } 1≥nnm  and the real numbers { } .1≥θ nn  

Due to the definition of ,nG  each interval of 1−nG  contains n
nm 2=  

intervals of ,nG  and any interval of kG  does not contain the interval 

( ( ) )tn
nnI 2

11 2,,, +
+ kk "  of .1+nG  So we have 

( )
( )

;22 2
1

121
121

−

== −+++
−

nn
n

nmmm ""   (3.2) 

and any two of intervals in nk  are separated by at least one interval 

( ( ) ).2,,, 2
11

tn
nnI +

+ kk "  

By (1.5), we have 

( ( ) )
( ( ) ) (( ( ) ) )

.
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2,,, 22
2

11
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nn
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nnnntn
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DCDC
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−
=

++
+

+ kk "  

(3.3) 

From (1.7), we get 

.nnn CD k≤   (3.4) 
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Thus and by (1.3), we get that 

( ) 111 −− ++= nnnn DCC k  

( ) 1111 −−− ++≤ nnnn CC kk  

"≤≤ −13 nnCk  

.3 11 kkk "−≤ nn
n   (3.5) 

Combine (1.6) with the above three results to get that 

( ( ) )tn
nnI 2

11 2,,, +
+ kk "  
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Substituting ( )ti
i

12 +≤k  of (3.1) into (3.6), one has 
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Combining with (3.2), (3.7) and Lemma 3.1, we obtain 
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