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Abstract

In this paper, we discuss ergodic measure and the various types of mixing for
measure-preserving transformations. We discuss the partially understood
phenomenon of mixing and indicate some of the contrast between the situations
for single measure-preserving transformations. After discussion, we see that
strong mixing implies weak mixing. Furthermore, weak mixing (and thus also
strong mixing) implies ergodicity. We study Birkhoff ergodic theorem and
mixing properties. In this article, we solve some problems of ergodic measure
and mixing. We observe that Bernoulli shift is strong mixing. We also show that
Markov chain is strong mixing if it is irreducible and aperiodic. Actually, this
paper is intended to provide motivation for studying ergodic theory and to

describe the major ideas of the subject to a general mathematical audience.
1. Introduction

The study of dynamics in a measure space is traditionally called
ergodic theory (even when no ergodicity is involved), since the earliest
work in this area countered around the problem of understanding the
concept of ergodicity. Ergodic theory is the abstract study of the
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transformations, dealing in particular with their long term average
behaviour. Central aspect of ergodic theory is the behaviour of a
dynamical system when it is allowed to run for a long period of time. This
is expressed through ergodic theorems [2] which assert that, under
certain conditions, the time average of a function along the trajectories
exists almost everywhere and is related to the space average.

The term ergodic was introduced by Boltzmann [5] in his work on
statistical mechanics, where he was studying Hamiltonian systems with

large numbers of particles.

Ergodic theory has connections to many areas of mathematics, but
primarily to the area of dynamical systems. The fundamental ideas of
ergodic theory have been developed in only the last century and there are
still many problems of fundamental importance. I interested in ergodic
theory on symbolic dynamics which utilizes results from ergodic theory in

the study of shifts of finite type.

Ergodic theory have been studied by many authors, notable amongst
them are Pollicott and Yuri [2], Walters [4], Parry [11]. In general, the
ergodic theorems of Birkhoff and Von Neumam are used in all aspects of

dynamical systems and many problems in mathematical physics.

Jason Preszler [9] apply ergodic theory is the study of the qualitative
actions of a group on a space. Jakobson [14] discussed ergodic theory of

one-dimensional mappings.

In 1935, Hedlund proved the ergodicity of the geodesic flow on the
unit tangent bundle of a surface of constant negative curvature; in 1940,
Hopf extended the result to establish ergodicity of the geodesic flow on
arbitrary manifolds with negative sectional curvature. In this setting, the

invariant measure 1s the Liouville measure.

A related property of a measure-preserving transformation is mixing.
In this article, we will outline a rather full range of mixing properties
with ergodicity at the weakest end and the Bernoulli property at the

strongest end.
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In this paper, we will give some examples of mixing. We shall also see
that there are connections between the range of mixing properties that
we discuss and measure-theoretic entropy. In measure-preserving
transformations that arise in practice, there is a correlation between
strong mixing properties and positive entropy, although many of these

properties are logically independent.
2. Mathematical Preliminaries

There are two main definitions for ergodic theory that are simple to
state and provide an adequate general idea of the subject. The first is
that ergodic theory is the long-term, qualitative study of the dynamical
systems. Alternatively, ergodic theory is the study of the qualitative
actions of a group on a space. Clearly, examples are needed to fully
understand these loose definitions. In this paper, we will focus on

measure-theoretic ergodic theory, thus neglecting other kinds of spaces.

Definition 2.1 (c-Algebra). A family B of subsets of X is called an

c-algebra [3]if and only if

()if B, P for n=1,2,3, ..., then (] B, B,

n=1
(1) for any B € B, then X/ B € B,
(111) the empty set ¢ belongs to p.

The elements of B are usually referred to as measurable sets.

Definition 2.2 (Measure). A function p : p — R7 is called measure

[3] on B if and only if
(i) W(B) >0 VB € B,

(i) (o) =0,
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(iii) for any sequence {B,} of disjoint measurable sets B, € B,

n=12,...

oo}

M[OBnJ = Z W(B,).
n=1 n=1

Definition 2.3 (Measurable space). A measurable space is a set X
with collection of subsets B of X such that

@) X e,

(i) if B € B, then X — B e B,

(iii) B, € p = UBn e B.
n=1

The pair (X, B) is then called a measurable space.

