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Abstract 

For a product preserving gauge bundle functor on vector bundles, we present 
some lifts of smooth functions that are constant or linear on fibers, and some 
lifts of projectable vector fields that are vector bundle morphisms. 
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1. Introduction 

Weil functors (product preserving bundle functors on manifolds) were 
used in [2] to define some lifts of geometric objects, namely, smooth 
functions, tensor fields, and linear connections on manifolds. 

Product preserving gauge bundle functor on vector bundles have been 
classified in [7]: The set of equivalence classes of such functors are in 
bijection with the set of equivalence classes of pairs ( ),, VA  where A is a 

Weil algebra and V is an A-module such that ( ) .dim ∞<VR  

In this paper, we adopt the approach of [2] to present some lifts of 
smooth functions that are constant or linear on fibers, and some lifts 
projectable vector fields that are vector bundle morphisms. 

2. Algebraic Description of Weil Functors 

Weil functors generalize through their covariant description ([3] and 

[6]) the classical bundle functors of velocities .rTk  Their particular 

importance in differential geometry comes from the fact that there is a 
bijective correspondance between them and the set of product preserving 
bundle functors on the category of smooth manifolds. 

2.1. Weil algebra 

A Weil algebra is a finite-dimensional quotient of the algebra of 

germs ( ) ( ).,0 NRR ∈= ∞ pC p
pE  

We denote by pM  the ideal of germs vanishing at pM;0  is the 

maximal ideal of the local algebra .pE  

Equivalently, a Weil algebra is a real commutative unital algebra 
such that ,1 NA A⋅= R  where N is a finite dimensional ideal of 

nilpotent elements. 

 



ON LIFTS OF SOME PROJECTABLE VECTOR … 83

Example 2.1. (1) { } pp ME=⋅= 01RR  is a Weil algebra. 

(2) ( ) ( ) 1
000 ,1, +=⋅= r

pp
prpr JJ MERRRRR   is a Weil algebra. 

2.2. Weil functors 

Let us recall the following lemma (Lemma 35.8 [6]): Let M be a 

smooth manifold and let ( ) AMC →ϕ ∞ R,:  be an algebra homomorphism 

into a Weil algebra A. Then there is a point Mx ∈  and some 0≥k  such 
that ϕker  contains the ideal of all functions, which vanish at x up the 

order ,k  i.e., ( ) 1ker +⊃ϕ k
xI  with { ( ) ( ) }.0, =∈= ∞ xfMCfIx R  More 

precisely, { } { }( ).01

ker

−

ϕ∈
= fx

f
∩  

One defines a functor nsfFA EM →:  by 

( ( ) ) ( ) ,:and,,: ∗∞ ϕ=ϕ= ffFAMCHomMF AA DR  

for a manifold M and ( ),, NMCf ∞∈  where ( ) ( )RR ,,: MCNCf ∞∞∗ →  

is the pull-back algebra homomorphism. 

Equivalently, if for a manifold M and a point ,Mx ∈  

( ( ) )AMCHom x ,, R∞  is the set of algebra homomorphisms from ( )R,MCx
∞  

into A, one may defines a functor nsfGA EM →:  by 

( ( ) ) ( ) ( ) ,:and,,: ∗∞

∈

ϕ=ϕ= xxxxAx
Mx

A ffGAMCHomMG D∪ R  

for a manifold M and ( ),, NMCf ∞∈  where ( )( ) ( )RR ,,: MCNCf xxfx
∞∞∗ →  

is the pull-back algebra homomorphism induced by .∗f  

AF  and AG  are equivalent functors: Indeed, let 

( ( ) ),,, AMCHom R∞∈ϕ  and { } { }( ).01

ker

−

ϕ∈
= fx

f
∩  By the previous 

lemma, there is a unique ( ( ) )AMCHom xx ,, R∞∈ϕ  such that the diagram 
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( ) AMC ϕ∞ →R,  

