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Abstract 

We investigate the nonlinear stability of increasing planar stationary wave of 
initial-boundary value problem for damped wave equation with nonlinear 
convection term in 2-dimensional space with two boundaries. For the non-
degenerate case, under the smallness conditions on the initial-boundary 
perturbation, we use the standard energy method to obtain the global existence 
of solution and the algebraic convergence rate of solutions toward the planar 
stationary waves for such an initial-boundary value problem. 

1. Introduction 

In this paper, we consider the following damped wave equation with 
a nonlinear convection term in two-dimensional space: 

( ) ( ) ( ) ( ) ,1,0,,0,0 Ryxtugufuuu yxttt ×∈>=+++∆−   (1.1) 
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with the initial condition 

( ) ( ) ( ) ( ) ( ) [ ] ,1,0,,,,,0,,,,0 10 Ryxyxuyxuyxuyxu t ×∈==   (1.2) 

and the boundary condition 

( ) ( ) ( ) ( ) ,,0,,,1,,,,0, Rytytuytuytuytu ∈≥== +−   (1.3) 

which satisfy ( ) ( ) ++−− →→ uytuuytu ,,,  as +∞→t  for any fixed 

,Ry ∈  where ±u  is given constant, which satisfy ,+− < uu  and ( )yu ,00  
( ) ( ) ( ) ( ) ( ) ( ) ( )yuyuyuyuyuyuyu tt ,0,1,,0,0,,0,1,,0 110 +−+− ∂=∂===  

for compatibility. We assume that gf ,  are smooth, and f is convex, i.e., 

( ) 0>′′ uf  for any u under consideration, and ( ) ( )( )uguf ,  satisfies the 
following condition, which is called the sub-characteristic condition in 
Ueda’s paper [1], i.e., 

( ) ( )( ) ,12
1

22 <′+′ uguf   (1.4) 

for any [ ] [ { } { } ].1,max,1,min, +−∈ +−+−+− uuuuuuIu   

The main purpose of this paper is devoted to studying the nonlinear 
stability of planar stationary wave ( ),xφ  which is independent of t and y, 

and to deducing the decay rates of solution ( )yxtu ,,  toward the planar 
stationary wave of the initial-boundary value problem (1.1)-(1.3). By the 
way, we only consider the non-degenerate case ( ) ,0<′ +uf  we will use 
the tricks in [1] to simplify the calculation of energy integral and the 
method in [3] to deal with the boundary energy integral. 

We recall that the stationary wave ( )xφ  of (1.1)-(1.3) is the unique 
solution of the following problem: 

( ) ( ),1,0, ∈φ=φ xf xxx   (1.5) 

( ) ( ) .1,0 +− =φ=φ uu   (1.6) 

According to [1, 3, 4, 7], we give the corresponding existence result 
and related properties of ( )xφ  for the non-degenerate case ( ) 0<′ +uf  as 

follow. 
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Lemma 1.1. A necessary condition for the existence of solutions to the 
boundary value problem (1.5)-(1.6) is ( ) ,0≤′ +uf  we only consider the 

case ( ) .0<′ +uf  If ,+− < uu  there exists a monotone increasing solution 

( ),xφ  if +− > uu  and ( ) ( )+< ufuf  for ( ),, −+∈ uuu  there exists a 

monotone decreasing solution ( ).xφ  In both cases, the solution ( )xφ  

satisfies 

( ) ,−+ −≤φ∂ uuCxx
k   (1.7) 

for [ ],1,0∈x  where 0≥k  is an integer. 

In recent years, the study of the initial-boundary value problem for 
damped equations with a nonlinear convection term in multi-dimensional 
half space 

( )( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

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∈=′=′=
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++

,,,,,,0,,,0
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,:,,0,0div
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1
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nbt

nn
ttt

Rxxxxuxtuxuxu

xuxuxu

RRRxxxtufuuu

  (1.8) 

has made much progress, where ( ).,,, 111 nxxxx fffuuu nn =++=∆  

For the non-degenerate case ( ) ,01 <′ +uf  Ueda in [1] obtained the time 

global existence of solutions of problem (1.8) in one-dimensional space in 
an H-neighbourhood of the stationary wave under smallness condition on 
initial perturbation, and by using the space-time weighted energy 
method initiated by Kawashima and Matsumura [9], the time 
convergence rate is algebraically (resp., exponentially) fast if the initial 
perturbation decays algebraically (resp., exponentially) as .+∞→x  
Furthermore, Ueda et al. in [2] generalized the results in one-
dimensional half space [1] to the multi-dimensional half space for the 
case ( ) ,01 <′ buf  and Fan et al. in [4] showed the similar results as in [2] 

still hold for the case ( ) .01 ≥′ buf  
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We note that the analysis in [1, 2, 4] relied on the smallness condition 
on initial perturbation. Fan et al. in [5, 6] studied the global stability of 
weak boundary layer solution to the initial-boundary problem (1.8) in 
one-dimensional half space and two-dimensional half space, respectively, 
together with the corresponding convergence rates (both algebraic and 
exponential), provided the strength of the planar boundary layer solution 
is suitably small. All the results in [1, 2, 4-6] were obtain under the non-
degenerate case. This paper is dedicate to investigate the nonlinear 
stability of solutions and their decay rates toward the increasing planar 
stationary wave of the initial-boundary value problem for damped wave 
equation with nonlinear convection term in 2-dimensional space with two 
boundaries under smallness condition on initial-boundary perturbation. 