Definition 2.4. The triple (X, B, n) is then called a finite measure

space [12]. We will usually normalize a finite measure by assuming that
u(X) = 1. With this normalization, p is called a probability measure

on (X, B) and (X, B, u) is called a probability space.
For a probability measure, note that 0 < u(B) <1VB € B.

Definition 2.5 (Invariant measures). Let (X, B, u) be a measure

space. Assume that p is a probability measure, that is, u(X) = 1.

A measurable map 7T :X - X (that is, T71[3 c B) is said to

preserve the measure p if for any B € B, we have u(B) = u(Tle).

Alternatively, we say that p is T-invariant.

We note that most measures are not finite. A common example is the

Lebesgue measure on open subsets of the real line; A = R, B is the
collection of open subsets of A of the form (a, b) and u(a, b) = b —a.
However, restricting A to the interval [0,1] in the above example

produces a useful finite measure, and in fact a probability measure.
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Haar measure is one of the useful measures. Haar measure is not a
specific measure but rather a probability measure that is invariant under

group actions. Consider the unit circle S; ={z e C:|¢f =1} in the
complex plane. Thus normalized Lebesgue measure on S; corresponds to
the Haar measure on S;. Furthermore, Haar measure is unique, as the

following theorem shows.

Theorem 2.1. Let G be a topological group. There exists a probability
measure p defined on the c-algebra B(G) of Borel subsets of G such that

WxE)=wWE)VxeGVE e€B and p is regular. There is only one

regular rotation invariant probability measure on (G, B(G)).

Definition 2.6 (Function spaces). Ergodic theory frequently uses

Banach spaces of functions defined on a measure space. Let (X, B, n) be

a finite measure space and for some p € 2R, consider the set of functions

f:X - C such |f|p is integrable. This set forms a vector space and

there is an equivalence relation f ~ g iff f = g almost everywherel. We
will denote the space of equivalence classes as L (X, B, u) or simply L

if the measure space is obvious. The function space L? also has an
1
associated complete norm given by the formula |f|, = q|f|Pdu)P , which

makes L' a Banach space. All the functions in LP will be measurable.
Definition 2.7. A function f:(X,B, p) > R is measurable if

f~Y(D) € B whenever D is an open subset of fR.

1Almost everywhere, abbr. a.e., means that sets of measure zero can be ignored. Thus if
B={xe A:f(x)# glx)}, then f ~ g if and only if m(B) = 0.
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3. Measure Preserving Transformations,

Isomorphism and Conjugacy

The measure preserving transformations (or mpt’s) are functions on a
measure space that preserve the given measure. Consider a measurable

transformation 7 from (X, B) to itself. Also, T is a measure preserving

if T,(n) = y, or in the other words, if w(B) = M(T_I(B)) for every B € B.

We say that T is an invertible measure preserving transformation

if T is bijective and both 7' and T7! are measure preserving.

We use the notation 7 : (X, B, n) —> (X, B, n) to denote a measure

preserving transformation of a probability space to itself. For instance, if

X is a topological structure, then B is always the Borel c-algebra (that

is, the c-algebra generated by open sets).

Definition 3.1. Suppose (Xi, By, u;) and (Xs, By, ug) are two
probability spaces.

(i) A transformation T : X; — X, is measurable if T 1(By) < By

(that 1s T'is surjective).
(1) A transformation 7' : X; —» X9 is measure-preserving if 7T is

measurable and py (T_I(BQ )) = uy(Bg) VBy € By.

(ii1) A transformation 7' : X; — Xy is invertible measure-preserving

transformation if 7 is measure-preserving, bijective and T7! is also

measure-preserving.

