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Abstract 

In this paper, we will study the solution for Volterra integral equation. Firstly, 
we prove the existence and uniqueness of the solution for the second Volterra 
integral equation by using Banach fixed point theorem, then we give a few 
solving methods for the second Volterra equation. Secondly, we will give the 
solving methods for the first Volterra equation. Finally, we will discuss the 
numerical solution for the Volterra equation. 
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1. Introduction 

In many subjects, such as fluid mechanics, electromagnetic field 
theory, radiology, geo-physical exploration, automatic control theory, 
electrical engineering, and microwave technology. Many solutions of 
those problems can be converted into the corresponding integral 
equation. For the same question, we can not only solve the problem by 
using differential equation, but also we can describe it by using integral 
equation. However, the problem of differential equation itself can be 
turned into integral equation. 

When the problem of differential equation is turned into integral 
equation, it can reduce the dimension, also weaken the limitation on the 
unknown functions. Therefore, in order to deal with mathematical 
problems easier and obtain better results, we use integral form. 
Especially, many practical differential equation models can be solved by 
translating into Volterra integral equation. The basic theory [1-10] of 
Volterra equation was to develop and mature in the 20th century, and 
gradually applied to physics, mechanics, etc.. So, it is necessary for us to 
study the solution for Volterra integral equation. 

The remainder of this paper is organized as follows. Section 2 briefly 
describes the prerequisite knowledge and proves the existence and 
uniqueness of solution for the second type of Volterra integral equation 
by using Banach fixed point theorem 

( ) ( ) ( ) ( ),xfdttxx
x

a
+ϕλ=ϕ ∫ t,k   (1.1) 

where ( )xϕ  is an unknown function, λ  is a parameter, free term ( )xf  is a 
square integrable function, i.e., there exists a constant D such that 

( ) .22 Ddxxf
b
a

=∫  Then introduce a few solving methods. In Section 3, 

the solving methods were studied for the first type of Volterra integral 
equation 

( ) ( ) ( ).xfdttx
x

a
=ϕ∫ t,k   (1.2) 
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In Section 4, the numerical solution is listed for Volterra integral 
equation. Finally, Section 5 concludes this paper. 

2. The Solving Problem for the Second Type  
of Volterra Integral Equation 

In order to prove the existence and uniqueness of solutions, we first 
give some relevant definitions and theorems. 

Definition 2.1 ([11]). Assume ( ) XXAX →ρ :,,  is a mapping. If 

there exists 10, <αα   such that 

( ) ( ) .,for,,, XyxyxAyAx ∈∀αρρ   

Then A is called a compression mapping on X. 

Definition 2.2 ([11]). Assume ( ) { }.,, XxX n ⊂ρ  If for any ,0>  

there exists a natural number N  such that 

( ) .,for,,  Nnmxx mn >∀<ρ  

Then the sequence { }nx  is called Cauchy sequence. 

Definition 2.3 (Complete metric space) ([11]). Assume metric space 
( ),, ρX  if any Cauchy sequence in X convergences in ( ),, ρX  then ( )ρ,X  

is called a complete metric space. 

Theorem 2.4 (Banach fixed point theorem) ([11]). The compression 
mapping in complete metric space must have a unique fixed point. 

Theorem 2.5 (Promote Banach fixed point theorem) ([11]). Assume 
metric space R  is complete, Bxy =  is a mapping which .RR →  If there 

exists a natural number n such that nB  is a compression mapping on ,R  
then the mapping B must have a unique fixed point in .R  

2.1. The method of successive approximation to solve the second type of 
Volterra integral equation and the study about the existence and 
uniqueness of its solution. 
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We regard the free term ( )xf  as zero order approximate solution 

( ) ( ),0 xfx =ϕ  then put ( )x0ϕ  substitute into the right of (1.1) and regard 

the results as one order approximate solution ( ) ( ) ( )t,k xxfx
x
a∫λ+=ϕ1  

( ) ,0 dttϕ  after that put ( )x1ϕ  substitute into the right of (1.1), we get 

( ) ( ) ( ) ( ) .12 dttxxfx
x
a

ϕλ+=ϕ ∫ t,k  And so on, we have the following 

recurrence relation: 