x
x

ϕ
↓π   

( )R,MCx
∞  

commutes; the maps xAAM MGMF ϕϕ→χ 6,:  are bijective and 

define a natural equivalence .: AA GF →χ  

Now, let A
A GT =  and ( ) .,:, xMTMMT x

AA
MA 6ϕ→π  

( )MA
A MMT ,,, π  is a well-defined fibered manifold. Indeed, let 

( ) miuUc i ≤≤= 1,,  be a chart of M; then the map 

 ( ) ( )UMAc
1

,: −πφ  →−−−  mNU ×  

xϕ         Ö →−−−  ( ( ( ( ))));, xuugermx ii
xx −ϕ  

is a local trivialization of .MT A  Given another manifold M ′  and a 
smooth map ,: MMf ′→  let 

MTfT AA :  →−−−   MT A ′  

 xϕ      Ö →−−−  .∗ϕ xx fD  

Then fT A  is a fibered map and FMM →fT A :  is a product 

preserving bundle functor called the Weil functor associated to A. 

Let ( ) miuUc i ≤≤= 1,,  be a chart of M; a fibered chart 

( ( ) ) ( )AKmiuU i
MA dim1,1,, ,1

, =≤α≤≤≤π α−  of MT A  is defined by 

( ),, iAi uTBpru DDα
α =  where KAB R→:  is a linear isomorphism 

and RR →α
Kpr :  is the th-α  projection. 
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3. Product Preserving Gauge  
Bundle Functor on Vector Bundles 

3.1. Product preserving gauge bundle functor on VB  

Let FMVB →:F  be a covariant functor from the category VB  of 
all vector bundles and their vector bundle homomorphisms into the 
category FM  of fibered manifolds and their fibered maps. Let 

fB MVBVB →:  and fB MFMFM →:  be the respective base 
functors. 

Definition 3.1. F is a gauge bundle functor on VB  when the 
following conditions are satisfied: 

● (Prolongation) ,VBFM BFB =D  i.e., F transforms a vector 

bundle ME q
→  in a fibered manifold MFE Ep

→  and a vector bundle 

morphism GE f
→  over NM f

→  in a fibered map FGFE Ff
→  over .f  

● (Localization) For any vector bundle ME q
→  and any inclusion of 

an open vector subbundle ( ) ,: 1 EUi −π  the fibered map 

( ) ( )UpUF E
11 −− →π  over Uid  induced by Fi is an isomorphism; then the 

map Fi can be identified to the inclusion ( ) .1 FEUpE −  

Given two gauge bundle functors 21, FF  on ,VB  by a natural 
transformation ,: 21 FF →τ  we shall mean a system of base preserving 
fibered maps EFEFE 21: →τ  for every vector bundle E satisfying 

fFfF GE 12 DD ττ =  for every vector bundle morphism .: GEf →  

A gauge bundle functor F on VB  is product preserving, if for any 

product projections 2211
21 EEEE

prpr
→−×−←  in the category ,VB  

( ) 2211
21 FEEEFFE

FprFpr
→−×−←  are product projections in the category .FM  

In the other words, the map ( ( ) ( ) ( )212121 :, EFEFEEFFprFpr ×→×  
is a fibered isomorphism over .21 MMid ×  
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Example 3.1. (a) Each Weil functor AT  induces a product 

preserving gauge bundle functor FMVB →:AT  in a natural way. 

(b) Let NA A1⋅= R  be a Weil algebra and V be an A-module such 

that ( ) .dim ∞<VR  For a vector bundle ( )qME ,,  and ,Mx ∈  let 

=ET VA
x

,  

( ) ( ( ) ) ( ( ) ){ },,and,,, ., VECHomvAMCHomv lf
xxxxxx x
∞

ϕ
∞ ∈/∈ϕ/ϕ R  

where ( ( ) )AMCHom x ,, R∞  is the set of algebra homomorphisms xϕ  

from the algebra ( ) { ( ) ( )}RR ,, MCgggermMC xx
∞∞ ∈=  into A and 

( ( ) )VECHom lf
xx ,.,∞

ϕ  is the set of module homomorphisms xv/  over xϕ  

from the ( ) module-, RMCx
∞  ( ) { ( ) RR →=∞ EhhgermEC x

lf
x :,.,  is fibre 

linear} into .R  Let ETET VA
x

Mx

VA ,, ∪
∈

=  and ,: ,, METp VAVA
E →  

( ) ., , xETv VA
x 6/ϕ ( )VA

E
VA pMET ,, ,,  is a well-defined fibered manifold. 

