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Abstract

We consider inequalities concerning convex functions and convex combinations
with the common center. Including convex combinations to the integral method,
the obtained discrete inequalities are transformed to integral inequalities. The
results are applied to quasi-arithmetic means and the Hermite-Hadamard
inequality.

1. Introduction

Repeat the concept of linear, affine, and convex set. Convenient way
of presenting are combinations of vectors and scalars in a real vector

(linear) space X. Let x; € X be vectors (points), a; € R be scalars

(coefficients), and the sum

n
c= Zaixi, (1.1)
i=1
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be their combination. If there are no conditions on the coefficients «;, the

combination in (1.1) is linear. If the scalar sum Z?Zlai =1, the

combination in (1.1) is affine. If Z:.l:lai =1 and all a; € [0, 1], the

combination in (1.1) is convex. The vector c itself is called the center of
the observed convex combination.
Let S ¢ X be a set of vectors. The set S 1is linear (respectively,

affine, convex) if it contains all linear (respectively, affine, convex)
combinations of its vectors. The smallest vector subspace (respectively,
translated vector subspace, convex vector set) that contains S 1is called

the linear (respectively, affine, convex) hull of S, and it is denoted with
lin S (respectively, aff S, conv S). The linear (respectively, affine, convex)

hull of the vector set S consists of all linear (respectively, affine, convex)

combinations of the vectors from S.
2. Linear, Affine and Convex Function

According to the set names, we have the function names. For the
purpose of this paper, we will use real valued functions of one real

variable. Let f:R — R be a function. It is said that f is linear

(respectively, affine) if the equality
n n
f[ZocixiJ=Zaif(xi), (2.1)
=1 =1

holds for all linear (respectively, affine) combinations Z?:laixi’ and fis

convex if the inequality
n n
f{Zaixi] <D aifl;), 2.2)
1=1 =1

holds for all convex combinations Z?:laixi' The equality in (2.1) and

inequality in (2.2) are usually first defined for binomial combinations
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01%] + dgXxg, then using the principle of mathematical induction

generalize to all finite combinations. The inequality in (2.2) presents the
well-known discrete form of Jensen’s inequality (a general overview of

Jensen’s inequality can be seen in [4]).

Let [a, b] = R be a closed interval, where a < b. Then every number

x € R can be uniquely presented as the affine combination

b. (2.3)

The above binomial combination is convex, if and only if the number x

belongs to the interval [a, b]. Given function f:R — R, let

f{gnlf} :R - R be the function of the line passing through the points

(a, f(a)) and (b, f(b)) of the graph of f. Using the affinity of f{l(ing}, we

have

fline () = 2= fla) + 222 £(p), (2.4

The consequence of the representations in (2.3) and (2.4) is the

following characterization of convex functions:

Theorem A (Convex function on the line). Every convex function

f : R — R verifies the inequality
flx) < f{léf‘;}(x) for x € [a, b]; (2.5)

and the reverse inequality

flx) > f{l(i?g}(x) for x ¢ (a, b). (2.6)

3. Inequalities with Convex Combinations

The main result in this section is Theorem 3.1, which represents the
discrete form of the Jensen type inequality for convex combinations with

the same center.
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The following theorem deals with two convex combinations of the
same center (one convex combination with two sub-combinations was
studied in [8], operator combination in [3], similar types of inequalities

for @-class functions in [5]).
Theorem 3.1 (Jensen’s type inequality with center). Let Z?: L %% be

a convex combination of the points x; € [a, b], and Z;nzl B;y; bea convex

combination of the points y; ¢ (a, b).

If the center equality

n m
¢ = Zaixi = Zﬁjyj, (3.1)
i=1 =1
is valid, then the inequality
n m
fle) < D auif (i) < ) Bif(3)), (3.2)
i—1 IS

holds for every convex function f : R — R.

Proof. The left-hand side of the inequality in (3.2) is the Jensen

inequality. The right-hand side follows from the series of inequalities:

Zaif(xi) < Zai {g?g}(x ) = {gnl?}[gaiai]
- gng}[ZB/yJ] ZB {I;nl? (yj
< iﬁjf(yj)y

i1

derived applying the inequality in (2.5) to x;, and the inequality in (2.6)

to y;. O
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The geometric insight to the inequality in (3.2) presented in Figure 1
shows that the point Pj(c, f(c)) is below the point

Pyle. Y oif(xi) € convi(ars, flxr). oo, (o, fa)),

and the point P, is below the point

Byfe. 2 B3f07)] < convl(or, ) s G Flom -

()

]

]
® |
I I
I 1
I 1
I ]
I |
I 1
S o
a b

Figure 1. Geometric representation of the inequality in (3.2).