( ) ( ) ( ) ( ) .1 dttxxfx n
x

a
n −ϕλ+=ϕ ∫ t,k  (2.2.1) 

By (2.2.1), we have 

( ) ( ) ( ) ( ) ,1 dttfxxfx
x

a
t,k∫λ+=ϕ  

( ) ( ) ( ) ( ) ( ( ) ( ) ) ( ) .,2
2 dttfdutuuxdttfxxfx

x

t

x

a

x

a
k,kt,k ∫∫∫ λ+λ+=ϕ  

Let ( ) ( ) ( ) ,,2 dttuuxx
x
t

k,kt,k ∫=  then 

( ) ( ) ( ) ( ) ( ) ( ) .2
2

2 dttfxdttfxxfx
x

a

x

a
t,kt,k ∫∫ λ+λ+=ϕ  

And so on, we can get the general expression forms of the approximate 
solutions ( )xnϕ  

( ) ( ) ( ) ( ) ,
1

dttfxxfx n
x

a
n

n
n t,k∫∑λ+=ϕ

∞

=

  (2.2.2) 

where ( ) ( ) ( ) .,, 1 dutuuxtx n
x
tn −∫= k,kk  Here, we can prove the series 

(2.2.2) convergence for any ,λ  so the ultimate solution of (1.1) is 
presented, i.e., 
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( ) ( ) ( ) ( ) .
1

dttfxxfx n
x

a
n

n
t,k∫∑λ+=ϕ

∞

=

  (2.2.3) 

In addition, we also assume the solution of (1.1) that can be 
represented the form of a power series on λ  

( ) ( ) ( ) ( ) ( ) ,2
210 +λ/++λ/+/+/=ϕ n

n xvxvxvxvx   (2.2.4) 

then put (2.2.4) substitute into (2.2.2), compare the coefficient of λ  on 
both sides, we get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ,,,, 1010 dttvxxvdttvxxvxfxv n
x

a
n

x

a
−/=//=/=/ ∫∫ t,kt,k  

(2.2.5) 

thus, (2.2.4) and (2.2.5) are the solutions of equation (1.1). Similarly, we 
are easy to prove that the series (2.2.4) convergence absolutely and 
uniformly for any ,λ  therefore, integral equation (1.1) has a unique 
solution for any .λ  Thus, we have the following theorem: 

Theorem 2.6. Assume ( )xf  is a continuous function in [ ] ( )t,k xba ,,  

is continuous in {( ) ]}xtabxatx  ,,  and ( ) ,Mx t,k  then the 

integral equation (1.1) has a unique solution ( ),xϕ  which is continuous in 

[ ]ba,  for any a constant .λ  

Proof. We consider the mapping ( ) ( ) ∫λ+=ϕϕ→ϕ
x
a

xfxBBB ,:  

( ) ( )dttx ϕt,k  is from [ ] [ ].,, baCbaC →  For any two functions 

( ) ( )xx 21 and ϕϕ  in [ ],, baC  when [ ]bax ,∈  

( ) ( ) ( )( ( ) ( ))dtttxxBxB
x

a
2121 ϕ−ϕλ=ϕ−ϕ ∫ t,k  

( ) ( ) dtttM
x

a
21 ϕ−ϕλ ∫  

( ) .21 ϕ−ϕ−λ axM  (2.2.6) 
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Assume, when k=n  (2.2.6) is established, i.e., 

( ) ( ) ( ) ,! 2121 ϕ−ϕ−λϕ−ϕ
k

k
kkkk axMxBxB   

when ,1+= kn  

( ) ( ) ( ) ( ) ( ) ( ( ) ( ))dttBtBtxxBxB
x

a
212

1
1

1 , ϕ−ϕλ=ϕ−ϕ ∫++ kkkk k  

 ( ) ( ) ( ) dttBtBtx
x

a
21, ϕ−ϕλ ∫ kkk  

 ( ) ( ) dttBtBM
x

a
21 ϕ−ϕλ ∫ kk  

 ( ) dtatMM
x

a
21! ϕ−ϕ−λλ ∫ k

k
kk  

 
( )

( ) dtatM x

a
k

kk

k
−ϕ−ϕ

λ
= ∫

++

21
11

!  