Indeed, let ( ( ) ) njmiyquxUqc jii ≤≤≤≤== − 1,1,,,1 D  be a 

fibered chart of E; then the map 

( ) ( )Up VA
Ec

1,: −φ →−−−   nm VNU ××  

( )xx v/ϕ ,    Ö →−−−   ( ( ( ( ))) ( ( )));,, j
xx

ii
xx ygermvxuugermx /−ϕ  

is a local trivialization of ., ET VA  Given another vector bundle 
( )qNG ′,,  and a vector bundle homomorphism GEf →:  over 

,: NMf →  let 

ETfT VAVA ,, :  →−−−  GT VA,  

( )xx v/ϕ ,  Ö →−−−  ( ),, ∗∗ /ϕ xxxx fvf DD  
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where ( )( ) ( )MCNCf xxfx
∞∞∗ →:  and ( ) ( ) ( )ECGCf lf

x
lf

xfx
..,..,: ∞∞∗ →  are 

given by the pull-back with respect to f  and f. Then fT VA,  is a fibered 

map over FMVB →:. ,VATf  is a product preserving gauge bundle 

functor (see [7]). 

Remark 3.1. Let FMVB →:F  be a product preserving gauge 
bundle functor. 

(a) F associates the pair ( ),, FF VA  where ( )RRR →= :idFAF  is 

a Weil algebra and ( )ptFV F →= R  is an module-FA  such that 

( ) .dim ∞<FVR  Moreover, there is an natural isomorphism 
FF VATF ,: →Θ  

and equivalence classes of functors F are in bijection with equivalence 

classes of pairs ( )., FF VA  In particular, the product preserving gauge 

bundle functor associated to the Weil functor AT  is equivalent to ., AAT  

(b) Let FAK dim=  and ,dim FVL =  if ( ( ) ) ,1,,,1 miyxUc ji ≤≤π= −  

nj ≤≤1  is a fibered chart of E, a fibered chart ( ( ) ),,, ,,1 βα− ji
E yxUp  

LK ≤β≤≤α≤ 1,1  of FE is defined by 

( )

( )





µ=

λ=

ββ

αα

,

,

,

,

j
C

j

i
B

i

yFy

xFx

D

D
  (3.1) 

where CprBpr CB DD β
β

α
α =µ=λ ,  and LFKF VCAB RR →→ :,:  

are linear isomorphisms. In the particular case ==== DFF VATF ,  

[ ] ( )2XXR  is the algebra of dual numbers and the previous coordinate 

system is denoted ( ),,,, jjii yyxx ��  where 

( ) ( ) ( ) ( ),,,, 2121 j
B

jj
B

ji
B

ii
B

i yFyyFyxFxxFx D�DD�D µ=µ=λ=λ=  

and 2: RD →B  the canonical isomorphism. 
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3.2. The natural isomorphism FTTF DD →:κ   

For a product preserving gauge bundle functor ,: FMVB →F  let 
FTTF DD →:κ  be the canonical natural isomorphism associated to 

the exchange isomorphism ( ) ( )DDDD RRRR ⊗⊗≅⊗⊗ FFFF VAVA ,,  

([7], Corollary 3). Using the definition of composed functors TF D  and 
,FT D  one can check that locally 

( ) ,,,,,,,: ,, ,,,,,, 






 ⋅
β

⋅
α βαββαα ji yyxxyyxx jijjii

E 6��κ  

with α=
⋅
α ,, ixx i �  and .,, β=

⋅
β jyy j �  The following assertion is clear. 