In ergodic theory, we are interested in long term behaviour, so we
will focus on measure-preserving transformations from a measure space
onto itself, 7' : X; —» X;. Common examples of such measure-preserving
transformations are the identify transformation (which preserve any
measure), and rotations of a compact 7T'(x) = ax which preserve Haar
measure. Also, a continuous endomorphism of a compact group preserves

Haar measure, affine transformations of a compact group, Bernoulli and
Markov shifts.
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Let us provide more detail about Bernoulli shifts as these are more

complicated, but some of the more interesting measure-preserving

transformations. Let £ > 2 and define a probability vector (pg, -, Ps_1)
k-1

to be a vector such that p; > 0 and Z p; = 1. A simple measure space
1=0

is (X, oX u), where X = {0, ---, k =1} and p(i) = p;. To make this space

1s more complicated, let (B,%, B, m) = ﬁ(X, 2X, u). As mpt on this new

—0
space is given by 7' : B? — B2 such that T({x,,}) = {x,.1}. As a concrete
example, if k =2, then (BZ, B, m) consist of all bi-infinite binary
sequences and 7T shifts a given sequence one space to the left. The

transformation 7 is called the two-sided Bernoulli shift if £ = 2 and

(%, %) is the probability vector, or the two-sided (pg, -+, py_;)-shift in

general.

The above shift can also be simplified into a one-sided shift by
o0

considering the measure space (B,%, B, m) = H(X, 2X, p). In this case,
0

T simply erases the left-most element of an infinite sequence. Markov
shifts also occur in one-and two-sided varieties and generalize the above

shifts using stochastic matrices [4].

It will be helpful to present a selection of simple examples, relative to
which we will be able to explore ergodicity and the various notions of
mixing. These examples necessary to show that they are measure-
preserving transformations as claimed may be found in the books of
Walters [4], Rudolph [6], and Petersen [13].

Measure-theoretic isomorphism is the basic notion of ‘sameness’ in
ergodic theory. As an example of measure-theoretic isomorphism, it may

be seen that the doubling map is isomorphic to the one-sided Bernoulli
shift on {0, 1} with p, = p; = % and the inverse map h takes a sequence

of 0’s and 1’s to the point in [0, 1) with that binary expansion.
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Since in ergodic theory, measure-theoretic isomorphism is the basic
notion of sameness, all properties that are used to describe measure-
preserving systems are required to be invariant under measure-theoretic

isomorphism.

When two measure-preserving transformations are isomorphic, there
are certain invariant properties, ergodic theory is very interested in
theses invariants and if a weaker relation than isomorphism could also
preserve certain properties such as ergodicity or mixing. Let us begin this
investigation with the definition of when two measure spaces are

1isomorphic.

Definition 3.2. Let (X7, By, u;) and (Xy, Bg, 1g) be two probability
spaces. These spaces are isomorphic if 3 M € f; and N € 5 such that
W (M)=1=puy(N) and there is an invertible measure-preserving

transformation ¢ : M — N.

The criteria for isomorphism is actually much stronger than is
needed to consider two measure spaces “equivalent”. All that is needed to
consider two measure spaces as equivalent is what is called conjugacy,
defined below. Both isomorphism and conjugacy of measure-spaces can be
slightly modified for isomorphism and conjugacy of measure-preserving

transformations.
Definition 3.3. Let (X7, By, 11) and (X, B, 1g) be two probability

spaces with measure algebras (Bl, ﬁl) and (EQ, ﬁ2). These measure
algebras are isomorphic if 3 a bijective measure-preserving
transformation ¢ : Eg - El that preserves complements countable

unions and intersections. Two probability spaces are conjugate if their

measure algebras are isomorphic.
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Definition 3.4. Let (X7, By, u;) and (Xy, Bg, 1g) be two probability
spaces with measure-preserving transformation 77 : X; —» X; and
Ty : X9 > X9. Then 77 and 7T, are isomorphic if 3 M € p; and
N e By with p(M) =1 = pg(N) such that

G UM < M, T,N c N, and

(i1) 3 an invertible measure-preserving transformation ¢ : M — N

such that
O(T1(x)) = To((x)) Vx € M.

Isomorphism is as usual an equivalence relation and if 77 is isomorphic
to Ty, denoted T} =~ Ty, then all higher iterations of 77 and 7Ty are

isomorphic.