Remark 1.2. Denote the usual Lebesgues space by [ ]( )RLL ×= 1,022  

with norm 2Lff =  and Sobolev space by [ ]( )RHH ×= 1,022  with 

norm xLLL ffff ∂∇+∇+= ,222 2
2  denotes the partial differentiation 

with respect to x and xy∂  denotes the second order partial differentiation 

with respect to ., yx  Notice that ,, 2
xxxxx uuuu =∂=∂ .xyxy uu =∂  And 

let ( ) ( ( )) ( ) [ ] ( ) ( ) ( ) ( ),,,1,0,;, 222222222
++ ==== RLtLRLyLLxLRLRLytL   

where 

( ) ( ),,,,, 222
yxyxyx ∂∂∂=∇∂∂=∇  

( ) ( ){ } ( ) ( ) ( ){ } ,2,
212222222122 uuuuuuu yxyxyx ∂+∂+∂=∇∂+∂=∇  

( ) ( ) .,,
21

21

0 







= ∫∫ dxdyyxtutu

R
 

For [ ]( )RLLR ×=∈α αα 1,0, 22  denotes the algebraically weighted 2L  

space with the norm 

( ) ( ) .,1
21

21

0
2 








+= α∫∫α

dxdyyxfxf
RL  
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Throughout this paper, C denotes a positive constant, it may be 
different in different place, but we use the same notation for simplicity. 

2. Main Results 

We state our main results of this paper as follow: 

Theorem 2.1. Let ( )xφ  be the stationary wave of the problem (1.5) 

and (1.6), which is monotone increasing in [ ].1,0∈x  Assume that 

∈φ−0u 1
1

2, HuH ∈  and the boundary data ( )ytu ,±  satisfies 

( ) ( ( )) ( ) ( ( )).;,,;, 21223 RLRHytuRLRHuytu y +±+±± ∈∂∈−  (2.1) 

Put 

,11200 uuE +φ−=  

( ( ) ) ( ) ( ( ) ) ( )( )ytLtytLt uytuuytuR ,,

3

0
0 22 ,, −−++

=

−∂+−∂= ∑ kk

k
 

( ) ( ) ( ) ( )( ),,, ,
2

,
2

1,0
22 ytLytytLyt ytuytu −+

=

∂∂+∂∂+ ∑ kk

k
 

there is a positive constant 0δ  such that if ,000 δ≤+ RE  then the initial-

boundary problem (1.1)-(1.3) has a unique global solution ( )yxtu ,,  with 

( ) ( ),;,; 122 HRLuHRCu t ++ ∈∈φ−  

and 

( ) [ ]
( ) ( ) ,0,,suplim

1,0,
=φ−

×∈∞→
xyxtu

Ryxt
 

( ) [ ]
( ) ( )( ) .0,,suplim

1,0,
=φ−∇

×∈∞→
xyxtu

Ryxt
 (2.2) 

In this paper, we only consider the algebraic stability case since the 
exponential stability result can be obtain similarly. Now we give the 
algebraic stability result. 
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Theorem 2.2. Let ( )xφ  be the stationary wave of the problem (1.5) 

and (1.6), which is monotone increasing in [ ],1,0∈x  and let ( )yxtu ,,  be 

the global solution of the problem (1.1)-(1.3), which is constructed in 

Theorem 2.1 under the smallness condition on .00 RE +  If ,2
0 α∈φ− Hu  

1
1 α∈ Hu  for 0≥α  and the boundary data ( )ytu ,±  satisfies 

( ) ( ( ) ) ( ( )) ( ) ( ) ( ( )),;,1,;,1 21223 RLRHytutRLRHuytut y +±
γ

+±±
γ ∈∂+∈−+  

(2.3) 

for any γ  with ,α>γ  then we have 

( ) ( ) ( ) ( ) ,1,, 2
2

α−
γα ++≤φ− tRECxyxtu H  (2.4) 

for ,0≥t  where 12 10 αα
+φ−=α HH uuE  and 

( ) ( ( ) ) ( ( ) )( ) 2
1

22
0

3

0
,,1 








−∂+−∂+= −−++

γ∞

=
γ ∫∫∑ ττττ dyduyuuyuR tt

R
kk

k
 

( ) ( ) ( )( ) .,,1
2
1

2222
01,0
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
∂∂+∂∂++ −+

γ∞

=
∫∫∑ ττττ dydyuyu ytyt

R
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3. Uniform Energy Estimates 

In this section, we introduce a new unknown function ( )yxtv ,,  by 

( ) ( ) ( ),,,,, yxtvxyxtu +φ=  

where ( )xφ  is the stationary solution of problem (1.5) and (1.6), then the 

initial-boundary problem (1.1)-(1.3) can be reformulated as 

( ) ( )( ) ( ) ( ) ( ) ,1,0,,0,0 Ryxtvgfvfvvv yxttt ×∈>=φ++φ−φ+++∆−  

(3.1) 
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( ) ( ) ( ) ( )

( ) ( ) ( )
( ) [ ] ,1,0,,

,,,,0

,,,,0

11

00
Ryx

yxuyxvyxv

xyxuyxvyxv

t

×∈






=

φ−=




 (3.2) 

( ) ( ) ( ) ( ) .,0,,,1,,,,0, Rytuytuytvuytuytv ∈≥−=−= ++−−  (3.3) 

