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Abstract

We investigate the nonlinear stability of increasing planar stationary wave of
initial-boundary value problem for damped wave equation with nonlinear
convection term in 2-dimensional space with two boundaries. For the non-
degenerate case, under the smallness conditions on the initial-boundary
perturbation, we use the standard energy method to obtain the global existence
of solution and the algebraic convergence rate of solutions toward the planar
stationary waves for such an initial-boundary value problem.

1. Introduction

In this paper, we consider the following damped wave equation with

a nonlinear convection term in two-dimensional space:

uy —Au+uy + fw), +gw), =0, t>0, (x,y)e(0,1)xR, (1.1
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with the initial condition
u(0, x, y) = up(x, y), (0, x,5) = wy(x, ), (v, ) €[0,1]xR, (1.2)
and the boundary condition
ut, 0, y)=u_@t, y), ult,1,y)=u.lt,y), t>0, yeR (1.3)

which satisfy w_(¢, y) = u_, u (¢, y) > u, as ¢t > +o for any fixed
y € R, where u, is given constant, which satisfy u_ < u,, and uy(0, y)
=u_(0, ¥), uo(L, ¥) = u,(0, ), w1 (0, y) = du_(0, ¥), 1 (1, y) = 0,1, (0, ¥)
for compatibility. We assume that f, g are smooth, and f is convex, i.e.,
f"(u) > 0 for any u under consideration, and (f(u), g(u)) satisfies the

following condition, which is called the sub-characteristic condition in
Ueda’s paper [1], i.e.,

1
' 2 ' 219
(17 @)+l @))% <1, (L.4)
forany v e Ifu_, u, |2[min{u_, u, } -1, max {u_, u, } +1].
The main purpose of this paper is devoted to studying the nonlinear
stability of planar stationary wave ¢(x), which is independent of ¢ and y,

and to deducing the decay rates of solution u(¢, x, y) toward the planar

stationary wave of the initial-boundary value problem (1.1)-(1.3). By the
way, we only consider the non-degenerate case f'(u,) < 0, we will use

the tricks in [1] to simplify the calculation of energy integral and the
method in [3] to deal with the boundary energy integral.

We recall that the stationary wave ¢(x) of (1.1)-(1.3) is the unique
solution of the following problem:

f(d))x = ¢xx, X € (0, 1), (15)

0(0) = u_, 6(1) = u,. (1.6)

According to [1, 3, 4, 7], we give the corresponding existence result

and related properties of ¢(x) for the non-degenerate case f'(u,) < 0 as

follow.
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Lemma 1.1. A necessary condition for the existence of solutions to the

boundary value problem (1.5)-(1.6) is f'(u,) < 0, we only consider the
case f'(u,) < 0. If u_ < u,, there exists a monotone increasing solution
O(x), if u. >u, and f(u)< f(uy) for we(u,, u_), there exists a
monotone decreasing solution ¢(x). In both cases, the solution ¢(x)

satisfies
|0%0@)| < Cluy —u_|, (1.7
for x € [0, 1], where k > 0 is an integer.

In recent years, the study of the initial-boundary value problem for
damped equations with a nonlinear convection term in multi-dimensional

half space
uy —Au+u, +div(f(u)) =0, t>0, x=(xq,x')e R"(:=R, xR"™),
u(0, x) = ug(x) > u,, as x; - +w, (1.8)

u (0, %) = uy(x), ult,0,x")=up, x' =(xg,x3, -, %,)eR",

has made much progress, where Au =uy, +-+uy o f=(f, fn)