Definition 3.5. Let (X7, By, 11) and (X, B, 1g) be two probability
spaces with measure-preserving transformation 77 : X; -» X; and

Ty : X9 > Xy5. Then 77 and T3 are conjugate if there is a measure
algebra isomorphism ¢ : ﬁ2 - ﬁl such that ¢T§ 1o Tfl(]).

Conjugacy is also an equivalence relation and all isomorphic
measure-preserving transformations are conjugate. In some cases,

conjugacy can also imply isomorphism.
4. Ergodicity and Mixing

Ergodicity and mixing are properties enjoyed by certain measure-
preserving transformations. A related (stronger) property of a measure-
preserving transformation is mixing. Here one is investigating the
correlation between the states of the system at different times. The
system is mixing if the states are asymptotically independent: As the
times between the measurements increase to infinity, the observed

values of the measurements at those times become independent.
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We discuss in this article, this definition of ergodicity applies also to
infinite measure-preserving transformations and even to certain non-

measure-preserving transformations.

Theorem 4.1. Let T : X — X be a measure-preserving transformation
of a probability space (X, B, u). Let E € B with uw(E) > 0. Then almost
all points of E return infinitely often to E under positive iteration of T.

We will sometimes refer to the path of an element under positive
iteration of an measure-preserving transformation as the trajectory, or

orbit, of that element. Thus, for any x € ET"(x) gives the n-th position
in the trajectory of x for a specified n. In general, T"(x) will be used to

denote the entire trajectory, therefore by the above theorem, 7" (x) € E
for infinitely many n if x € F, where F < E and w(F) = p(E). It is not
hard to see that T is ergodic, if and only if T invariant measurable
functions.

Definition 4.1. Let (X, B, u) be a measure space. A measure-
preserving transformation 7" of the measure space is ergodic [12] if the

only members B e B such that 77 'B = B iff u(B) = 0 or w(X\B) = 0.
As for example, Tent map 7'(x) = 2x (mod 1), x € [0, 1) is ergodic.

Clearly the above definition holds for infinite measure spaces.
Ergodicity is equivalent to a number of different criteria, some in terms
of the measure of sets and others in terms of functions. The criteria of
functions will be the most useful and easily understood, and are therefore
stated below along with the more useful of the measure theoretic

versions.

Theorem 4.2. If (X, B, n) is a probability space and T : X - X is

measure-preserving [12], then of the following equivalent:

(1) T is ergodic.
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(i) Whenever f is a measurable and (f o T')(x) = f(x) Vx € X, then f

is constant almost everywhere.

(i1i) Whenever f is measurable and (f o T')(x) = f(x) almost everywhere,

then f is constant almost everywhere.

(iv) Whenever f e L*(n) and (foT)(x) = f(x) Vx € X, then f is

constant almost everywhere.

(v) Whenever f e L*(n) and (f oT)(x) = f(x) almost everywhere,

then f is constant almost everywhere.
(vi) VA, B € B with w(A) >0 and w(B) > 0 there exists n > 0 such

that u{T""A ~ B) > 0.

The intuitive meaning of ergodicity is that if T :X — X 1is a
continuous ergodic measure-preserving transformation then almost every
point of X has a dense trajectory under 7. Indeed, nothing is sacrificed in
this intuitive understanding as it could be phrased as a theorem and is

also the standard method of providing that a transformation is ergodic.

The identity transformation is ergodic if and only if all members have
measure 0 or 1. We have already stated that a rotation of the unit circle
is ergodic if and only if the rotation is not by a root of unity. This

generalizes to the following theorem:

Theorem 4.3. Let G be a compact group and T(x) = ax be a rotation

of G. Then T is ergodic if and only if {a" }Oi is dense in G. Furthermore,

0

if T is ergodic then G is abelian.

Additionally, the one-and two-sided (pg, ---, py_1) shifts are ergodic.

For our other examples, there are known necessary and sufficient

conditions for a mpt to be ergodic.
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Example 4.1 (Deterministic ergodicity: The logistic map). We have

seen that the logistic map, Tx = 4x(1 — x) has an invariant density (with

respect to Lebesgue measure). It has an infinite collection of invariant

sets, but the only invariant interval is the whole state [0, 1], any smaller

interval is not invariant. From this, it is easy to show that all the

invariant sets either have measure 0 or measure 1 and they differ from ¢
or from [0,1] by only a countable collection of points. Hence, the
invariant measure is ergodic. Notice that the Lebesgue measure on [0, 1]

is ergodic, but not invariant.