Theorem 3.1 also applies in the case a = b. This special case can be

proved using the function f{lér}‘e of any support line of the convex function

f at the point a. The immediate consequence of this boundary case is:

Corollary 3.2. A function f: R — R is convex, if and only if it

satisfies the right-hand side of the inequality in (3.2) under the condition
in (3.1).
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Proof. The necessity is proved in Theorem 3.1. Let us prove the
sufficiency, that 1is, the Jensen inequality for arbitrary convex
combination.

Let Zi_laixi be a convex combination and c¢ be its center. Then,

from the convex combinations equality

S

it follows the inequality

Z%ﬂc) < Dafls). (33

Since
n 1 n
Z;f(c‘) = f(c) = f[zaixi]’
1=1 1=1
the inequality in (3.3) presents the Jensen inequality. O

3.1. Application to discrete quasi-arithmetic means

Let 7 < R be an interval. In applications of convexity, we often use
strictly monotone continuous functions ¢, ¥ : Z — R such that p 1is
convex with respect to @ (y is ¢-convex), thatis, f = po @ ' is convex
on ¢(Z) (this terminology is taken from [9, Definition 1.19]). A similar

notation is used for concavity.

Let Z?zlocixi be a convex combination from Z, that is, all x; € 7.

The discrete ¢-quasi-arithmetic mean of the points (particles) x; with

the coefficients (weights) a; (of the sum equal to 1) is the point
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n

My(x;, o) = (Pl[zai(l)(xi)]’ (3.4)
i-1

which belongs to Z because the convex combination Z?zlaiq)(xi)

belongs to ¢(Z).

YA
p(z2)
o(z1) I '

o(z4)
p(z3) I

O O —

I3 g 3 T I T

Figure 2. Representation of the quasi-arithmetic mean.

The quasi-arithmetic mean of four points is shown in Figure 2. The

presented ¢@-quasi-arithmetic mean of the points xy, xg, x3, and x4
with the coefficients a4, ag, ag, and ay (of the sum equal to 1)

designated as
4
F=¢7(y)= (P_l[zai([’(xi)}
=1

results by ¢ !-mapping of the convex combination y = Zilaiq)(xi).

Let us apply Theorem 3.1 to the quasi-arithmetic means (more on

quasi-arithmetic and power means, see [1] and [4]).
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Corollary 3.3. Let T — R be an interval, and [a,b]c I be a

. n m
bounded closed subinterval. Let Zi=1aixi and Zj:lﬁj‘yj be convex

combinations of the same center, where x; € [a, b] and y; € T\ (a, b).

Let ¢, v : T — R be strictly monotone continuous functions.

If v is either ¢-convex and increasing or @-concave and decreasing,

and if the equality

My(x;, ;) = My(y;, B;j), (3.5)
is valid, then the inequality

My(x;, o) < My(yj, Bj) (3.6)
holds.

If v is either @-convex and decreasing or @-concave and increasing,

then the reverse inequality is valid in (3.6).

Proof. Take J = ¢(Z), [¢, d] = ¢([a, b]), and f=vo@ ' :J - R.
We apply Theorem 3.1 to the points u; = ¢(x;) € J and v; = o(y;) € J

\(c, d). Prove the case where the function p is ¢-convex and increasing.

Starting with the equality o(M,(x;, a;)) = o(M,(y;, B;)), that is,

n m
D et = Y Bjvj,
i=1 =1
and relying on Theorem 3.1, we get

S ot < 3 8,7(0))
i=1 j=1

Applying the increasing function p~! to the above inequality, it follows

the inequality in (3.6) because f(;) = ¥(x;) and f(v;) = v(y;). O



DISCRETE AND INTEGRAL VARIANTS OF THE ... 33

As a special case of the quasi-arithmetic mean in (3.4) with
Z = (0, +), ¢,(x) = x" for r # 0 and ¢y(x) = Inx, we can observe the

discrete power mean

[Zaixir}r for r = 0,
M, ;) = VAT (3.7)

n
exp [Zai In xi] for r = 0.
i=1

Note that
n
M i, @) = Z%‘xi-
)

Corollary 3.4. Let [a, b] = (0, +0) be a bounded closed subinterval.
Let Z?zlaixi and Z;.n:lﬁjyj be convex combinations of the same center,
where x; € [a, b] and y; € (0, +=) \ (a, b).