For the non-degenerate case f{(u,) < 0, Ueda in [1] obtained the time

global existence of solutions of problem (1.8) in one-dimensional space in
an H-neighbourhood of the stationary wave under smallness condition on
initial perturbation, and by using the space-time weighted energy
method initiated by Kawashima and Matsumura [9], the time
convergence rate is algebraically (resp., exponentially) fast if the initial
perturbation decays algebraically (resp., exponentially) as x — -+oo.
Furthermore, Ueda et al. in [2] generalized the results in one-
dimensional half space [1] to the multi-dimensional half space for the

case f{(up) < 0, and Fan et al. in [4] showed the similar results as in [2]

still hold for the case f{(u) = 0.
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We note that the analysis in [1, 2, 4] relied on the smallness condition
on initial perturbation. Fan et al. in [5, 6] studied the global stability of
weak boundary layer solution to the initial-boundary problem (1.8) in
one-dimensional half space and two-dimensional half space, respectively,
together with the corresponding convergence rates (both algebraic and
exponential), provided the strength of the planar boundary layer solution
is suitably small. All the results in [1, 2, 4-6] were obtain under the non-
degenerate case. This paper is dedicate to investigate the nonlinear
stability of solutions and their decay rates toward the increasing planar
stationary wave of the initial-boundary value problem for damped wave
equation with nonlinear convection term in 2-dimensional space with two

boundaries under smallness condition on initial-boundary perturbation.

Remark 1.2. Denote the usual Lebesgues space by L2 = L2([0,1]x R)
with norm |f| = ||/f|;2 and Sobolev space by H? = H%([0, 1]x R) with
norm |f|, = |fll;2 + |Vfl2 + “VZ f“Lz, 0, denotes the partial differentiation
with respect to x and 0,, denotes the second order partial differentiation
with respect to x, y. Notice that o0,u = u,, 632€u = Uyy, Oyl = Uyy. And
let L*(t, y)= I*(Ry; L*(R)), L (x) = L2[0, 1], I*(y) = L*(R), L*(t) = L*(R,. ),
where

V= (04, 0y), V= (0%, 0yy» 03),

1/2

IVy| = {(axu)z + (ayu)2}1/2, ‘V‘?u‘ = {(aﬁu)z + 2(6xyu)2 + (6§,u)2}

o = (] [t P

For a € R, I3 = I2([0,1]x R) denotes the algebraically weighted L?

space with the norm

Iz = UR J ;(1 + o) 2 (=, y)dxdle/Z_
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Throughout this paper, C denotes a positive constant, it may be

different in different place, but we use the same notation for simplicity.
2. Main Results

We state our main results of this paper as follow:

Theorem 2.1. Let ¢(x) be the stationary wave of the problem (1.5)

and (1.6), which is monotone increasing in x € [0,1]. Assume that

uy — o € H?, u; € H' and the boundary data u.(t, y) satisfies
us(t, y)—us € H (R,; I*(R)), 0jus(t, y) e H'(R,; I*(R)). (2.1)
Put

Eo = [uo = dlly + el

w

Ry = 3 (I (et 3) — w2,y + 05 -, )~ )2, )
k=0

kA2 kA2
+ 3 (10802, (6 ) iz, ) + 10502 ) D2, )
k=0,1

there is a positive constant 8, such that if Eq + Ry < 8¢, then the initial-

boundary problem (1.1)-(1.3) has a unique global solution u(t, x, y) with
u-¢eC(R; H?), u e L*(Ry; HY),

and

lim sup  |ult, x, y) - ¢(x)| = 0,
t=>® (x, y)el0, 1]xR

lim sup  |V(ult, x, y)— ¢(x))| = 0. (2.2)

1= (x, y)el0, 1]xR
In this paper, we only consider the algebraic stability case since the
exponential stability result can be obtain similarly. Now we give the

algebraic stability result.
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Theorem 2.2. Let ¢(x) be the stationary wave of the problem (1.5)
and (1.6), which is monotone increasing in x < [0, 1], and let u(t, x, y) be
the global solution of the problem (1.1)-(1.3), which is constructed in