 ( ) ( )( )

( ) .!1 21
1

11 ϕ−ϕ
+

−λ
+

++
k

k
kk axM  

Therefore, ( ) ( ) ( ) .! 2121 ϕ−ϕ−λϕ−ϕ n
axMxBxB

n
nnnn   Let natural 

number n such that 

( ) ,1! <−λ=α n
axM

n
nn  

then ( ) ( ) ,max 212121 ϕ−ϕαϕ−ϕ=ϕ−ϕ 


xBxBBB nn
bxa

nn  thus nB  

is a compression mapping. So (1.1) has a unique solution ( ),xϕ  which is 

continuous in [ ]baC ,  according to Theorem 2.5.   
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2.2. The solution for the second type of Volterra integral equation is 
expressed by solution kernel. 

For the second type of Volterra integral equation, we can first 
calculate overlapping kernel, then get the solution kernel, thus we can 
get the solution. In the following, we will discuss the solving methods for 
integral equation of two types kernel. 

2.2.1. The integral equation of general type kernel. 

By (2.2.5), we have 

( ) ( ),0 xfxv =/  

( ) ( ) ( ) ( ) ( ) ,01 dttfxdttvxxv
x

a

x

a
t,kt,k ∫∫ =/=/  

( ) ( ) ( ) ( ) [ ( ) ( ) ]dudttfuxdttvxxv
u

a

x

a

x

a
t,kt,kt,k ∫∫∫ =/=/ 12  

[ ( ) ( ) ] ( ) ., dttfduuux
x

t

x

a
t,kk∫∫=  

Let ( ) ( ) ( ) ,,2 duuuxx
x
t

t,kkt,k ∫=  then 

( ) ( ) ( ) ( ) ( ) ( ) ,,,22 dttfxxvdttfxxv n
x

a
n

x

a
t,kt,k ∫∫ =/=/  (2.2.7) 

where 

( ) ( ) ( ) ., 1 dtuuxx n
x

t
n t,kkt,k −∫=  (2.2.8) 

Therefore, we have the following definition: 

Definition 2.7. ( ) ( ) ( )dtuuxx n
x
tn t,kkt,k 1, −∫=  is called the n-order 

overlapping kernel of kernel ( )t,k x  for the second type of Volterra 

integral equation. 
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By (2.2.4) and (2.2.6), we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .1

11
dttfxxfdttfxxfx n

n

n

x

a
n

n
x

an
t,kt,k −

∞

=

∞

=

λλ+=λ⋅+=ϕ ∑∫∫∑  

Let ( ) ( ),;, 1

1
t,k xtxR n

n

n

−
∞

=
λ=λ ∑  then 

( ) ( ) ( ) ( ) .;, dttftxRxfx
x

a
λλ+=ϕ ∫   (2.2.9) 

Equation (2.2.9) is the solution of integral equation (1.1). In the following, 
we give a definition: 

Definition 2.8. ( ) ( )t,k xtxR n
n

n
1

1;, −∞
=
λ=λ ∑  is called the solution 

kernel for the second type of Volterra integral equation. 

In conclusion, for the second type of Volterra integral equation, we 
first solve its overlapping kernel, then get the solution kernel. And 
finally, the solution of (1.1) can be expressed by using equation (2.2.9). In 
order to illustrate this solving method, we give an example as follows: 

Example 1. Solving the integral equation ( ) ( ) .2 2
0

xx
edttx +ϕ=ϕ ∫  

We first seek the overlapping kernel 

( ) ( ) ,1,,1 == txtx kk  

( ) ( ) ( ) ,,, 12 txduduuuxtx
x

t

x

t
−=== ∫∫ t,kkk  

( ) ( ) ( ) ( ) ( ) ,2,,
2

23
txdutuduuuxtx

x

t

x

t

−=−== ∫∫ t,kkk  

 

 ( ) ( )
( ) ,!1,

1

−
−=

−

n
txtx

n
nk  
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then the solution kernel ( ) ( ) ∑∑ ∞
=

−∞
=

=λ=λ 1
1

1;, nn
n

n xtxR t,k  

( )
( )

( )[ ]
( )

( ),!1
2

!1
2 2

1

1

11
tx

n

n

nn
en

tx
n

tx −
−∞

=

−−
=

−
−

=
−
− ∑  thus the solution of 

equation ( ) ( ) xx
edttx 2

0
2 +ϕ=ϕ ∫  is 

( )
( )

.2
222

0
22 222

0
2

xxxxxt xeedteedtetxxx eex
+=+=− ∫∫+=ϕ  

2.2.2. The integral equation of special type kernel. 

For this class integral equation of special type kernel, we will 
introduce a solving method by Theorems 2.9 and 2.10. 