Example 4.2 (Invertible ergodicity: Rotations). Let Tx = x + ¢ mod 1,
and let u be the Lebesgue measure on [0, 1). Clearly, T preserves . If
¢ 1is rational, then for any x, the sequence of iterates will visit only

finitely many points, and the process is not ergodic, because we can

construct invariant sets whose measure is neither 0 nor 1. If, on the other
hand, ¢ isirrational, then 7"x never repeats, and it is easy to show that

the process is ergodic, because it is metrically transitive.

This example is very important in physics, because many mechanical
systems can be represented in terms of “action-angle” variables, the
speed of rotation of the angular variables being set by the actions, which

are conserved, energy-like quantities.

We have now arrived at the first central results of ergodic theory,

which were first proven independently by Birkhoff and Von Neumann.

Theorem 4.4 (Birkhoff ergodic theorem). Suppose T : X — X is

N-1
measure-preserving and f e L'(n). Then % Z f(Tn(x)) converges almost
n=0

everywhere to a function f* e L'(n). Also f*oT = f* almost everywhere

and if W(X) < o, then j frdu = j f du.
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Clearly if T is ergodic, then f* is constant almost everywhere and if

u(X) < o, then f* =( )ffdu. Furthermore, if (X,B,n) is a

_1
n(X)
probability space and T'is ergodic, then

1 N-1
Vf e IMu) Al}iinoo(ﬁjz F(T"x) = '[ fdu ae. (1)
n=0

The Birkhoff ergodic theorem has many uses, particularly in
statistical mechanics, but also to number theory and dynamical systems.

Theses applications can be found in the literature.

The following corollary is due to Von Neumann.

Corollary 4.1 {(L” Ergodic theorem of Von Neumann) [8]}. Let

1< p<ow and let T be a measure-preserving transformation of the

probability space (X, B, n). If f € LF(w) 3 f* e L (n) with

ffoT =f" ae. and - 0.

%)NZ: flrm@)- 1)

p

The theorem of Von Neumann was published a year before Birkhoff’s

result.
The next corollary provides yet another criterion for ergodicity.

If the measure-preserving transformation 7' is ergodic, then by virtue
of Theorem 4.2 (iii), the limit functions appearing in the ergodic theorems

are constant.

Corollary 4.2. Let (X,B,un) be a probability space and let

T : X - X be a measure-preserving transformation. Then T is ergodic if

and only if VA, B € B

N-1
% w4 A B) > p(A) u(B). @)
n=0
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The convergence in the above corollary can be changed to yield different

notions: weak and strong mixing.

Definition 4.2. Let T be a measure-preserving transformation of a

probability space (X, B, u).

(1) T'is weak-mixing if VA, B €

N-1

. 1 _

lim — > T4 A B)- w4 u(B) = 0.
n=0

(11) T'is strong mixing if VA, B €

lim p({T A ~ B) = w(A)u(B).

N>

We will see that every strong-mixing transformation is weak-mixing,
and every weak-mixing transformation is ergodic. This can be proven by
simply considering the limit of a sequence of real numbers. However, the
converse is not true since a rotation of the unit circle by a non-root of
unity is ergodic but not weak-mixing. The details of this are worked out
in [4] and from it we should gain the intuitive understanding that a
weak-mixing transformation does some stretching of the input set.
Examples of weak-mixing transformations that are not strong-mixing
exist, but are very complicated. Despite this, we can topologize the space
of invertible mpt’s of a measure space with weak topology and then show
that the class of strong-mixing transformations is of first category; thus

the most transformations are weak-mixing.
Now we will solve some problems with solutions related to mixing.

Problem 4.1. Show that mixing implies weak mixing and that weak

mixing implies ergodicity.
Solution. Suppose that a probability measure p is mixing [15] with
respect to a mapping f: X — X. Let A, B be two measurable sets.