Proposition 3.1. (a) The diagram 

( ) ( )FETTEF Eκ→  

( )
FE

F E
π↓

π
  

FE  

commutes for any vector bundle .ME q
→  

(b) If ( )π′,F  is an excellent pair (i.e., VBidF →π′ :  is a natural 

epimorphism), the diagram 

( ) ( )FETTEF Eκ→−  

( )ET
FE

π′↓
π′
  

TE  

commutes for any vector bundle .ME q
→  

Let ( )EX projX∈  be a projectable vector field on E, i.e., a fibered map 

over a vector field X  on M. We assume that X is a vector bundle 
morphism. The commutative diagram 
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( )
TFEFE

XEF
→  

E
FX

κ
↓  

FTE  

defines a vector field on FE called the complete lift of X and denoted .cX  
The natural operator TFT xF :  is called the flow operator of F. 

When we restrict ourself to vector bundles of the form 
( ) κ,,, MidMM  and F  are exactly the canonical flow natural 

equivalence and the flow operator associated to the Weil functor 
FAT  [6]. 

4. Prolongation of Functions 

We generalize for a product preserving gauge bundle FMVB →:F  
some prolongations of [2]. 

Let MEf →:  be a smooth function defined on a vector bundle 
.: MEq →  

Definition 4.1. (a) The lift-λ  of f constant on fibers is ( ) ,: Fff Dλ=λ  

for ( )., RFAC∞∈λ  

(b) The lift-µ  of f linear on fibers ( ( ))R,.,e.i ECf ∞∈ A  is 
( ) ,: Fff Dµ=µ  for ( )., RFVC∞∈µ  

In the particular case ( ) ( ),,,,, MidMMqME =  lifts of functions 
constant on fibers correspond to lifts of functions associated to the Weil 

functor 
FAT  [2]. Lifts of functions linear on fibers corresponds to lifts of 

smooth sections of the dual bundle .: MEq →∗∗  

It is easy to check that ( )( ) ( ) ,Fhfhf DD λλ =  for EGh →:  a vector 

bundle morphism and ( )( ) ( ) ( )λλλ +=+ 2121 ffff  when λ  is a linear map. 

Replacing λ  with ,µ  the previous identities hold. 
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According to (3.1), 

( )( ) ( )( )
,and ,,

βα µβλα == CB jjii yyxx  

hence the following result holds: 

Proposition 4.1. If two vector fields l l,X Y  on FE satisfy 

l ( )( ) l ( )( ) l ( )( ) l ( )( ) ,X f Y f and X g Y gλ λ µ µ= =  

for any f constant on fibers, g linear on fibers, ( ),, RFAC∞∈λ  and 

( ),, RFVC∞∈µ  then l l.X Y=  

5. Prolongation of Projectable Vector Fields 

5.1. Natural transformations ( ) FTFTaQ DD →:   

For a vector bundle ,: MEq →  let us denote ,: TETEE →×µ R  

( ) ,, ETET uuuu ∈⋅α×α kk 6R  the fibered multiplication. This is a 

vector bundle morphism over the projection ,EE →×R  hence for any 

,FAa ∈  we have a natural transformation FTFT →  given by the 
partial maps ( ) FTEaF E :, ⋅µ  .FTE→  If TFFT →:κ  is the canonical 

natural isomorphism (see Subsection 3.2), one can deduce a natural 
transformation ( ) →TFaQ :  TF  by 

( ) ( ) ., 1−⋅µ= κκ DD aFaQ   (5.1) 

The restriction of ( )aQ  to vector bundles of the form ( )MidMM ,,  is 

just the natural affinor1 associated to a [5]. 

                                                      
1System of vector bundle morphisms ( ) MTTMTTaQ AA

M →:  over MT Aid  

satisfying ( ) ( ) fTTaQaQfTT A
MM

A DD = for all local diffeomorphisms f. 
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Let us compute the algebra homomorphism FTFT
a AA →µ :  and 

the module homomorphisms FTFT
a VVv →:  over aµ  associated to the 

natural transformation ( ) :, ⋅µ aF  Let δ→→ RDRD :,1: 21 pp  be the 

canonical projections associated to the algebra of dual numbers and 
DDR ∈→ ututiu ,,: 6  since ( ) ( ) ( ) ( )RRR adTsupupus =+=µ → 21,  