Theorem 2.1 under the smallness condition on Eq + Ry. If ug — ¢ € H2,

u; € HY for o > 0 and the boundary data u,(t, y) satisfies

L+ 0) (et ¥) —us) € HY(Ry; LA(R)), (1+0)'05us(t, y) € H'(R,; L*(R)),

(2.3)

for any y with y > a, then we have

(@, %, ) - @)z < C(Eq + R,)(1+1) %/, (2.4)

for t > 0, where E;, = |uy - ¢||H§ + "ulllHé and

DO |

e - U:J.ROJFT)Y('@?(”*(T’ ) - )F +10F (u_(r, y)—u)|2)dyde

3
k=0

o=

v U: JR(l + 1) (lof 02u, (v, y)? +|0Fo2u_(r, y)IZ)dydTJ :

k=0,1

3. Uniform Energy Estimates

In this section, we introduce a new unknown function v(t, x, y) by

u(t7 X, y) = ¢(x)+ U(t, X, y),

where ¢(x) is the stationary solution of problem (1.5) and (1.6), then the

initial-boundary problem (1.1)-(1.3) can be reformulated as

Uy _AU+Ut +(f(v+¢)_f(¢))x +g(v+¢)y :07 t>07 (x’ y)E(O, 1)><R7

(3.1)
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v(0, x, ¥) = vo(x, ¥) = ug(x, ¥) - d(x)
, (x,y)e[0,1]x R, (3.2)
Ut(07 X, y)zvl(x’ y)éul(x’ y)

v(t, 0, y) = u_(t, y)—u_, v(t, 1, y) = u ¢, y)~u,, t20,y¢e R (3.9

Theorem 3.1. Assume that the same conditions as those in Theorem 2.1
hold and that vy € H2, v € H' and the boundary data satisfies (2.1). If
there is a positive constant 8q such that if Ey + Ry < 8¢, then the initial-

boundary problem (3.1)-(3.3) has a unique global solution v(t, x, y) with
veC(R,; H?), v, e I*(R.; HY),
and

sup  |v(t, x, y)] > O, sup  |[Vu(t, x, ¥)| > 0, as t — +.
(x, ¥)e[0, 1]xR (x, ¥)€[0, 1]xR

(3.4)

Theorem 2.1 is a direct consequence of Theorem 3.1, and the local
existence combining with the priori estimates can prove Theorem 3.1. For

any T > 0, we define the solution space by
X(0,T) = {v e C([0. T]; H?), v,  L*([0, T]; H),
with 0™v(t, x, y)|,_o, < +o, for t € (0, T], me Z,}.

We can show the local existence of the solution for problem (3.1)-(3.3)
in a standard way, so we omit the details. The following proposition gives

a priori estimate.

Proposition 3.2 (Priori estimate). Suppose that v is a solution of
(3.1)-(3.3) in X(0, T) for a positive constant T. Put

o = looly +lerly, E@) = sup (@, ey,

then there exists a positive constant & independent of T, such that if

E(T) < 3, then v satisfies the following energy estimate:
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o + o @FF + [ (oo + 190 + o) Jar < €25 + R

(3.5)
for t € [0, T], where C is a positive constant.
Proof. Calculate 2 x (3.1)v; + (3.1)v, we obtain that
0T +0,(Jy —J3)+0,K + L =0, (3.6)
where
1= 5ot wof + Vo + oo+ 20, [ (7 +n)- F@)dn
v
Ty = (F(6+0) = F@D0 - [ (76 + )~ F@)an,
J9 = 200, + VU, 3.7

v+¢
K = g(d+v)v- I g(s)ds — 2vv, — vy,
¢

L = v? +|[Vu]* + 2f'(¢ + v)vu, +28'(¢ + v)v,U;

w0 [ (P = r@)an.

According to the smallness condition E(T) < § and the Sobolev’s
inequality, |v| and |Vu| are bounded and by Ueda’s paper [1], we have

the following estimate:
c(vt2 +[vol? +0? + d)xvz) <Ic< C(vt2 +|Vol? + 0% + ¢x02),
Iy < —cv?, | Jg] < C(oF +[V0l2 + [v] Vo)) (3.8)
c(vtz + Vo + ¢x02) <L < C(vt2 + Vo + ¢xv2),

where ¢ and C are positive constants independent of 7.
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1
Now we estimate the integral ISJRJ.O O, (J1 — J9 )dxdydr as follow:

t 1 +00 9 9
j j j aledxdydecj j (juy (72 ) = s 2+ u_(r, ) - u_|?)dydr,
0JRJO 0 R

(3.9

f; IRIOI OxJ adxdydr = J.Otj.R{%‘m(T, )+ (g (7, y) = w, )oe(r, 1, y)dydr
I; IR{26tu_(T, ¥)+(u_(t, y)—u_)}v,(t, 0, y)dydr
<o [ ] {30 P a5, 3) - Py