Mixing then means that ‘u(ffn(A) 8 B)— u(A)u(B)‘ -0 as n — o,
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Hence, the averages of this sequence also converge to 0, which means

that p is weakly mixing. To prove that weak mixing implies ergodicity,
apply the definition of weak mixing for A = B : given that f~}(A) = A,
we conclude p(A) = u(A)?, which implies ergodicity.

Problem 4.2. Show that the Lebesgue measure is not weakly mixing
for any circle rotation.

Solution. It suffices to prove this for irrational circle rotations f,

since the Lebesgue measure is not ergodic for rational circle rotations.

L 3 ]} Since the

) 2nx . l ), 2nx - =
SetA.—{e .xe[0,4]} andB.{e .xe[z,4

Lebesgue measure is ergodic with respect to f_,, Birkhoff’s ergodic

n-1 .
theorem implies that there exists a y € A such that % Z A B(ffa(y)) -
=0

% as n — ». The set {i € Ny : f;'(A)~ A = ¢} thus has density of at

least % This means that ‘k(fa_i(A) N A)— k(A)Q‘ = % for all i from a set

of density of at least % Hence, the Lebesgue measure is not weakly
mixing with respect to f,.

Problem 4.3. Show that any Bernoulli shift is strong mixing.

Solution. We have to show that any Bernoulli shift is strong mixing.
To see this, let A and B be arbitrary measurable sets. By standard
measure-theoretic arguments, A and B may each be approximated

arbitrarily closely by a finite union of cylinder sets. Since if A" and B’
are finite unions of cylinder sets, we have that p(A’ NT _nB’) is equal to
w(Au(B') for large n, it is easy to deduce that u(A N Tan) — u(A)u(B)

as required. Since the doubling map is measure-theoretically isomorphic
to a one-sided Bernoulli shift, it follows that the doubling map is also

strong-mixing.
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Problem 4.4. Show that a Markov chain is strong mixing when it is

irreducible and aperiodic.

Solution. If a Markov chain is irreducible (that is for any states i@
and j, there exists an n > 0 such that Pi;L > 0) and aperiodic (there is a
state i such that gcd{n : PL? > 0} =1), then given any pair of cylinder
sets A" and B’, we have by standard theorems of Markov chains
u(A’ M T_nB’) — w(A)u(B'). The same argument as above then shows
that an aperiodic irreducible Markov chain is strong mixing [16].

On the other hand, if a Markov chain is periodic (d = ged{n : P > 0}
> 0), then letting A = B={x:xq =i}, we have that H(A N T_”B): 0. It
follows that 7% is not ergodic, so that T is not weak mixing.

We will give intuitive ideas of ergodicity, weak-mixing, and strong-
mixing after the next theorem, which gives a useful characterization of

weak-mixing.

Theorem 4.5. If T is a measure-preserving transformation of a
probability space (X, B, u), then the following are equivalent:

(1) T is weak-mixing.
() 3J < Z* of density zero such that

VA Bep lim (TN A A B) = w(A)u(B).

(iii) VA, B e B
N-1 9

lim — > (T4 A B)- w(AB) = 0.
n=0

Intuitively, given any set A, for 7T to be strong-mixing means that 77" A
becomes asymptotically independent of any other set B. If T is ergodic,
then this independence is on the average rather than asymptotically. If T
is weak-mixing, then this independence again occurs, provided that a few

points in the trajectory are ignored.
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The following theorem gives an interesting result:

Theorem 4.6. If T is a measure-preserving transformation and

(X, B, u) is a probability space, then the following are equivalent:

(1) T is weak-mixing.

(1) T x T is weak-mixing.

(111) T x T 1is ergodic.

Furthermore, T is strong-mixing if and only if T xT is strong-
mixing.

The following theorem compares ergodicity and mixing in terms of

functions. We will use (f, g) to denote the inner product of two functions
f and g with respect to the norm on P,

Theorem 4.7. Suppose (X, B, un) is a probability space and

T : X —» X is measure-preserving. Then
(a) The following are equivalent:
(1) T is ergodic.
(i) Vf, g € L*(w)

N-1

Jim (3 (=1 )= (1,10, ),
n=0
(i) Vf e L*(n)
N-1
]&(%j;(f o T", f)= (£, 1)L ).