Theorem 3.1. Assume that the same conditions as those in Theorem 2.1 

hold and that 1
1

2
0 , HvHv ∈∈  and the boundary data satisfies (2.1). If 

there is a positive constant 0δ  such that if ,000 δ≤+ RE  then the initial-

boundary problem (3.1)-(3.3) has a unique global solution ( )yxtv ,,  with 

( ) ( ),;,; 122 HRLvHRCv t ++ ∈∈  

and 

( ) [ ]
( )

( ) [ ]
( ) .,0,,sup,0,,sup

1,0,1,0,
+∞→→∇→

×∈×∈
tasyxtvyxtv

RyxRyx
 

(3.4) 

Theorem 2.1 is a direct consequence of Theorem 3.1, and the local 
existence combining with the priori estimates can prove Theorem 3.1. For 
any ,0>T  we define the solution space by 

( ) { ([ ] ) ([ ] ),;,0,;,0,0 122 HTLvHTCvTX t ∈∈=  

( ) ( ] }.,,0for,,,with 1,0 += ∈∈+∞<∂ ZmTtyxtv x
m  

We can show the local existence of the solution for problem (3.1)-(3.3) 
in a standard way, so we omit the details. The following proposition gives 
a priori estimate. 

Proposition 3.2 (Priori estimate). Suppose that v is a solution of 
(3.1)-(3.3) in ( )TX ,0  for a positive constant T. Put 

( ) ( ( ) ),sup, 12011200 t
Tt

vtvTEvvE +=+=
≤≤

 

then there exists a positive constant δ  independent of T, such that if 
( ) ,δ≤TE  then v satisfies the following energy estimate: 
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( ) ( ) ( ) ( ) ( ) ( ),2
0

2
0

2
1

2
1

2

0
2
1

2
2 RECdvvvtvtv tx

t
t +≤





 +∇+φ++ ∫ ττττ  

(3.5) 

for [ ],,0 Tt ∈  where C is a positive constant. 

Proof. Calculate ( ) ( ) ,1.31.32 vvt +×  we obtain that 

( ) ,021 =+∂+−∂+∂ LKJJI yxt   (3.6) 

where 

  ( ( ) ( )) ,22
1

0
222 ηφ′−η+φ′φ++∇++= ∫ dffvvvvvI

v
xtt  

( ) ( )( ) ( ) ( )( ) ,
0

1 ηφ−η+φ−φ−+φ= ∫ dffvfvfJ
v

 

,22 xxt vvvvJ +=   (3.7) 

 ( ) ( ) ,2 yyt
v

vvvvdssgvvgK −−−+φ= ∫
φ+

φ
 

  ( ) ( ) tyxtt vvvgvvvfvvL +φ′++φ′+∇+= 2222  

( ) ( )( ) .
0

ηφ′−η+φ′φ+ ∫ dff
v

x  

According to the smallness condition ( ) δ≤TE  and the Sobolev’s 

inequality, v  and v∇  are bounded and by Ueda’s paper [1], we have 

the following estimate: 

( ) ( ),22222222 vvvvCIvvvvc xtxt φ++∇+≤≤φ++∇+  

( ),, 22
2

2
1 vvvvCJcvJ t ∇+∇+≤−≤  (3.8) 

( ) ( ),222222 vvvCLvvvc xtxt φ+∇+≤≤φ+∇+  

where c and C are positive constants independent of T. 
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Now we estimate the integral ( ) τdxdydJJxR
t

21
1
00

−∂∫∫∫  as follow: 

( ) ( )( ) ,,, 22
0

1
1

00
ττττ dyduyuuyuCdxdydJ

R
x

R

t
−−++

∞+
−+−≤∂ ∫∫∫∫∫  

(3.9) 

{ ( ) ( ( ) )} ( ) τττττ dydyvuyuyudxdydJ xt
R

t
x

R

t
,1,,,2

0
2

1

00
+++ −+∂=∂ ∫∫∫∫∫  

{ ( ) ( ( ) )} ( ) ττττ− dydyvuyuyu xt
R

t
,0,,,2

0
−−− −+∂∫∫  

( ) ( )( ) τττ1 dyduyuuyuC
R

22
0

,, −−++
∞+

µ −+−≤ ∫∫  

( ) ( ){ } τττ1 dydyuyuC tt
R

22
0

,, −+
∞+

µ ∂+∂+ ∫∫  

( ( ) ( )) ,,0,,1, 22
0

τττ1 dydyvyv xx
R

t
+µ+ ∫∫  (3.10) 

where 01 >µ  is a sufficient small constant and 1µC  is positive constant. 

( ( ) ( )) ( ) ( ) ττττ dydvvdydyvyv xLxxxLx
R

t
xx

R

t
222,0,,1,

0
22

0 ∫∫∫∫ ≤+  

( ) ( )
τdydvv

xLxxxLx
R

t







 +≤ ∫∫ 22

0 22  

( ) ( )( ) .22
0

τττ dvv xxx
t

+≤ ∫  (3.11) 

Integrating (3.6) over ( ) [ ] Rt ×× 1,0,0  with respect to ( ),,, yxt  and 

combining (3.7)-(3.11), we have that 
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( ) ( ) ( ) ( ) ( ) ττττ dvvvtvtv tx
t

t 




 +∇+φ++ ∫ 222

0
22

1  

( ) ( )
( )


 −+++µ≤ ++∫ 2

,
2

1
2
10

2
0 2,

ytLxx
t

uytuvvCdv ττ1  

( )
( )