* G IOMIR Yo, (r, )P +lou_(r, y)2}dydr

t
+ Hljo J‘R(Ug%(’r, 1, y)+v2(r, 0, y))dydr, (3.10)

where p; > 0 is a sufficient small constant and C,, is positive constant.

t t
Jo JR(vg(T, 1, y)+ v,zc('r, 0, y))dydr < Io J‘R2||vx ||L2(x)||vxx ||L2(x)dyd'r

t 2 2
< [ Al + el v
t
< [ (e + ool )ar. @)

Integrating (3.6) over (0, ¢)x[0,1]x R with respect to (¢, x, y), and
combining (3.7)-(3.11), we have that
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O + 1o + [ ([Noco @[ + 170 + ol Jar

t
0

t
< [ Joweldr + ool +oal? + et )= Iy,

N R N0 Y VR A AT
Next, calculating 2 x V(3.1)Vy; + V(8.1)Vu, we obtain that
0;A +0,(By + By)+0,Bs + (D — Dy — D3) =0, (3.13)
where
A = 2o + Vo, + [Vl + Vove,
By = v (f(9+v) = f(9)), +vx8(0+0)y = VxUsy = UyyVy,

By = 20,(f(¢ +v) - f(¢))x +2v,8(9 + U)y — 204Uy — 20y Uy,

By = {(F(0+0) ~ f(®))x + 86+ )y — Ugy — Uy (vy +20,),  (3.14)

Dy = |VZ]* +|Vu,|?,
Dy = (e + vy M (F(0 +0) — £(0)), + &(0 +v), ).

Dy = (vaat + 0y ) {(F(0 +0) = F()), + £(6 +v), )
Similar to (3.8), one gets
c(IVu 2 + [Vol? + [V22) < A < C([Vu 2 + [Vol? + [VR2).  (3.15)
where ¢ and C are positive constants independent of 7.

Now estimates the integral of (3.14)

t 1 ¢ . ,
Ji[ [ poasaran < ] e @ an + G [ WEo G #1900,

(3.16)



NONLINEAR STABILITY OF PLANAR STATIONARY ... 71

where pp >0 is a sufficient small constant and C,, is a positive

constant.

t 1 1
Dodxdyd :j j Dy [" dxd
jojRIO ssdydr = [ [ Dy[Zdxdy

- I; IR '[ : (Ve + 0y ) (0 + V) = F@))y + (6 + V), fdxdydr.  (3.17)

Let ¢/ = 1[112?5+]|fv(u)|, cg = I[rz?_?zi]lgl(u)l’ and ¢y = max{cs, ¢g},

according to the sub-characteristic condition, we have ¢y < 1. By the

boundedness of [Vu|, || gets

1 1
JR_“O Dyl _odxdy = -[R-[O (Voxx + Voyy ) (F'(0 +vg) = f1(9)) b dxdy
1
+J.R-[0 (UOxx +U0yy )(f'(¢+vo )UOx +g'(¢+vo )UOy )dxdy
< chjOl(pOF + Voo [? +[V20g |2 )dxdy, (3.18)
1
.[R.[O Doy dxdy
1
=[] ale 5 3) 40y 6 3D (PG4 000, 2. )= F(8) by
1 !
o[ [ ult w340y 6w )6+ vt 3, D)o, . )ddy