(b) The following are equivalent:

(1) T is weak-mixing.
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() Vf, g € L*(n)

1 N-1
leziinw(ﬁj;w o T", g)-(f,1)(1, g)| = 0.
(ifi) Vf e L*(n)
N-1
leriinm(%)gl(f o T", f)- (£, D f)| = 0.
(iv) Vf e L*(n)
) 1 N-1 . ,
Jim (5 | 2l e f)- (r v o = o,

(c) The following are equivalent:

(1) T is strong-mixing.

(i) Vf, g € L) lim (Fo TV, g)= (1, 1) ).

Gii) ¥f € L2 Jim (TN, f)= (£, 1), f).

There is a nice relation between the weak-mixing of a transformation 7'

and the spectral property of the operation of composition of a function in

L*(n) with 7.

Our examples have a variety of mixing properties. The identity

transformation is strong mixing if and only if it is ergodic. No rotation of

a compact group is weak-mixing but for endomorphism of compact groups

ergodicity, weak-and strong-mixing are equivalent. Both the one-and

two-sided (pg, -, pp_1 ) -shifts are strong-mixing. Thus, we have no

simple example of a weak-mixing transformation that is not strong-

mixing.
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On the other hand, we shall see that some mixing-type properties are
invariant under spectral isomorphism, with others are not. If a property
is invariant under spectral isomorphism, we say that it is a spectral
property. It turns out that given a non-invertible measure-preserving
transformations, there is a natural way to uniquely associate an
invertible measure-preserving transformation sharing almost all of the

ergodic properties of the original transformation.
5. Spectral Isomorphism and Discrete Spectrum

In the previous section, we saw that any measure-preserving
transformations that were conjugate also spectrally isomorphic. If the
two spectrally isomorphic measure-preserving transformations have
discrete spectrum, then they are conjugate. Thus, the property of discrete
spectrum is very important and depends upon the eigenvalues of the
measure-preserving transformation. Note that if two measure-preserving
transformations are spectrally isomorphic, then they have the same

eigenvalues.

Definition 5.1. Let T be measure-preserving transformation of a
probability space (X, B, u). A complex number A is an eigenvalue of T if
3f # 0 e L2(n) such that fo7T(x) = »f(x) almost everywhere. Such an
f1is an eigenfunction of 7 corresponding to A.

Definition 5.2. Let T be measure-preserving transformation of a
probability space (X, B, u). Then Tis said to have continuous spectrum if
the only eigenvalue of T'is 1 and the only eigenfunctions are constants.

Clearly, the only eigenfunctions of an ergodic transformation are

constants. Also, we can see that all eigenvalues of a mpt are on the unit

circle (i.e., [A| = 1). This is because

AP = 1f =TI = (F T, foT) = (O F, 0 F) = PPIFP.

Thus A =1 is always an eigenvalue and any nonzero constant function is
a corresponding eigenfunction. The connection with weak-mixing is as

follows.
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Theorem 5.1. If T is an invertible measure-preserving transformation
of a probability space, then T is weak-mixing if and only if T has

continuous spectrum.

Theorem 5.2. The measure-preserving transformation T is weak-

mixing if and only if Up has non-constant eigenfunctions.

Of course this also shows that weak-mixing is a spectral property.
Equivalently, this says that the transformation 7T is weak-mixing if and

only if the apart from the constant eigenfunction, the operator Uy has

only continuous spectrum (that is, the operator has no other

eigenfunctions).
Using this theory, we can establish the following:
Theorem 5.3. (1) T is weak-mixing if and only if T x T is ergodic;

(1) If T and S are ergodic, then T x S is ergodic if and only if Ug and

Uy have no common eigenvalues other than 1.