( )
( )

( )
( )

.,,, 2
,

2
,

2
, 222 


∂+∂+−+ −+−− ytLtytLtytL

ytuytuuytu  (3.12) 

Next, calculating ( ) ( ) ,1.31.32 vvt ∇∇+∇∇×  we obtain that 

( ) ( ) ,0321321 =−−+∂++∂+∂ DDDBBBA yxt   (3.13) 

where 

 ,2
1 2222

tt vvvvvA ∇∇+∇+∇+∇=  

( ) ( )( ) ( ) ,1 yxyxxxyxxx vvvvvgvfvfvB −−+φ+φ−+φ=  

( ) ( )( ) ( ) ,22222 ytxyxxxtyxtxxt vvvvvgvfvfvB −−+φ+φ−+φ=  

( ) ( )( ) ( ){ }( ),23 ytyxyxxyx vvvvvgfvfB +−−+φ+φ−+φ=   (3.14) 

  ,222
1 tvvD ∇+∇=  

( ) ( ) ( )( ) ( ){ },2 yxyyxx vgfvfvvD +φ+φ−+φ+=  

( ) ( ) ( )( ) ( ){ }.3 yxyytxxt vgfvfvvD +φ+φ−+φ+=  

Similar to (3.8), one gets 

( ) ( ),22222222 vvvCAvvvc tt ∇+∇+∇≤≤∇+∇+∇   (3.15) 

where c and C are positive constants independent of T. 

Now estimates the integral of (3.14) 

( ) ( ) ( ) ,22

0
22

0
22

1

00 2 ττττττ dvvCdvdxdydD x
tt

R

t





 ∇+φ+∇µ≤ ∫∫∫∫∫ µ  

(3.16) 
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where 02 >µ  is a sufficient small constant and 2µC  is a positive 

constant. 

dxdyDdxdydD t
RR

t =
=∫∫∫∫∫ = τ

ττ 02
1

0
3

1

00
 

( ) ( ) ( )( ) ( ){ } .
1

00
τdxdydvgfvfvv ytxtyyxx

R

t
+φ+φ−+φ+− ∫∫∫  (3.17) 

Let 
[ ]

( )
[ ]

( ) ,max,max
,,

ugcufc
uuIguuIf ′=′=
+−+−

 and { },,max0 gf ccc =  

according to the sub-characteristic condition, we have .10 <c  By the 

boundedness of xv φ∇ ,  gets 

( ) ( ( ) ( )) dxdyfvfvvdxdyD xyyxx
RR

φφ′−+φ′+= ∫∫∫∫ = 000
1

002
1

0 τ  

( )( ( ) ( ) )dxdyvvgvvfvv yxyyxx
R

000000
1

0
+φ′++φ′++ ∫∫  

( ) ,2
0

22
0

2
0

1

0
dxdyvvvC

R
∇+∇+≤ ∫∫  (3.18) 

dxdyD tR =∫∫ τ2
1

0
 

( ( ) ( )) ( ( ( )) ( )) dxdyfyxtvfyxtvyxtv xyyxx
R

φφ′−+φ′+= ∫∫ ,,,,,,
1

0
 

( ( ) ( )) ( ( )) ( )dxdyyxtvyxtvfyxtvyxtv xyyxx
R

,,,,,,,,
1

0
+φ′++ ∫∫  

( ( ) ( )) ( ( )) ( )dxdyyxtvyxtvgyxtvyxtv yyyxx
R

,,,,,,,,
1

0
+φ′++ ∫∫  

( ) ( ) ( )( )dxdytvtvCdxdytv
RR

221

0
221

0
3 3 ∇++∇µ≤ ∫∫∫∫ µ  

( ) ( ) ,2
1

22
3 3 tvCtv µ+∇µ≤  (3.19) 
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( ) ( ) ( )( ) ( ){ } τdxdydvgfvfvv ytxtyyxx
R

t
+φ+φ−+φ+∫∫∫

1

00
 

( ) { ( ) ( ) ( ) } τdxdydvvvgvvvfvv tyxxtyyxx
R

t
+φ′′++φ+φ′′+= ∫∫∫

1

00
 

( ) { ( ) ( ) } τdxdydvvgvvfvv ytxtyyxx
R

t
+φ′++φ′++ ∫∫∫

1

00
 

( ) ( ) ( ) ( ) ,2
0

2
0

0
22

0
03 3 ττττττ dvCdvcdvc t

t
t

tt

∫∫∫ µ+∇+∇+µ≤  

(3.20) 

where 0>µ3  is a sufficient small constant, which satisfy ,1 03 c−µ   
and 3µC  is a positive constant. 