Theorem 2.9 ([12]). Assume the kernel ( )t,k x  of the second type of 

Volterra integral equation is 1−n  order polynomial about ,tx −  and it 

has the following form: 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ,!1!2

1122
10

−− −
−

++−+−+= nn txn
xatxxatxxaxax t,k  

where ( ) ( )1,,2,1,0 −= nxa kk  is continuous in [ ].,0 a  If ( )λ;, txg  is 

the solution of differential equation 

[ ( ) ( ) ( ) ] ,012
2

11

1
0 =+++λ− −−

−
−

−
gxa

dx
gdxa

dx
gdxa

dx
gd

nn
n

n

n

n

n
 

and it satisfies the conditions as follows: 

,1,0 1

1

2

2
===== =−

−

=−

−

== txn

n
txn

n
txtx dx

gd
dx

gd
dx
dgg  

then the solution kernel 

( ) ( ) .;,1;, n

n

dx
txgdtxR λ

λ
=λ  
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Theorem 2.10 ([12]). Assume the kernel ( )t,k x  of the second type of 

Volterra integral equation is 1−n  order polynomial about ,xt −  and it 
has the following form: 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ,!1!2

1122
10

−− −
−

++−+−+= nn xtn
tbxttbxttbtbx t,k  

then the solution kernel 

( ) ( ) ,;,1;, n

n

dt
xtgdtxR λ

λ
−=λ  

where ( )λ;, xtg  is the solution of differential equation 

[ ( ) ( ) ( ) ] ,012
2

11

1
0 =+++λ− −−

−
−

−
gtb

dt
gdtb

dt
gdtb

dt
gd

nn
n

n

n

n

n
 

and it satisfies the conditions as follows: 

.1,0 1

1

2

2
===== =−

−

=−

−

== xtn

n
xtn

n
xtxt dt

gd
dt

gd
dt
dgg  

Similarly, we give an example as follows: 

Example 2. Solving the equation ( ) ( )xttxtxx
x

22 22
0

+−−−+=ϕ ∫  

( ) ( ).xfdtt +ϕ  Due to the kernel ( ) 222 22 =+−−−+= xttxtxx t,k  

( ) ( ) ,2txtx −−−+  so ( ) ( ) ( ) ,3,2,1,2 210 ==== nxaxaxa  thus the 

solution of differential equation 

( ) [ ( ) ( ) ( )] ,01;,21;,1;,21;,
2

2

3

3
=−+− txgdx

txdg
dx

txgd
dx

txgd  

is 

( ) ( ) ( ) ( ) ,1;, 2
321

xxx etcetcetctxg ++= −  

meanwhile, we can get ( ) ( ) ( ) ttt etcetcetc 2
321 3

1,2
1,6

1 −− =−==  by the 

following conditions: 
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( ) ( ) ,11;,,01;,
2

2
=== === txtxtx dx

txgd
dx

txdgg  

then 

( ) ( ),3
1

2
1

6
11;, 2 txtxxt eeetxg −−− +−=  

thus ( ) ( ).3
4

2
1

6
11;, 2

2

2
txtxxt eee

dx
gdtxR −−− +−==  So the solution is 

( ) ( ( ) ) ( ) ( ).3
4

2
1

6
1 2

0
xfdttfeeex txtxxtx

++−=ϕ −−−∫  

2.3. Transforming the second type of Volterra integral equation into the 
Cauchy problem of ordinary differential equation. 

If the kernel ( )t,k x  and free term ( )xf  of the second Volterra 

integral equation (1.1) have continuous derivatives ( )t,k xx′  and ( ),xf ′  

then we obtain the derivative results (one or more) for the integral 
equation (1.1). In many cases, we can transform the integral equation 
(1.1) into the Cauchy problem of ordinary differential equation. 