1
e[ ] @l 5 9) 005 96+ vle 3, )0y . )dxdy

IA

H3J.RJ.;|VZU(t)|2dxdy +Cy, J.RJ.: (|v(t)|2 + |Vv(t)|2)dxdy

IA

ug[ V2O + Cuy v OI7, (3.19)
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1
-[;-[RJ.O (Vxx + Uyy) {(F(& +v) = £(0)),; + (0 + V) ye Vdxdydr
t 1
= .[0 JRIO (Ve + Uy V(0 + V) (9 + vy ) + 87(0 + v)vyv, fdudydr
1
+ J;JRIO (Ugy + Uy (0 + V)V + &'(§ + V)V, dxdydT

L2 (2 ! 2 g 2
< (g + )] V(P dr +cof [Vor(m)Par+ €y, [ o)

(3.20)
where p3 > 0 is a sufficient small constant, which satisfy pg <1 - ¢,

and Cus 1s a positive constant.

Notice that

t t t
=+
JOJR_ UyyUydydT = .[0[_ veUy [ + Jvavyydyde = JOJvavyydydT,

then by (3.1) and Sobolev’s inequality, we obtain that

t 1
J J J‘ 0, Bidxdydr
0JRJO

t
- IO .[R {Ux (F(¢ +0) = F(§))y = VaVsx + UgUyy + v g+ U)y} i:%)dyd'r

t
-1
- Joijx( — U — Uy + 20y )| 2o dydT

1 t
< §IOJR(|Ux(T, 1, y)|2 + |Ux(’r, 0, y)|2)dydT

1 t
e 5[ ] Hour o) +10fu, (9P + 403w, (r, ) fdyar

1 t
e 5 [ [ low e P 1ot r, )P + 40%u(x, ) dyas
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t 2 t 2 2
< JowlFar + Cy, [ loedr + C{loge, 1,

2 2 2 2 2
+ ”at u+(t? y)"LZ(t,y) + "ayu+(t’ y)||L2(t,y) + ”atu*(t? y)"LZ(t,y)

b, 3y, 103 Dy, y)}, (3.21)

where py > 0 is a sufficient small constant, and CH " C are positive

constants.

t 1
J I I 0, Bidxdydr
0JRrRJO
- *=1 dyd
~Jo R( Uy =V )0t [ gy
+ IR{Ux(ta X, y)vyy(t, X, y)— Ux(o’ X, y)vyy(o, X, y)}li:](-)dy
t
: J.oJ.Rlvx(T’ L ) (0fu (v, y) + dfu (v, y))| dydr

t
e [ [ Joetr, 0, 3)@Fu (v, 5)+ S, ) dyar

+ P +P 2+ Py +P, (3.22)

where

P = [ e 1 l1o3u @ )+ et 0, 90050 )}y, (3:28)
Py = [ ot 1 (0. & )] + 107w, 6 )y

+ j Joelt, 0, )l (e, )+ 102u_(t, y)|)dy, (3.24)
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Py = IR{lvx(O, 1, )|10,u5 (0, )| +[vx(0, 0, y)[[05u_(0, y)|}dy, (3.25)
P2,2 = J.Rlvx(O, 1, y)l (latu+(0’ y)l + |8?u+(0, y)l)dy

+ j 020,09/ (00, )] + 102u_(0, y)|)dy. (3.26)
Similar to (3.21), we can easily get that
t
[ ] Jextr. 1 ) (@GPuce, 9) + G, ) dyds
t 2 t 9
<us [ Iowldr + Gy [ st
; C{"@u G, Rt N, + 0% )P }
P TR,y - T 2,y YT ’

I2(t,y)

(3.27)

t
j ) j o0, ) (0%u_(r, y) + 03u_(r, y))|dydr
t 2 ¢ 2
<5 [ oI dr + Gy [ o) dn

2 2 2
+ C{Hﬁtu—(t, y)"LZ(t » + |oFu-(, y)"LZ(t ) + "631‘—@’ y)"LZ(t y)}’

(3.28)

where pg > 0 is a sufficient small constant, and C

s C are positive

constants.