Notice that 

,
000

τττ dydvvddyvvvvdydvv yyx
R

t
yyx

R
y
yyx

t
yxy

R

t

∫∫∫∫∫∫ =






 +−=− +∞=
−∞=  

then by (3.1) and Sobolev’s inequality, we obtain that 

τdxdydBx
R

t
1

1

00
∂∫∫∫  

( ) ( )( ) ( ){ } τdydvgvvvvvfvfv x
xyxyyxxxxxx

R

t 1
0

0
=
=+φ++−φ−+φ= ∫∫  

( ) τdydvvvv x
xyytttx

R

t 1
00

2 =
=+−−= ∫∫  

( ) ( )( ) τττ dydyvyv xx
R

t 22
0

,0,,1,2
1 +≤ ∫∫  

( ) ( ) ( ){ } ττττ dydyuyuyu ytt
R

t 22222
0

,4,,2
1

+++ ∂+∂+∂+ ∫∫  

( ) ( ) ( ){ } ττττ dydyuyuyu ytt
R

t 22222
0

,4,,2
1

−−− ∂+∂+∂+ ∫∫  
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( ) ( ) ( )
( )


 ∂++µ≤ +µ ∫∫ 2

,
2

0
2

0
4 24 ,

ytLtx
t

xx
t

ytuCdvCdv ττττ  

( )
( )

( )
( )

( )
( )

2
,

2
,

22
,

2
222 ,,,

ytLtytLyytLt ytuytuytu −++ ∂+∂+∂+  

( )
( )

( )
( )

,,, 2
,

22
,

2
22 


∂+∂+ −− ytLyytLt ytuytu    (3.21) 

where 04 >µ  is a sufficient small constant, and CC ,4µ  are positive 

constants. 

τdxdydBx
R

t
1

1

00
∂∫∫∫  

( ) τdydvvv x
xxtttt

R

t 1
00

=
=−−= ∫∫  

{ ( ) ( ) ( ) ( )} dyyxvyxvyxtvyxtv x
xyyxyyx

R
1
0,,0,,0,,,, =

=−+ ∫  

( ) ( ( ) ( )) ττττ dydyuyuyv ttx
R

t
,,,1, 32

0
++ ∂+∂≤ ∫∫  

( ) ( ( ) ( )) ττττ dydyuyuyv ttx
R

t
,,,0, 32

0
−− ∂+∂+ ∫∫  

,2,21,22,11,1 PPPP ++++   (3.22) 

where 

{ ( ) ( ) ( ) ( ) } ,,,0,,,1, 22
1,1 dyytuytvytuytvP yxyx

R
−+ ∂+∂= ∫  (3.23) 

( ) ( ( ) ( ) )dyytuytuytvP ttx
R

,,,1, 2
2,1 ++ ∂+∂= ∫  

( ) ( ( ) ( ) ) ,,,,0, 2 dyytuytuytv ttx
R

−− ∂+∂+ ∫  (3.24) 
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{ ( ) ( ) ( ) ( ) } ,,0,0,0,0,1,0 2
1,2 dyyuyvyuyvP yxtx

R
−+ ∂+∂= ∫  (3.25) 

( ) ( ( ) ( ) )dyyuyuyvP ttx
R

,0,0,1,0 2
2,2 ++ ∂+∂= ∫  

( ) ( ( ) ( ) ) .,0,0,0,0 2 dyyuyuyv ttx
R

−− ∂+∂+ ∫  (3.26) 

Similar to (3.21), we can easily get that 

( ) ( ( ) ( )) ττττ dydyuyuyv ttx
R

t
,,,1, 32

0
++ ∂+∂∫∫  

( ) ( ) ττττ dvCdv x
t

xx
t 2

0
2

0
5 5 ∫∫ µ+µ≤  

( )
( )

( )
( )

( )
( )

,,,, 2
,

22
,

22
, 222 






 ∂+∂+∂+ +++ ytLyytLtytLt ytuytuytuC  

(3.27) 

( ) ( ( ) ( )) ττττ dydyuyuyv ttx
R

t
,,,0, 32

0
−− ∂+∂∫∫  

( ) ( ) ττττ dvCdv x
t

xx
t 2

0
2

0
5 5 ∫∫ µ+µ≤  

( )
( )

( )
( )

( )
( )

,,,, 2
,

22
,

22
, 222 






 ∂+∂+∂+ −−− ytLyytLtytLt ytuytuytuC  

(3.28) 

where 05 >µ  is a sufficient small constant, and CC ,5µ  are positive 

constants. 

By Sobolev’s inequality and Holder’s inequality, we obtain that 

( )
( )

( )
( )

( ( ) ( ) )dyytuytuyxtvyxtvCP yyxLxxxLx
R

,,,,,, 22
1,1 2

1

2
2
1

2 −+ ∂+∂≤ ∫  



NONLINEAR STABILITY OF PLANAR STATIONARY … 75

( ) ( ) ( ) ( ) ( )
2
1

2
1

22
22 ,,,,, 







 ∂






≤ +∫∫ dyytudyyxtvyxtvC y
RxLxxxLx

R
 

( ) ( ) ( ) ( ) ( )
2
1

2
1

22
22 ,,,,, 







 ∂






+ −∫∫ dyytudyyxtvyxtvC y
RxLxxxLx

R
 

( ) ( ) ( ) ( )dyyxtvyxtv xLxxxLx
R

22 ,,,,∫≤  

( ) ( ) ,,, 2222






 ∂+∂+ −+ ∫∫ dyytudyytuC y

R
y

R
 (3.29) 

( ) ( ) ( ) ( ) ( ) ( ) ,,,,, 2
6

2
622 tvCtvdyyxtvyxtv xxxxLxxxLx

R
µ+µ≤∫  (3.30) 

( ) ( ) ( ) ( ) ( )dyytuytuCdyytu tLyttLy
R

y
R

22 ,,, 2222
+++ ∂∂∂≤∂ ∫∫  

( )
( )

,, 2
,

2

1,0
2 ytLyt ytuC +

=

∂∂≤ ∑ k

k
 (3.31) 

( ) ( ) ( ) ( ) ( )dyytuytuCdyytu tLyttLy
R

y
R

22 ,,, 2222
−−− ∂∂∂≤∂ ∫∫  

( )
( )

,, 2
,

2

1,0
2 ytLyt ytuC −

=

∂∂≤ ∑ k

k
 (3.32) 

where 06 >µ  is a sufficient small constant, and CC ,6µ  are positive 

constants. 