Example 3. Solving the integral equation ( ) ∫−+=ϕ
xx xex
0

242  

( ) ( ) .dtttx ϕ−  We can get ( ) ( ) ( ) ( )xexdttex xxx ϕ−=ϕ ′′ϕ−+=ϕ′ ∫ 22,242
0

 

by using derivative, and ( ) ( ) .60,20 =ϕ′=ϕ  So, the solution is ( ) 3
4=ϕ x  

xexx 3
22sin3

282cos ++  by solving the above Cauchy problem. 

If the kernel of (1.1) is degenerate kernel, then for the second type of 
Volterra integral equation (i.e., (2.2.10)), we have the following solving 
method: 

( ) ( ) [ ( ) ( )] ( ) .
1

dtttbxaxfx ii
n

i

x

a
ϕ+=ϕ ∑∫ =

 (2.2.10) 
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Let ( ) ( ) ( ) ( ) ( ) ( ) ,,,11 dtttbxdtttbx n
x
an

x
a

ϕ=ϕϕ=ϕ ∫∫  then the solution of 

(2.2.10) can be represented as follows: 

( ) ( ) ( ) ( ).
1

xxaxfx ii
n

i
ϕ+=ϕ ∑ =

  (2.2.11) 

Here, our aim is to solve ( ).xiϕ  We seek every derivative of ( ) ,,1 xϕ  

( ),xnϕ  and obtain the following equations: 

( ) ( ) ( ) ( ) ( ) ( ),1111 xxaxbxfxbx ii
n

i
ϕ+=ϕ′ ∑ =

 

 

( ) ( ) ( ) ( ) ( ) ( ),xxaxbxfxbx iin
n

ninn ϕ+=ϕ′ ∑ =
 

and ( ) ( ) ( ) .021 =ϕ==ϕ=ϕ aaa n  Then we can get ( ) nixi ,,2,1, =ϕ  

by solving the above equations with initial conditions. Finally, we obtain 
the solution of (2.2.10) by putting ( )xiϕ  substituted into (2.2.11). 

Example 4. Solving the integral equation with degenerate kernel 

( ) ( ) .
0

dtteex txxx ϕ+=ϕ −∫  Due to ( ) ( ) ,
0

dtteeex txxx ϕ+=ϕ ∫  let ϕ−∫ tx
e

0
 

( ) ( ),1 xdtt ϕ=  then, we have 

( ) ( ),1 xeex xx ϕ+=ϕ   (2.2.12) 

and ( ) ( ),1 xex xϕ=ϕ′ −  but from (2.2.12), we have ( ) ( ( )),11 xeeex xxx ϕ+=ϕ′ −  

thus ( ) ( ) ,111 =ϕ−ϕ′ xx  also ( ) ,001 =ϕ  so we can obtain ( ) 11 −=ϕ xex  by 

solving the problem of differential equation with initial condition 

( ) ( ) ,11 =ϕ−ϕ′ xx i  

( ) .001 =ϕ  

Therefore, the solution is ( ) ( ) ( ) .2
1

xxxx eeexex ==ϕ′=ϕ  
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3. The Solving Problem for the First Type  
of Volterra Integral Equation 

For the Volterra integral equation (1.2), we can transform it into the 
second type of Volterra integral equation, then solving it with the help of 
the methods that introduced in Section 2. There are two methods 
(derivative method and subsection integration method) will be discussed 
in this section. 

3.1. Derivative method 

We first give a theorem of derivative method about transforming the 
first type of Volterra integral equation into the second type of Volterra 
integral equation. 

Theorem 3.1 ([12]). For the first type of Volterra integral equation 
(1.2), if ( )tx,k  and ( )xf  are derivability, ( ) ( ) ( )xxbxatx ,,,0, kk ≠  

and ( )
x

tx
∂

∂ ,k  are continuous in [ ]ba,  and ( ) ,0, =afbxta   then the 

equation (1.2) is equivalent to the second type of Volterra integral  
equation (3.1). 