If the equality

M (i, o) = ME)y;. ;). (3.8)
is valid, then the inequality

M xi, o) < M(y;0 ), (3.9)
holds for r > 1, at the same time as the inequality

MU, o) 2 Mr[r,;](yjy Bi) (3.10)
holds for r < 1.

Proof. The proof follows from Corollary 3.3 using the functions

o(x) = x, and y¥(x) = x” for r # 0 or p(x) = Inx for r = 0. O
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4. Inequalities with Barycenters
The main result in this section is Theorem 4.1, which represents the

integral form of the Jensen type inequality for the sets with the same

barycenter.

The integral analogy of the concept of convex combination is the

concept of barycenter. Let u be a positive measure (according to [10, page

16], in fact, nonnegative measure) on R. Let A < R be a p-measurable
set with p(A) > 0. Given the positive integer n, let A = U?_; A,; be the

partition of pair wise disjoint p-measurable sets A,,;, and x,; € A,; be

points. Then we have the convex combination

n
Zu(?js)xm = Cp>
i=1 H

whose center c, belongs to conv A. If the sequence (c, ), converges, then

the p-barycenter of A can be defined by

B(A.u) = lim (Z ol x] - L[ ), (.1

The integral arithmetic mean of some integrable function can also be

introduced wusing the convex combinations. If f: A >R 1is a
u-integrable function, then the p-arithmetic mean of f on A is defined

by

M(f. A W) = lim (Zl “f;(“;;) Fln )] - L] f@de). @)

If A is the interval, then its p-barycenter B(A, u) belongs to A, and if

f1is continuous on A, then its p-arithmetic mean on A belongs to f(A).
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Let f: R - R be a function, and A < R be a p-measurable set

with p(A) > 0. If fis linear, then the equality

f( | Axdu(x)} - [ oo (4.9

holds. If f is affine, then we have the equality

ot ] )] = b | o) (4.9

or otherwise stated, f(B(A, n)) = M(f, A, u). If f is p-integrable and

convex, then the inequality

f(ﬁ) [ Axdu(x)} < 5] (4.5

holds, that is, f(B(A, n)) < M(f, A, n). The inequality in (4.5) presents

the important integral form of Jensen’s inequality.

Theorem 4.1 (Jensen’s type inequality with barycenter). Let u be a
measure on R. Let A c [a, b] and B < R\ (a, b) be sets with positive

measures.

If the barycenter equality
__ 1 __1
c = A JAxdu(x) () JBxdu(x), (4.6)
is valid, then the inequality
1 1
fe) < iy | fdnt) < s [ r@an) (4.7)

holds for every convex p-integrable function f : R — R.
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Proof. The left-hand side of the inequality in (4.7) is the Jensen

inequality. The right-hand side follows from the series of inequalities

L] e < T i ante) - ring (s | st

- 5 [ - i [ o

< u(lb,) j [@)du(e)

hne

obtained using the affinity of the function f and applying the

inequalities f(x) < f, hne (x) for x € A, and f, hne (x) < f(x) for x e B. O

5. Application to the Hermite-Hadamard Inequality

Using the dJensen type inequality, we briefly demonstrate the
derivation of the Hermite-Hadamard inequality (for essentials on this

inequality, see [6], [7] or [2]).

Let f : [a, ] > R be a convex function. Then the inequality
fle) < Z%f(az) < fm (@), (5.1)

where ¢ = Z?zlociai, follows from Theorem 3.1 and its proof. Given the

positive integer n, take the convex combination equality

N AY;
bela

=1

L\')|»—l
L\')l»—l

where Ax; = (b-a)/n=x;,; —x; and X; = (x;,7 +x;)/2. Using the

inequality in (5.1) with ¢ = %a + %b, we have
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O AT, l L1 1 1
ine _ 2 L
f(gargt) s 2pm ) = it gargb) =g @)+ 310
1=

and letting n to infinity, we obtain the classic Hermite-Hadamard

inequality

1 1 1 1 1
f(—a ; —bj S j O < G @)+ 5 £e) (5.2)

Putting ¢ = %a + %b, the coordinates of the points P;, P,, and P3 in

Figure 3 are as follows:

Rl fle). Plegtof ] Py ) o)

e

Q0------Q

b

Figure 3. Graphical representation of the Hermite-Hadamard inequality.
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