Similar to the process of (3.29)-(3.32), we have 

( ) ( ) ( )
( )

( )
( )

,,, 2
,

2
,

3

1

2
7

2
72,1 22 






 ∂+∂+µ+µ≤ −+

=
∑ ytLtytLtxxx ytuytuCtvCtvP kk

k

 

(3.33) 

where 07 >µ  is a sufficient small constant, and CC ,7µ  are positive 

constants. 
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( ) ( ) ( ) ( ) ( ) dyyuCdyyxvyxvP y
RxLxxxLx

R
22

001,2 ,0,, 22 +∂+≤ ∫∫  

( ) dyyuC y
R

22 ,0−∂+ ∫  

( )
( )

( )
( )


 ∂∂+∂+∇+∇≤ ++

2
,

22
,

22
0

22
0 22 ,,

ytLytytLy ytuytuvvC  

( )
( )

( )
( )

,,, 2
,

22
,

2
22 


∂∂+∂+ −− ytLytytLy ytuytu   (3.34) 

( )
( )

( )
( )

,,, 2
,

2
,

3

1

2
102,2 22 






 ∂+∂+∇≤ −+

=
∑ ytLtytLt ytuytuCvCP kk

k
 (3.35) 

where C is a positive constant. 

Combining (3.22)-(3.35) gets 

τdxdydBx
t

R

t
2

00
∂∫∫∫  

( ) ( ) ( ) ( ) 







++








+µ≤ ∫∫ µ ττττ8 dvtvCdvtv x

t
xxx

t
xx

2
0

22
0

2
8  

{ },2
0

2
0

22
0 RvvC +∇+∇+  (3.36) 

where 08 >µ  is a sufficient small constant, and CC ,8µ  are positive 

constants. 

Integrating (3.13) over ( ) [ ] Rt ×× 1,0,0  with respect to ( ),,, yxt  and 

combining (3.14)-(3.21), (3.36), we obtain that 

( ) ( ) ( ) ( )( ) τττ dvvtvtv t
t

t
222

0
222 ∇+∇+∇+∇ ∫  

( ) ( ) ( ) ( ) .222

0
22

0
2
0 













 +∇+φ+∇++≤ ∫ ττττ dvvvtvREC tx

t
 

(3.37) 

Hence (3.12) and (3.37) imply (3.5). 
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Moreover, we can proof (3.4) the exact same way as in [1], we omit 
the detail here, then this complete the proof of Theorem 3.1. 

4. Algebraically Weighted Energy Estimates 

Theorem 4.1. Let ( )yxtv ,,  be the global solution to the problem 

(3.1)-(3.3), which is constructed in Theorem 3.1 under the smallness 

condition on .00 RE +  If 1
1

2
0 , αα ∈∈ HvHv  for 0≥α  and the boundary 

data ( )ytu ,±  satisfies (2.3), then we have 

( ) ( ) ( ) ,1,, 2
2

α−
γα ++≤ tRECyxtv H   (4.1) 

for any γ  with .0, ≥α>γ t  

Obviously, Theorem 2.2 is a direct consequence of Theorem 4.1, in 
order to prove Theorem 4.1, we need to prove the following priori 
estimates: 

Proposition 4.2. Let ( )yxtv ,,  be the solution of problem (3.1)-(3.3) 

satisfies the same condition as given in Theorem 4.1, and ,0≥α  then for 
any γβ,  with ,,0 α≤βγ≤  we get 

( ) ( ) ( ) ( ) ( ) ( ) τττ dvvvvtvvvvvt
Ltt

t

Ltt
22

0
22

22 ,,,1,,,,1
ββ

∇∇∇++∇∇∇+ γγ ∫  

( ) ( ) ( ) ( ) ττττττ dvdv
L

t

Lx
t 2

0

2

0 2
1

2 11
−ββ

γγ +β+φ++ ∫∫  

( ) ( ) ( ) ( ) τττ dvvvvvCREC
Ltt

t 221
0

22
2,,,,1
β

∇∇∇+γ++≤ −γ
γβ ∫  

( ) ( ) ( ) ,,,,1 22
0 2

1
τττ dvvvvC

Ltt
t

−β
∇∇∇+β+ γ∫  (4.2) 

where C is a positive constant independent of β  and .γ  
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Proof. Multiply (3.6) by ( ) ( ) ,11 βγ ++ xt  we obtain 

( ) ( ){ } ( ) ( ) ( ) ( ) ( ){ }21
1 111111 JJxtIxtIxt xt −++∂+++γ−++∂ βγβ−γβγ  

( ) ( ) ( ) ( ) ( ){ } ( ) ( ) .0111111 21
1 =+++++∂+−++β− βγβγ−βγ LxtKxtJJxt y  

(4.3) 