( ) ( )
( ) ( ) ( )

( ) .,,
,

xx
xfdttxx

txx xx

a kk
k ′

=ϕ
′

+ϕ ∫  (3.1) 

In the following, we will give an example: 

Example 5. Solving the first Volterra integral equation 

( ) ( ) .sinh 3
0

xx
exdtttx −=ϕ−∫   (3.2) 

1Notice: The first type of Volterra integral equation has solution only if the free term ( )xf  

satisfies the compatibility condition. Viz., for any kernel ( ) ,, txk  a necessary condition for 

the existence at ax =  of its solution is ( ) .0=af  Therefore, the first type of Volterra 
integral equation must satisfy the compatibility condition before every time derivative, then 
the solving for the second type of Volterra integral equation that is transformed into by the 
first type of Volterra integral equation can be meaningful. 
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We take a derivative about x on both sides of the equation (3.2), then we 
obtain 

( ) ( ) ,3cosh 32
0

xxx
exexdtttx −− −=ϕ− ∫   (3.3) 

we can see that the equation (3.3) is still the first type of Volterra 
integral equation, so we again take a derivative about x on both sides of 
equation (3.3), then we get 

( ) ( ) ( ) ,66sinh 32
0

xxxx
exexxedtttxx −−− +−=ϕ−+ϕ ∫  

thus ( ) .66 2 xx exxex −− −=ϕ  Due to the equations (3.2) and (3.3) are all 

satisfy the compatibility condition, so the solution of equation (3.2) is 

( ) .66 2 xx exxex −− −=ϕ  

3.2. Subsection integration method 

The equation (1.2) also can be transformed into the second type of 
Volterra integral equation by using subsection integration method. For 
the integral on the left side of the equation (1.2), let 

( ) ( ) ,dttxv
x

a
ϕ=/ ∫   (3.4) 

we have ( ) ( ) ( ) ( ) ( ),,, xfdttvt
txxvxx

x
a

=/∂
∂

−/ ∫
kk  if ( ) ,0, ≠xxk  then 

( ) [ ( ) ( )] ( ) ( )
( ) ,,,,

xx
xfdttvxxt

txxv
x

a k
kk

=/∂
∂

−/ ∫   (3.5) 

when ( )
( )xx

xf
,k

 and the kernel are continuous, the equation (3.5) has only 

solution ( ),xv/  and ( ) ( )xvx ′/=φ  is the solution that we wanted by the 

equation (3.4). 
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Example 6. Solving the first type of Volterra integral equation 

( ) ( ) .21
2

22
0

xdtttx
x

=ϕ+−∫  According to the above mentioned method, 

we let 

( ) ( ) ,
0

dttxv
x
ϕ=/ ∫  

then 

( ) ( ) ,21
2

22
0

xdtttx
x

=ϕ+−∫  

can be transformed into 

( ) ( ) ,21
2

22
0

xtvdtx
x

=/+−∫  

thus 

( ) ( ) ( ) ( ) ,211
2

22
00

22 xtxdtvtvtx
xx =+−/−/+− ∫  

then we have 

( ) ( ) .22
2

0
xdttvtxv

x
=/−/ ∫  

Therefore, the original equation can be transformed into the Cauchy 
problem of ordinary differential equation 

( ) ( ) ,2 xxvxxv =/−′/  

( ) ,0=/ xv  

so we can get ( )
2

2
1

2
1 xexv +−=/  by solving the above Cauchy problem. 

Finally, the solution is ( ) ( ) .22
1 22 xx xexexvx =⋅=′/=ϕ  
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4. The Numerical Solution of Volterra Integral Equation 

In practical application, we are unable or difficult to work out the 
accurate analytical solution for most of the Volterra integral equations. 
But in most cases, we can work out its approximate solution. In this 
section, we mainly introduce a kind of method (called numerical integral 
method [12]) that is used to work out the approximate solution of 
Volterra integral equation. 

4.1. The numerical solution for the second type of Volterra integral 
equation. 

For equation (1.1), let ( ),,,2,1, njxx j ==  we use finite sum to 

replace the integral of (1.1), and then obtain 

,,,2,1,
1

njfA jmjmm
j

mj ==ϕλ−ϕ ∑ =
k   (4.1) 

where ( ) ( ) ( ).,,, jjmjjmjj xffxxx ==ϕ=ϕ kk  

The formula (4.1) is a system of linear equations. Due to the 
coefficients of (4.1) can construct a lower triangular matrix, so 

nϕϕϕ ,,, 21  can be solved easily. Therefore, the numerical solution of 

equation (1.1) can be expressed as follows: 

( ) ( ) ( ) ,,, 11 jjmmm
j

m
xxxxfxxAx <+ϕλ≈ϕ −=∑ k   (4.2) 

when ,∞→j  equation (4.2) convergences to the analytical solution of 

equation (1.1) uniformly. In the following, we give an example to 
illustrate how to use this method. 