( ( ) ( ) ( )) ( ) ,,,,, 21 suusmusididmpup =× DRDD  then for FAb ∈  

( ( )) ( ) ( ( )( ) ( ) ( ( )))bFiampFbFiTadFbFi uupua ,, 21 DR=µ  

( ) ( ( )( ) ( ) ( ( ) ( )))bFiaFidmpFbFiTadF uup ,, 21 RR D=  

( ) ( ( )( ) ( ) ( ))baiidmpFbFiTadF uup ,, 21 ×= RR DD  

( ) ( ( )( ) ( )( ) ( )) ( ) sttsmbamiFbFiTadF upup == ,,,, 0021 DR  

( )( ) ( )( )abFibFi upup 21 +=  

( ) ( )( ),21 abupbupFT ⊗+⊗µ=  

where FTF
FT AA →⊗µ RD:  is the canonical algebra isomorphism. 

Hence 

FF
FTaFT AA RR DD ⊗→⊗µµµ− :1 DD  

( ) ( ) .21 abupbupbu ⊗+⊗⊗ 6  

Similarly, 

( ( )) ( ) ( ( )( ) ( ) ( ( )))vFiampFvFiTadFvFiv uupua ,, 21 DR=  

( ) ( ( )( ) ( ) ( ( ) ( )))vFiaFidmpFvFiTadF uup ,, 21 RR D=  

( ) ( ( )( ) ( ) ( ))vaiidmpFvFiTadF uup ,, 21 ×= RR DD  

( ) ( ( )( ) ( )( ) ( )) ( ) sttsmvamiFvFiTadF upup == ,,,, 0021 DR  
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( )( ) ( )( )vaFivFi upup ⋅+= 21  

( ) ( )( ),21 vaupvupvFT ⋅⊗+⊗=  

where FTF
FT VVv →⊗RD:  is the natural module isomorphism over 

.FTµ  Hence 

FF
FTaFT VVvvv RR DD ⊗→⊗− :1 DD  

( ) ( ) .21 vaupvupvu ⋅⊗+⊗⊗ 6  

5.2. Prolongation of projectable vector fields 

In this subsection, all projectable vector fields are vector bundle 
morphisms. 

Definition 5.1. For a projectable vector field ( ),EX projX∈  its a-lift 

is given by ( ) ( ) ( ) ,XaQX EE
a FD=  where TFT xF :  is the flow 

operator of F. 

Let RR →µ→λ FF VA :,:  linear maps and ,: R→λ F
a A  

R→µ F
a V:  given by ( ) ( ) ( ) ( ),, vavaxx aa ⋅µ=µλ=λ  for .FAa ∈  

Theorem 5.1. We have 

( ) ( )( ) ( )( )( ) ( ) ( )( ) ( )( )( ),aa gXgXandfXfX aa µµλλ ==  

for any f constant on fibers and g linear on fibers. 

Proof. Let ( )RR,TC∞∈ Aτ  such that RRR ∈→ xTxx ,:τ  the 

canonical isomorphism. Identifying the module of 1-forms on a manifold 

M with ( ),, RTMC∞
A  the differential of ( )R,MCf ∞∈  is given by  

fTdf Dτ=  and for a vector field X  on ( ) .,, XfTdfXfXM DDτ==  
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We have 

( ) ( )( ) ( ) ( ) FXaFfTfX EE
a DDDD ⋅µ= λλ ,κτ  

( ) ( ) FXaFfFTT EE DDDDD ⋅µλ= ,κτ  

( ( )) ( )XfTFaFT DDDDD ⋅µλ= →→ ,RRRRκτ  

( ) ( )XfTFFa DDD τλ=  

( )( )( ).afX λ=  

The second equality is proved in the same way.  
 

Corollary 5.2. For any vector fields ( ),, EYX projX∈  we have 

( ) ( )[ ] [ ]( ).,, abba YXYX =  

Proof. Direct consequence of the previous result and Proposition 4.1.  


 

This generalises (for product preserving gauge bundle functors on 
vector bundles) some results of [2]. 
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