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1. Introduction

Weil functors (product preserving bundle functors on manifolds) were
used in [2] to define some lifts of geometric objects, namely, smooth

functions, tensor fields, and linear connections on manifolds.

Product preserving gauge bundle functor on vector bundles have been
classified in [7]: The set of equivalence classes of such functors are in

bijection with the set of equivalence classes of pairs (A, V), where A is a
Weil algebra and V'is an A-module such that dimp (V) < o.
In this paper, we adopt the approach of [2] to present some lifts of

smooth functions that are constant or linear on fibers, and some lifts

projectable vector fields that are vector bundle morphisms.
2. Algebraic Description of Weil Functors

Weil functors generalize through their covariant description ([3] and
[6]) the classical bundle functors of velocities 7} . Their particular

importance in differential geometry comes from the fact that there is a
bijective correspondance between them and the set of product preserving

bundle functors on the category of smooth manifolds.
2.1. Weil algebra
A Weil algebra is a finite-dimensional quotient of the algebra of

germs £, = Cj'(R?, R) (p € N).

We denote by M, the ideal of germs vanishing at 0; M, is the
maximal ideal of the local algebra & ,.
Equivalently, a Weil algebra is a real commutative unital algebra

such that A =R-1,@ N, where N is a finite dimensional ideal of

nilpotent elements.
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Example 2.1. (1) R = R -1 {0} = £ ,/M,, is a Weil algebra.

2) JH(RP, R) =R - 1@ JH(RP, R), = f/'p//\/l;;r1 is a Weil algebra.

2.2. Weil functors

Let us recall the following lemma (Lemma 35.8 [6]): Let M be a
smooth manifold and let ¢ : C*(M, R) — A be an algebra homomorphism

into a Weil algebra A. Then there is a point x € M and some k£ > 0 such

that ker ¢ contains the ideal of all functions, which vanish at x up the
order k, ie., kero o (I,)""? with I, = {f € C*(M, R)/f(x) = 0}. More
precisely, ) = () ({0},

feker ¢
One defines a functor F4 : Mf — &ns by
F4M := Hom(C*(M, R), A) and Fsf(¢):=¢of",
for a manifold M and f € C*(M, N), where f* : C*(N, R) -» C*(M, R)
is the pull-back algebra homomorphism.

Equivalently, if for a manifold M and a point x e M,
Hom(Cy (M, R), A) is the set of algebra homomorphisms from C; (M, R)

into A, one may defines a functor G4 : Mf — &ns by

GaM = | ] Hom(C7 (M, R), A) and (Gaf),(0) = 0x ° fs,
xeM

for a manifold M and f e C*(M, N), where f; : Cf(;)(N,R) - Cy (M, R)
is the pull-back algebra homomorphism induced by f*.

Fy and Gy are  equivalent functors: Indeed, let

¢ € Hom(C”(M, R), A), and {x}= ﬂ f71({0}). By the previous
feker @

lemma, there is a unique ¢, € Hom(Cy; (M, R), A) such that the diagram
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C*(M,R) % A

Ty \ /!
Px
Cy (M, R)

commutes; the maps yp : FuM —> G4 M, ¢ — ¢, are bijective and

define a natural equivalence y : Fy — Gy4.

Now, let T4 =G, and nypy :TAM > M, ¢>(TAM), - x.
(TAM ,M,ng p) is a well-defined fibered manifold. Indeed, let
c = (U, ui), 1 < i < m be a chart of M; then the map

¢ (na ) (U) —> UxN™

0x > (%, op(germy(u’ - u'(2))));

is a local trivialization of TAM. Given another manifold M’ and a

smooth map f: M — M', let
TAf - TAM —— TAM'
Py — @y ° f;

Then TAf is a fibered map and T4 : Mf > FM is a product

preserving bundle functor called the Weil functor associated to A.

Let ¢=(U,u'),1<i<m be a chart of M; a fibered chart
(nA{M(U), ), 1<i<m1<a<K(=dimA) of TAM is defined by
ub® = pr, o BoTA(4'), where B: A —» RX is a linear isomorphism

and pr, : RE - R isthe a-th projection.
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3. Product Preserving Gauge
Bundle Functor on Vector Bundles

3.1. Product preserving gauge bundle functor on VB

Let F : VB — FM be a covariant functor from the category VB of
all vector bundles and their vector bundle homomorphisms into the
category FM of fibered manifolds and their fibered maps. Let
By : VB > Mf and Bgp : FM — Mf be the respective base

functors.

Definition 3.1. F is a gauge bundle functor on VB when the

following conditions are satisfied:

e (Prolongation) By, o F = Byg, ie., F transforms a vector
bundle E% M in a fibered manifold FE5 M and a vector bundle

morphism E L) G over M i) N 1in a fibered map FE ﬂ FG over f

e (Localization) For any vector bundle E 9 M and any inclusion of
an open vector subbundle i:n '(U)>E, the fibered map
FrY(U) > pg'(U) over idy induced by Fi is an isomorphism; then the
map Fi can be identified to the inclusion pz'(U)< FE.