Example 7. Seeking the numerical solution for the second type of 

Volterra integral equation ( ) ( ) xx
edttx 2

0
2 +ϕ=ϕ ∫  in [ ],1,0  the 

analytical solution of which is ( ) .2 22 xx xeex +=ϕ  



THE STUDY OF THE SOLUTION FOR THE VOLTERRA … 101

(1) Firstly, we use the trapezoid formula of 6=n  to seek the 

numerical solution. In this moment, ,2.0=h  then ,1.0261 === hAA  

.5,4,3,2,2.0 === mhAm  Let ( ),6,,1, == jxx j  we can obtain 

,11 f=ϕ  

( ) .6,,2,2 2

0
==ϕ−ϕ ∫ jedtt jj xx

j   (4.3) 

Then, we use finite sun to replace the integral section of equation (4.3) 
and get 

,6,,2,1,
1

==ϕλ−ϕ ∑ =
jfA jmjmm

j

mj k   (4.4) 

finally, solving the system of linear equations (4.4), we have 

( ) ( ) ( ) ,089316597.44.0,114780872.22.0,10 ==ϕ==ϕ==ϕ xxx  

( ) ( ) ( ) .98668466.221,29443671.138.0,502194888.76.0 ==ϕ==ϕ==ϕ xxx  

(2) Secondly, we use the trapezoid formula of 11=n  to seek the 

numerical solution. In this moment, ,1.0=h  then ,05.02111 === hAA  

.10,,2,1.0 === mhAm  Similarly, we have 

( ) ( ) ( ) ,026312056.44.0,094966394.22.0,10 321 ==ϕ==ϕ==ϕ xxx  

( ) ( ) ,97917831.128.0,352474275.76.0 54 ==ϕ==ϕ xx  

( ) .36611733.2216 ==ϕ x  

Due to the analytical solution is ( ) ,2 22 xx xeex +=ϕ  so we have 

( ) ( ) ( ) ,005973671.44.0,088554577.22.0,10 =ϕ=ϕ=ϕ  

( ) ( ) ( ) .1671683.221,8778843.128.0,30425723.76.0 =ϕ=ϕ=ϕ  

The results of Example 7 (under different step sizes) are listed in Table 1. 
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Table 1. Numerical solutions of different step sizes for the second type of 
Vollterra integral equation 

Step size 
xh  0 0.2 0.4 0.6 0.8 1.0 

0.2 1 2.114780872 4.089316597 7.502194888 13.29443671 22.98668466 

0.1 1 2.094966394 4.026312056 7.352474275 12.97917831 22.36611733 

analytical 
solution 

1 2.088554577 4.005973671 7.304257230 12.87788430 22.16716830 

4.2. The numerical solution for the first type of Volterra integral 
equation. 

For the numerical solution of the first type of Volterra integral 
equation, it is not necessary for us to transform it to the second type of 
Volterra integral equation. We can seek the numerical solution directly. 
In the following, we will give an example by using the similar method 
that introduced in Subsection 4.1. 

Example 8. Seeking the numerical solution for the first type of 

Volterra integral equation ( ) ( ) 21
2

22
0

xdtttx
x

=ϕ+−∫  in [ ],1,0  the 

analytical solution of which is ( ) .
2xxex =ϕ  

(1) Firstly, when the step size ,2.0=h  for the above integral 

equation, 

( ) ( ) .2,1,
2

22 xxftxtx =+−=k  

We use finite sum to replace the integral section of ( ) ( )ttx
x

ϕ+−∫ 22
0

1  

,2
2xdt =  we have 

,6,,3,2,
1

==ϕλ∑ =
jfA jmjmm

j

m
k   (4.5) 
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where ( ),,6,,3,,6,,2,2 11 mmjj xjhAjhAA ϕ=ϕ===== −  