By Sobolev’s inequality and Holder’s inequality, we obtain that

1 1
9 P 2 2
P1,1 < IRC"vx(t’ X, y)"iz(x)”vxx(t’ X, y)”i2(x)(|6yu+(t’ y)l + |a u—(t’ y)l)dy
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Bo [

1
2
< C[IR||UX(t’ X, y)"Lz(x)"Uxx(t’ X, y)"Lz(x)dyj (JR|6§U+(t’ y)lzdyj

b |~

1
2 2 2
[ ] Jonte 5 DMzt Dz | [ o3 e
< [ Ioelts 2 9gzfoats . 3lg20dy
; c{ J R|a§u+(t, y)2dy + j R|82u_(t, y)|2dy}, (3.29)
[ Joele, 2 9z o . D2y < nellos @ + Cuglo O, .30

JRI8§M+(t, y)Pdy < CJRH@?M(% D205 @ )l z2¢)dy

IN

C orou. t, V2, 3.31
k;n oSt I, (3.31)

IN

2 2 2 2
[ 03 y)Pdy < Jofu-tt Dzglodiu- . 3lzqd

IA

C ofolu_@t, yI*, 3.32
k;n LRCEY (3.32)

where pg > 0 is a sufficient small constant, and C,., C are positive

W6

constants.

Similar to the process of (3.29)-(3.32), we have

3
Pz < waloa@F + o + €Y flofu e 0y, | +lofu-te 9l )
k=1 ’ ’

(3.33)

where p; > 0 is a sufficient small constant, and C, , C are positive

w7

constants.
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Py < JR”UOx(x’ 22 () P0sx (0 Y20y + CJRW%M(O, NPy

+ CI |0%u_(0, y)*dy
R

IN

2 22 2 2 2 2
{17l + 7200l + I3, 0 MMy, + 1Bt D,

+[02u_(t, y)||i2(t 9t |6,0%u_(¢, y)||i2(t y)}, (3.34)

A

3
Py < C|Voo|? + cZ{||a§u+(t, 0 N R 0 y)}, (3.35)
k=1 ’ ’

where C is a positive constant.

Combining (3.22)-(3.35) gets

j ; j . J' ; 0, Bodxdydr
< (o OF + [ om0+ G o + [ Jos(o)Par)

2 2
+ C{Iveol® + [V2uo|? + B3}, (3.36)
where pg > 0 is a sufficient small constant, and Cus’ C are positive
constants.

Integrating (3.13) over (0, ¢)x [0, 1]x R with respect to (¢, x, y), and
combining (3.14)-(3.21), (3.36), we obtain that

V2R + 19O + [ (195 + 7o, or
<c{B5 4 88 90 + [ W + 9o + T e |
(3.37)

Hence (3.12) and (3.37) imply (3.5).
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Moreover, we can proof (3.4) the exact same way as in [1], we omit
the detail here, then this complete the proof of Theorem 3.1.

4. Algebraically Weighted Energy Estimates

Theorem 4.1. Let v(t, x, y) be the global solution to the problem
(3.1)-(3.3), which is constructed in Theorem 3.1 under the smallness
condition on Ey + Ry. If vy € Hg, v € H. for a >0 and the boundary

data u.(t, y) satisfies (2.3), then we have
o, x, Y)lgz < C(E, + R,)(A + t)fa/2, (4.1)

for any y with y > a,t > 0.

Obviously, Theorem 2.2 is a direct consequence of Theorem 4.1, in
order to prove Theorem 4.1, we need to prove the following priori

estimates:

Proposition 4.2. Let v(t, x, y) be the solution of problem (3.1)-(3.3)
satisfies the same condition as given in Theorem 4.1, and o > 0, then for

any B, y with 0 <y, B < a, we get

t
@+ 0w, Vo, v, Vo, V20) O, + j @+ 7). Vo, Vo, VZ0) (D)2, dr
B 0 B
t 2 t
s j 1+ 1) Noxo()|dr + pj @+ ) o), dr
0 B 0 L
2 . p2 t -1 2 2
< C(E} +R%)+ 'yCJO(l + 1) Y(vy, Yoy, v, Vo, V U)(’r)"L%d’r

t
+BCI (1 + )|, Vor, Vo, V2) (D, dr, (4.2)
0 p-1

where C is a positive constant independent of p and v.
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Proof. Multiply (3.6) by (1 +t)'(1 + x)?, we obtain

o+ ) @+ P I} = y@ + 1) A+ P T+ 0, {1+ 1) (L + 2P () - Ty))