Integrating (4.3) over ( ) [ ] Rt ×× 1,0,0  with respect to ( ),,, yxt  and 

similar to the calculation of (3.12), we have that 

( ) ( ) ( ) ( ) ( ) ( ) τττ dvvtvvvt
Lt

t

Lt
2

0
2

22 ,1,,1
ββ

∇++∇+ γγ ∫  

( ) ( ) ( ) ( ) ττττττ dvdv
L

t

Lx
t 2

0

2

0 2
1

2 11
−ββ

γγ +β+φ++ ∫∫  

( ) ( ) ( ) ( ) τττ dvvvCvvvC
Lt

t

L
21

0
2

001 22 ,,1,,
ββ

∇+γ+∇≤ −γ∫  

( ) ( )( ) ( ) ( ) ,1,1 22
0

6
22

0 2
1

ττττττ dvCRdvvC
t

Lt
t

∇+µ++∇+β+ γ
γ

γ ∫∫ −β
 

(4.4) 

where 9µ  is a sufficient small constant and C is a positive constant 

independent of β  and .γ  

Next, multiplying (3.13) by ( ) ( ) ,11 βγ ++ xt  one gets 

( ) ( ){ } ( ) ( ) AxtAxtt
β−γβγ ++γ−++∂ 1111 1  

( ) ( ) ( ){ } ( ) ( ) ( )21
1

21 1111 BBxtBBxtx +++β−+++∂+ −βγβγ  

( ) ( ){ } ( ) ( ) ( ) .01111 3213 =−−+++++∂+ βγβγ DDDxtBxty   (4.5) 

In what follows, we give the estimates of some terms of (4.5) one by one. 
Since 0,0 >′′>φ fx  and fx ′′φ ,  are bounded, then we obtain that 
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( ) ( ) ττ dxdydDx
R

t
2

1

00
11 βγ ++∫∫∫  

( ) ( ) ( ) ,11
1

00
QvdxdydvvxC yyxx

R

t
++++≤ βγ∫∫∫ ττ  (4.6) 

where 

( ) ( ) ( ) ( ( ) ( ) ) ττ dxdydvvgvvfvvxQ yxyyxx
R

t
φ+′+φ+′+++= βγ∫∫∫ 11

1

00
 

( ) ( ) ( ) ( ) .11 2
0

22
0

10 2
1102 ττττττ dvCdv

L

t

L

t

−ββ
∇++∇+µ≤ γ

µ
γ ∫∫  (4.7) 

( ) ( ) ( ) ττ vdxdydvvxC yyxx
R

t
+++ βγ∫∫∫ 11

1

00
 

( ) ( ) ( ) ( ) ττττ vdxdydvxCdxdydvxC x
R

t

R

t 11

00
21

00
1111 −βγβγ ++β+∇++≤ ∫∫∫∫∫∫  

( ) ( ) ( ) ( ) ,1111
1

00
1
0

0
ττττ dxdvvxdydvvxC y

yy
tx

xx
R

t
+∞=
−∞=

βγ=
=

βγ ++++++ ∫∫∫∫  

(4.8) 

( ) ( ) ττ vdxdydvxC x
R

t 11

00
11 −βγ ++β ∫∫∫  

( ) ( ) ( ) ( ) ,11 2
0

2
0

10 2
1102

1
ττττττ dvCdv

L

t

L

t

−β−β
∇+β++βµ≤ γ

µ
γ ∫∫  (4.9) 

( ) ( ) ττ dydvvxC x
xx

R

t 1
0

0
11 =

=
βγ ++∫∫  

( ) ( ) ( ) ( ) ττττττ dvCdv
tt 2
0

22
0

10 11 10 ∇++∇+µ≤ γ
µ

γ ∫∫  

( ) ( ) ( )( ) ,,,1 22
0

ττττ dyduyuuyuC
R

−−++
γ∞+

−+−++ ∫∫  (4.10) 
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where 010 >µ  is a sufficient small constant, and CC ,10µ  are positive 

constants. 

Using (3.18)-(3.20) gets 

( ) ( ) ττ dxdydDx
R

t
3

1

00
11 βγ ++∫∫∫  

( ) ( ){ } ( ) ( ) dxdydDxdxdyDx
t

R
tr

r
R

τττ 2
1

0

1

0
0

1

0
11211 β−γ=

=
βγ ++γ−++= ∫∫∫∫∫  

( ) ( ) ( ) ( ) ( )( ) ( ){ } dxdydvgfvfvvx ytxtyyxx
t

R
ττ +φ+φ−+φ+++− βγ∫∫∫ 11

0

1

0
 

( ) ( ) ( ) ( ) ( ) ( ) 2
0

2
00

222
11 22112 ,,,11

βββ
∇∇+∇++∇+µ≤ γ

µ
γ

LLL
vvvCtvvtCtvt  

( ) ( ) ( ) ( ) ( ) ττττττ dvCdvvvC
Lt

t

L

t 2
0

221
0 2112 1,,1

ββ

γ
µ

−γ ++∇∇+γ+ ∫∫  

( ) ( ) ( ) ( ) ( ) ,11 2
0

0
22

0
011 22 ττττττ dvcdvc

Lt
t

L

t

ββ
∇++∇++µ+ γγ ∫∫  (4.11) 

where 011 >µ  is a sufficient small constant, which satisfy ,1 011 c−µ   
and CC ,11µ  are positive constants. 