The major internal problem of ergodic theory is to determine when to
measure-preserving transformations are isomorphic or conjugate. The
primary way of solving this problem to date has been to determine
certain properties that are invariant under conjugation or isomorphism
and show that if both measure-preserving transformations are conjugate
or isomorphic, then they must both have this property. The two
properties most commonly used are the eigenvalues of the measure-
preserving transformations and the entropy of the measure-preserving
transformations. Kolmogorov and Sinai developed the idea of entropy and
Ornstein proved that two Bernoulli shifts with the same entropy are
isomorphic. Entropy is a very complicated idea and beyond the scope of
this paper, so we will conclude with the idea of spectral isomorphism and

discrete spectrum.
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Definition 5.3. Let (X7, By, u;) and (Xy, Bg, 1g) be two probability
spaces with measure-preserving transformations 77 : X; —> X; and

Ty : X9 > X5. Then 77 and Ty are spectrally isomorphic if there is a

linear operator W : L?(uy) — L?(np) such that
(1) Wis invertible,

Qi) (Wf, We) = (f, 8) Vf, g e L*(ua),
(i) UpW = WUy, where Up 1is the linear operator oI' of
composition with 7.

Spectral isomorphism is weaker than conjugacy, thus if two measure-
preserving transformations are isomorphic they are conjugate and two

conjugate measure-preserving transformations are spectrally isomorphic.

Definition 5.4. A property P of a measure-preserving transformation
is an isomorphism, or conjugacy or spectral, invariant if the following

holds: Given 77 has P and 75 is isomorphic, or conjugate or spectrally
isomorphic, to 77, then Ty has property P.
Since isomorphism = conjugacy = spectral isomorphism, a spectral

invariant is a conjugacy invariant and a conjugacy invariant is an

isomorphism invariant.

Theorem 5.4. Ergodicity, weak-mixing and strong-mixing are spectral

invariants of measure-preserving transformations.

Definition 5.6. An ergodic measure-preserving transformation 7" and

the probability space (X, B, u) has discrete spectrum if 3 an orthonormal

basis for L2(u) consisting of eigenfunctions of 7'

The following theorem is the essence of discrete spectrum and was

proven by Halmos and Von Neumann in 1942.
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Theorem 5.5 (Discrete spectrum theorem). Let 77 and Ty be ergodic
measure-preserving transformations of the probability spaces (X7, By, 11)

and (X, Ba, 1g), respectively. Then the following are equivalent:
(1) T} and Ty are spectrally isomorphic.
(i1)) 77 and Ty have the same eigenvalues.
(ii1) 77 and Ty are conjugate.

Let us now turn our attention to a collection of ergodic mpt’s that

have discrete spectrum. Denote S; as the complex unit circle. Suppose
T :S; — S; defined by T'(z) = az, where a is not a root of unity. Clearly
T is ergodic and is a rotation of a compact group. Consider the collection

of functions f, : S; —» C defined by f,(z)=2". Then f, is an
eigenfunction of T corresponding to the eigenvalue a” and {f,} form a

basis for L2(u) so T has discrete spectrum. Of more general interest is

that these rotations on any compact abelian groups are the canonical

class of measure-preserving transformations with discrete spectrum.
6. Conclusion

Mordern ergodic theory was started by Andrei Kolmogorov with the
formal development of Boltzmann’s notion of entropy, and developed in
the 60’s and 70’s to include many differentiable actions. Applications
include fluid dynamics, coding theory, number theory, complex dynamics,

and cellular automata.

Entropy provides a strictly isomorphic invariant. However, the notion
of entropy is also one of the most difficult concepts in ergodic theory.
There are also difficult types of entropy and all are used in ergodic
theory, many building off of others. We simply refer the interested reader
to [4] for a more rigorous background in ergodic theory and a decent

presentation of entropy and other advanced topics.
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Another area of ergodic theory of great importance is the external
problems. Fields such as topological dynamics and differentiable

dynamics make extensive use of ergodic theory.

In this paper, it is proved that mixing implies weak mixing and that
weak mixing implies ergodicity and also proved that Bernoulli shift is
strong mixing and Markov chain is strong mixing when it is irreducible

and aperiodic.

In this article, we have seen that any measure-preserving
transformations that were conjugate also spectrally isomorphic. If the
two spectrally isomorphic measure-preserving transformations have
discrete spectrum, then they are conjugate. So in this paper, we have
seen that if two measure-preserving transformations are spectrally

isomorphic, then they have the same eigenvalues.
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