Given two gauge bundle functors Fj, Fy on VB, by a natural
transformation T : F; — Fy, we shall mean a system of base preserving

fibered maps Tg : F1E — FoE for every vector bundle E satisfying
Fof otp = 7g o Fif for every vector bundle morphism f : E — G.

A gauge bundle functor F on VB 1is product preserving, if for any

product projections E1<£r—1 E| x Ey HEN E; in the category VB,

Fpn Fpry S
FE, «<— F(E; x E5) — FE4 are product projections in the category FM.

In the other words, the map (Fpry, Fpry : F(E| x E5) - F(E;)x F(E5)

is a fibered isomorphism over id s, .y, -



86 A.NTYAM and G. F. WANKAP NONO

Example 3.1. (a) Each Weil functor T4 induces a product

preserving gauge bundle functor T4 : VB - FM in a natural way.

(b) Let A =R-146 N be a Weil algebra and V be an A-module such
that dimp (V) < . For a vector bundle (E, M, q) and x € M, let
TAVE =

{(0x, )/ 0x € Hom(CZ(M, R), A) and v, e Hom,_(C3/(E), V),

where Hom(Cy (M, R), A) is the set of algebra homomorphisms ¢,
from the algebra C; (M, R) = {germ,(g)/g € C*(M, R)} into A and
Homy, (CTY(E), V) is the set of module homomorphisms p, over ¢,
from the CZ(M, R)-module C2/!(E, R) = {germ,(h)/h : E — R is fibre

linear} into R. Let 74VE = |J T/AVE and ppV : T4VE - M,
xeM

(0, v)>TAVE 5 x. (TA’VE, M, pgl,V) is a well-defined fibered manifold.

Indeed, let ¢ = (¢ 1(U), x' =ulogq, yj), 1<i<m,1<j<n be a
fibered chart of E; then the map

oo : (pgV Y HU) —> UxN™xV"
(0r, ¥x) > (x, oy (germy (u' - u'(x))), v, (germ,(y7)));

is a local trivialization of T4VE. Given another vector bundle

(G, N,q') and a vector bundle homomorphism f:E — G over
f :M — N, let

TAVf. TAVE 5 TAVG

(q)x7 wx) ((px Of;> Uy Of;)7
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where f; : Ciir)(N) > CZ (M) and fe: C}O(xf)l(G) ol (E)  are

given by the pull-back with respect to f and f. Then T 4V f is a fibered
map over f T4V . VB > FM is a product preserving gauge bundle
functor (see [7]).

Remark 3.1. Let F : VB —» FM be a product preserving gauge
bundle functor.

(a) F associates the pair (AF, VF), where AT = F(idg : R > R) is

a Weil algebra and V¥ = F(R - pt) is an A -module such that

imp < o. Moreover, there is an natural isomorphism © : ' — T
and equivalence classes of functors F are in bijection with equivalence
classes of pairs (AF , vF ) In particular, the product preserving gauge

bundle functor associated to the Weil functor 74 is equivalent to T 4,4

(®) Let K =dim A and L = dim V| if ¢ = (a1 (U), 2%, /), 1<i<m,
1< j<n is a fibered chart of E, a fibered chart (pz (U), x>, y/'P),
o < K,1<B <L of FE is defined by

—
IN

xb® =29% o F(xh),
| | 3.1)
yP = ul e F(y)),
where A% = pr, o B, },Lﬁc = prgoC and B: AF 5 RrE ¢ vE S RE
are linear isomorphisms. In the particular case F =T, AF —vF -p=
R[X]/(X?) is the algebra of dual numbers and the previous coordinate
system is denoted (xi, xi, yj, yj), where

w2l o Flel) 5 =% 0 Fle), 7 = o FU7) 57 = uh e ),

and B : D — R? the canonical isomorphism.
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3.2. The natural isomorphism k : FoT — T o F

For a product preserving gauge bundle functor F : VB — FM, let
k:FoT — ToF be the canonical natural isomorphism associated to
the exchange isomorphism (]D) Or A D Op VF) = (AF ®r D, vE Or H)))
([7], Corollary 3). Using the definition of composed functors F oT and
T o F, one can check that locally

cp (e, 500, yhB 5i0) (xi,a, e, 3B, ymj,

with x> = %% and yI b = yj’B. The following assertion is clear.

Proposition 3.1. (a) The diagram

F(TE) 8 T(FE)
N

!
F(zg) e

FE
commutes for any vector bundle E % M.