( ) ( ).,, jjmjjm xffxx == kk  When ( ) ( ) ( )
( ) .0,0,0,

11
1 =

′
=ϕ≠ xx

xfxx
k

k  

Thus, solving the system of linear equations (4.5), we can obtain 

( ) ( ) ( ) ,448.04.0,2.02.0,00 ==ϕ==ϕ==ϕ xxx  

( ) ( ) ( ) .45695744.21,405952.18.0,8112.06.0 ==ϕ==ϕ==ϕ xxx  

(2) Secondly, when the step size ,1.0=h  according to the above 

process (1), we have 

( ) ( ) ( ) ,463684.04.0,206.02.0,00 321 ==ϕ==ϕ==ϕ xxx  

( ) ( ) ,486518226.18.0,8467785264.06.0 54 ==ϕ==ϕ xx  

( ) .644676007.216 ==ϕ x  

Due to the analytical solution is ( ) ,
2xxex =ϕ  so we have 

( ) ( ) ( ) ,4694043484.04.0,2081621548.02.0,00 =ϕ=ϕ=ϕ  

( ) ( ) ( ) .718281828.21,517184703.18.0,8599976487.06.0 =ϕ=ϕ=ϕ  

The results of Example 8 (under different step sizes) are listed in Table 2. 

Table 2. Numerical solutions of different step sizes for the first type of 
Vollterra integral equation 

Step size 
xh  0 0.2 0.4 0.6 0.8 1.0 

0.2 0 0.200000000 0.448000000 0.811200000 1.405952000 2.456967440 

0.1 0 0.206000000 0.463684000 0.846778530 1.486518230 2.644676007 

analytical 
solution 

0 0.208162155 0.469404350 0.859997650 1.517184700 2.718281828 
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5. Conclusion 

In this paper, we mainly discussed the existence and uniqueness of 
the solution for Volterra integral equation, and give some kinds of solving 
methods, then verified the solving methods that we have given by 
examples. But for most of Volterra integral equation, we cannot seek its 
analytical solution, therefore, we discussed a numerical method 
(numerical integral method) that is used to seek the numerical solution, 
and gave examples to illustrate the effectiveness of numerical integral 
method. 

Acknowledgement 

The authors are very grateful to the editor and anonymous referees 
reviews for their valuable comments and helpful suggestions. The 
corresponding author of this paper is Jianqiang Gao. 

References 

 [1] K. Atkinson and W. Han, Theoretical Numerical Analysis, Springer, Berlin, 2005. 

 [2] A. Bellen, Preservation of super convergence in the numerical integration of delay 
differential equations with proportional delay, IMA Journal of Numerical Analysis 
22(4) (2002), 529-536. 

 [3] A. Bellen, H. Brunner, S. Maset et al., Super convergence in collocation methods on 
quasi-graded meshes for functional differential equations with vanishing delays, 
IMA Journal of Numerical Analysis 46(2) (2006), 229-247. 

 [4] A. Bellen and M. Zennaro, Numerical Methods for Delay Differential Equations, 
Oxford University Press, 2013. 

 [5] H. Brunner, Collocation Methods for Volterra Integral and Related Functional 
Differential Equations, Cambridge University Press, 2004. 

 [6] H. Brunner, Recent advances in the numerical analysis of Volterra functional 
differential equations with variable delays, Journal of Computational and Applied 
Mathematics 228(2) (2009), 524-537. 

 [7] H. Brunner and Q. Hu, Optimal super convergence orders of iterated collocation 
solutions for Volterra integral equations with vanishing delays, SIAM Journal on 
Numerical Analysis 43(5) (2005), 1934-1949. 

 



THE STUDY OF THE SOLUTION FOR THE VOLTERRA … 105

 [8] H. Brunner and Q. Hu, Optimal super convergence results for delay integro-
differential equations of pantograph type, SIAM Journal on Numerical Analysis 
45(3) (2007), 986-1004. 

 [9] J. B. Conway, A Course in Functional Analysis, Springer, 1990. 

 [10] P. L. Floch and L. Tatsien, A global asymptotic expansion for the solution to the 
generalized Riemann problem, Asymptotic Analysis 3(4) (1991), 321-340. 

 [11] X. Daoxing, W. Zhuoren and Y. Shaozhong, Real Variable Function and Functional 
Analysis, People’s Education Press, 1979. 

 [12] S. Yidan, Integral Equation, The Press of Beijing Institute of Technology, Beijing, 
1992. 

g 