B ) (L )Ty —dy) 40, {0+ A+ 2P K+ (4 ) (4 1)L =0,

(4.3)

Integrating (4.3) over (0, t)x [0, 1]x R with respect to (¢, x, ¥), and

similar to the calculation of (3.12), we have that

t
@+ )'(0,. v, Vo) (O)]2, + j (@ + 1) (v, V) ()|, dr
Iy Jo Iy
t 2 t
" j (1+T)V||mu(7)||L2dT+ﬁI @+ 7)o, dr
0 B 0 Lg
t
< Cl(vr, o, Vo)l +vC[ W+ 7 (v v, Vo)), dr
B 0 B

t t
+ CB[ @), Vo), dr+ CRY g [ () |VP ()P
0 B-1 0

(4.4)

where pg is a sufficient small constant and C is a positive constant

independent of B and 7.
Next, multiplying (3.13) by (1 +¢)'(1 + x)?, one gets
o4ty @+ Ay A+ A
F 0@+ 0@+ 2P (By + By))- B+ 1) (L + P (B, + By)
+ 0,4+ (0 + xPByf+ A +1) (1 + x)P(Dy - Dy - Dy) = 0. (4.5)

In what follows, we give the estimates of some terms of (4.5) one by one.

Since ¢, > 0, f" > 0 and ¢,, f" are bounded, then we obtain that
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t 1
.[0 -[RJ.O 1+ 7)1 + x)P Dydxdydr

<C J.;J.RJ-; A+ 7)1 +x)P (v + Uyy Judxdydr | + Q, (4.6)

where

Q= U;JRI;(I + ) (1+ x)B(vxx + 0y ) (f'(V + vy + &'(0 + O)v, )dxdydr

t t
< ugo IO 1+ 1) [v20 (T)||i% dr+C,, Joa N T)v||w(¢)||z%_1 dr. 4.7)

t 1
cff [ [ @sn @ xP (o + vy odrdyar
0 0

t 1
< CJ' J' j 1+ 1) + 2P Vo2 dxdydr
0JRJO

t 1
+ CBI I J. 1+ 7)1+ )P Lo vdxdydr
0dRrJo

t t ol
+ CU I T+7)@+ x)Bvxv‘ﬁz(l)dydT + J I T+7)@+ x)ﬁvvaZfidxdT
0JR 0Jo

(4.8)

t 1
Cp U J j. 1+ 1)@+ x)P L ovdxdydr
0JRJO

t t
< wmob[ Q+ o @, dr+ Cubf A+ VIVOOE, dn @)

=L dydr

C‘J;J'R(l + 1)1+ x)Pu

t t
<o [ @+ IV G dr + Gy [ (L4 2 V0 (P

+ CJ'OMIR@ e (s (7 9) = s 2 4 fu(rs ) uPldydr,  (4.10)
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where pg > 0 is a sufficient small constant, and C C are positive

Mo°
constants.

Using (3.18)-(3.20) gets

t 1
J ) J . J' RS 2 Dydxdydr

1 1pt
= J. J. {(1 +7) (1 + x)BDZ} "= dxdy — yJ. I J. 1+ 7)1 + x)P Dydrdxdy
RJO RJ0JO

- J . jol j;(l + ) (4 2P (0 + 0y ) {(F(0 +0) = F(@))e + (6 + V), Jdrdxdy

< ppp(l+ t)y||V2U(t)||i% + Cyyy 1+ 1) (v, Vv)(t)lli% + C||(vo, Vv, VZug )||i%
oo @, Vo, V) ), dr + [k ),
0 ’ ) L% H11 0 t L%

t t
+ (s + o) @+ VRO, dr+ e[ L+ Vo) dr, @11
0 L3 0 Lg

where p;; > 0 is a sufficient small constant, which satisfy p;; <1 - ¢,

and C C are positive constants.