By the boundedness of ,,,, fgfx ′′′′φ  we have 

( ),2222
1 vvCvB ∇+∇+µ≤ µ  

( ),22222
2 vvvCvB t ∇+∇+∇+µ≤ µ  

then it is easy to get 

( ) ( ) ττ dxdydBx
R

t
1

11

00
11 −βγ ++β∫∫∫  

( ) ( ) ( ) ( ) ( ) ,,11 22
0

2
0

12 2
1122

1
ττττττ dvvCdv

L

t

L

t

−β−β
∇∇+β++βµ≤ γ

µ
γ ∫∫  

(4.12) 
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( ) ( ) ττ dxdydBx
R

t
2

11

00
11 −βγ ++β∫∫∫  

( ) ( ) ( ) ( ) ( ) ,,,11 22
0

2
0

12 2
1122

1
ττττττ dvvvCdv

Lt
t

L

t

−β−β
∇∇∇+β++βµ≤ γ

µ
γ ∫∫  

(4.13) 

where 012 >µ  is a sufficient small constant and 12µC  is a positive 

constant. 

Similar to the calculation of (3.21) and (3.36), we obtain that 

( ) ( ){ } ττ dxdydBxx
R

t
1

1

00
11 βγ ++∂∫∫∫  

( ) ( ) ( ) ττ dydvvvvx x
xyytttx

R

t 1
0

0
211 =

=
βγ +−−++= ∫∫  

( ) ( ) ( ) ( ) ττττττ13 dvCdv x
t

xx
t 2

0
2

0
11 13

γ
µ

γ +++µ≤ ∫∫  

( ) ( ) ( ) ( )( ) τττττ dydyuyuyuC ytt
R

22222
0

,,,1 +++
γ∞+

∂+∂+∂++ ∫∫  

( ) ( ) ( ) ( )( ) ,,,,1 22222
0

τττττ dydyuyuyuC ytt
R

−−−
γ∞+

∂+∂+∂++ ∫∫  

(4.14) 

( ) ( ){ } ττ dxdydBxx
R

t
2

1

00
11 βγ ++∂∫∫∫  

( ) ( ) ( ) ττ dydvvvx x
xxtttt

R

t 1
0

0
11 =

=
βγ −−++= ∫∫  

( ) ( ) ( ) ,
0

1
111 0

1
0 =

=









+−+γ+− =
=

γ−γβ ∫∫∫
x

x
dyvvdydvvx t

yyx
R

yyx
R

t τ
ττττ  

(4.15) 
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( ) ( ) ( ) ( ) 2,22,1
1
0

0
111 CPPtCdydvvvx x

xxtttt
R

t
++≤−−++ γ=

=
βγ∫∫ ττ  

( ) ( ) ( ) ( ){ } τττ dydvvvvvvC
xxtttxttttt

R

t

1
1

0
11

=
++γ++++ −γγ∫∫  

( ) ( ) ( ) ( ){ } τττ dydvvvvvvC
xxtttxttttt

R

t

0
1

0
11

=
++γ++++ −γγ∫∫  

( ) ( ) ( )








++µ≤ γ∫ τττ13 dvtv xx
t

xx
2

0
2 1  

( ) ( ) ( ) ( ),1 22
0

22
0

2
0

2
13 γ

γ
µ +∇+∇+









+++ ∫ RvvCdvtvC x
t

x τττ  

(4.16) 

( ) ( ) ( )
0

1
111 0

1
0 =

=









+−+γ+ =
=

γ−γβ ∫∫∫
x

x
dyvvdydvvx t

yyx
R

yyx
R

t τ
ττττ  

( ) ( ) ττττ dydvvCdydvvC xyyx
R

t
xyyx

R

t
0

1
01

1
0

11 =
−γ

=
−γ +γ++γ≤ ∫∫∫∫  

(( ) )1,21,11 PPtC +++ γ  

( ) ( ) ( ) ( ),,1 22
0

22
0

21
0

γ
−γ +∇+∇++γ≤ ∫ RvvCdvvC xxx

t
τττ   (4.17) 

where 013 >µ  is a sufficient small constant, and CC ,13µ  are positive 

constants. 

Integrating (4.5) over ( ) [ ] Rt ×× 1,0,0  with respect to ( ),,, yxt  and 

combining (3.15), (4.6)-(4.17) get 

( ) ( ) ( ) ( ) ( ) ( ) τττ dvvtvvvt
Lt

t

Lt
22

0
22

22 ,1,,1
ββ

∇∇++∇∇∇+ γγ ∫  

( ) ( ) ( ) ( ) τττ dvvvvCREC
Lt

t 221
0

22
2,,,1
β

∇∇∇+γ++≤ −γ
γβ ∫  



NONLINEAR STABILITY OF PLANAR STATIONARY … 83

( ) ( ) ( ) ( ) ( ) ( ) 222
0 22

1
,1,,1

β−β
∇++∇∇∇+β+ γγ∫ LLt

t
tvvtCdvvvC τττ  

( ) ( ) ( ) .,1 2
0 2 τττ dvvC

Lt
t

β
∇++ γ∫  (4.18) 

Notice that (4.4) and (4.18) imply (4.2), by (4.2) and use the exactly 
same method in [1], we have that 

( ) ( ) ( ) ( ) ( ) ( ) τττ dvvvvtvvvvvt
Ltt

t

Ltt
22

0
22

22 ,,,1,,,,1 ∇∇∇++∇∇∇+ γγ ∫  

( ) ( ) ( ) ( ) ,11 222

0
2

α−γ
γα

γ ++≤φ++ ∫ tRECdv
Lx

t
τττ  (4.19) 

for any γ  with .α>γ  

And (4.19) imply (4.1), then we complete the proof of Theorem 4.1. 
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