H11°

By the boundedness of ¢,., f', g', f", we have
1By| < wo? + C,([vof? + V2],
|By] < wo? + C,(|Vu, > + [Vof? +]v20]?),

then it is easy to get

'[ ; '[ . I 01 B(L+ 1) (1 + x)* L Bydxdydr

t t
< M12BJO @+ 7)o (T)"i%_l dr+Cypy B.[o @+ ) l(ve, Vzv)('r)lli%_l an

(4.12)
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_[; _[ 0 J.Ol B+ 1) (1 + x)P ! Bydxdydr

; t
2 2 2
< “12BJ.0 1+ ,r)v"v(T)"L%_1 dr + CHHBJ.O(l + 1) (Vug, Vo, V v)(T)||L%_1 dr,

(4.13)

where pjp >0 is a sufficient small constant and C,, is a positive

constant.

Similar to the calculation of (3.21) and (3.36), we obtain that

J;JRJ‘:@,C{G + 7)1+ x)BB1}dxdydT

*=L dydr

jSIR(l +7) 1+ x)ﬁvx( — U = Uy +20y,)

IA

t t
iy [ @ VoI dr + C, [0+ 7Y o ()P
+a0
L C j ) J s (100, (v, 9P + 1020, (7, 92 +[02u. (v, )2 )dyd

+0o0
eef ] as (16, D + 107 (r, )P + 102 (r, ) )y,

(4.14)
t 1
j j j 0. {( + 1)/ + x) By jdxdydr
0JRJIO
t
= .[0 .[R(l + 1) (1 + )P (= vy — vy oyl E2hdydr
I’ v-1 ' T=t v=1
-(1+x) j I Y1 + 1) vy, dydT — j 1+ 1) v,y 120dy ,
oJr R 20
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t
J'O J'R(l + 1) 1+ )P (= vy — vy Jvge|Zhdydr < C(1L+ )/ Py + CPy

# O {0 0+ ool 10+ 7w+ 0o

- dydr

+ CJ;IR{Q + T)yl(vttt + Uy Yo | + Y1+ T)Y_l|(vtt +y; )vx|}

o dydT
t
< s o OF + 00+ o) Pt

t
- CMS{HUX OF + [ 0+ (T)||2d7} + C(Ivool? + V200 | + R2),

(4.16)
¢ x =1
1+ x)p’“‘o JRy(l + T)Y_lvxvyydydn- - IR(I +7) U0y, I;%dy}
x =0
t y-1 t y-1
< cjo j 17 ooy || ydvde + € j X j 17 oo ||, odyar

+ C((l + t)ypl,l + P2’1)

IN

t
cyjoa 1 vy, v ) ()P + C(IV00 2 + V200 + R2),  @.17)

where 3 > 0 is a sufficient small constant, and C C are positive

K13
constants.

Integrating (4.5) over (0, t)x [0, 1]x R with respect to (¢, x, ¥), and
combining (3.15), (4.6)-(4.17) get

t
0+ I(Ve, Vo, VOOl + [ 10, VO O, dr

t
< C(EZ+R%)+Cy j (Ve v, Vo, V2u)(T)||Z23 dr



NONLINEAR STABILITY OF PLANAR STATIONARY ... 83

- B[ I(To, Vo, VRN, dr s € e, Vo) O,
0 Lg1 Lg

t
v Cf @, Vo)l dr (4.18)

Notice that (4.4) and (4.18) imply (4.2), by (4.2) and use the exactly

same method in [1], we have that

4
@+ 0o, Vo, v, Vo, VZ0) O, + I 1+ ) (ve. Vo, Vo, V) ()2, dr
0

+f ;(1 ) oo (0)|adr < C(EZ + B2) (L + 1), (4.19)

for any y with y > a.

(1]

(2]

(3]

(4]

(5]

(6]

(7

And (4.19) imply (4.1), then we complete the proof of Theorem 4.1.
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