(M) If (F, ') is an excellent pair (i.e., ' : F — idyg is a natural

epimorphism), the diagram

RE

F(TE) -5 T(FE)
N T(ng)
TFE

TE

commutes for any vector bundle E 4 M.
Let X e .’{proj(E) be a projectable vector field on E, i.e., a fibered map

over a vector field X on M. We assume that X is a vector bundle

morphism. The commutative diagram
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Fe)X
FE ( ﬂ) TFE
KE
FX J
FTE

defines a vector field on FE called the complete lift of X and denoted X°.
The natural operator F : T ~ TF is called the flow operator of F.

When we restrict ourself to vector bundles of the form
(M, M, idy ), and F are exactly the canonical flow natural

F
equivalence and the flow operator associated to the Weil functor T A [6].
4. Prolongation of Functions

We generalize for a product preserving gauge bundle F : VB — FM
some prolongations of [2].

Let f: E - M be a smooth function defined on a vector bundle
q:E > M.

Definition 4.1. (a) The A-lift of f constant on fibers is f(}”) = Ao Ff,
for A e C*(AT | R).

() The p-lift of f linear on fibers (ie., f e C/(E, R)) is
B = wo Ff, for p e C*(VE, R).

In the particular case (E, M, q) = (M, M, idy; ), lifts of functions
constant on fibers correspond to lifts of functions associated to the Weil

F
functor T4 [2]. Lifts of functions linear on fibers corresponds to lifts of

smooth sections of the dual bundle ¢* : E* — M.

It is easy to check that (f o h)(k) = f(k) o Fh, for h : G — E a vector

bundle morphism and (f; + fy )(7“) = fl(}”) + f2(7‘) when A is a linear map.

Replacing A with p, the previous identities hold.
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According to (3.1),

xi’a _ (xl)(k%) and yj’B _ (yj)(u%)’

hence the following result holds:

Proposition 4.1. If two vector fields X , Y on FE satisfy
X (f(%)) -y (f(x)) and X (g(u)) -y (g(u)),

for any f constant on fibers, g linear on fibers, \ e C°°(AF, R), and

neC?(VF R), then X =Y.
5. Prolongation of Projectable Vector Fields

5.1. Natural transformations Q(a): T o F - T o F

For a vector bundle q : E — M, let us denote pg : RxTE —» TE,
(a, ky )>RxT,E — a-k, € T,E, the fibered multiplication. This is a

vector bundle morphism over the projection R x E — E, hence for any

aeAf , we have a natural transformation FT — FT given by the
partial maps Fug(a,-): FTE — FTE. If v : FT — TF is the canonical

natural isomorphism (see Subsection 3.2), one can deduce a natural
transformation Q(a) : TF — TF by

Qa) = ko Fu(a, ) okt (5.1)

The restriction of @(a) to vector bundles of the form (M, M, id,; ) is

just the natural affinor! associated to a [5].

1System of vector bundle morphisms Q(a)M:TTAMATTAM over idTAM

satisfying 774 foQa)y = Qa)y - TT A f for all local diffeomorphisms f.
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Let us compute the algebra homomorphism p, : AFT 5 AFT gnq

the module homomorphisms v, : vIET & vIT over 1, associated to the
natural transformation Fu(a, -): Let p; : D - R1, py : D — RS be the

canonical projections associated to the algebra of dual numbers and

L, : -> Dt tu,uce since S, u)= piu)+ palsu) = a
L, R —>D D s HrRr (S, u) = pr(u) + pa(su) = T(ady )

(p1(w), pg o m o (idg x idp)(s, w)), m(s, u) = su, thenfor b ¢ AF
Mo (Fiy (b)) = F(Tadg ) (Fip, (,)(0), F(pg o m)(a, Fi, (b))
= F(Tady, ) (Fip, u)(0), F(pg o m)(Fidg(a), Fi, (b))
= F(Tadyg ) (Fiy (,)(), F(pg o m o idg xi,)(a, b))
= F(Tady ) (Fip4)(0), Flipyw) o mo)(a, b)), mo(s. t) = st
= Fip, (u)(0) + Fipyu)(ad)
= npr(p1(w) ® b + pa(u) ® ab),

where ppp : D ®p AT 5 ATT s the canonical algebra isomorphism.

Hence
WRT o Mg otpr 1 DOy AT > Doy AT
u®b > p(u)®b+ py(u)® abd.

Similarly,

Vo (Fiy (v)) = F(Tadg ) (Fip, (,)v), F(pg o m)(a, Fi,([v)))
= F(Tadg ) (Fip,(4)v), F(pz o m)(Fidg(a), Fi,([v)))
= F(Tadg ) (Fip, (u)v), F(pg o moidy xi,)(a, v))

= F(Tadg ) (Fip,)(©), Flipy(u) = mo)(@ v)), mo(s, 1) = st
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= Fip (1)) + Fip,wy(a-v)
= vpr(P1(w) ® v + pa(u) ® a - v),
where vpp : D ®p VvE 5 VT is the natural module isomorphism over
ppr. Hence
vﬁlT oV, cUpr : D ®p vE o D ®p vF
u®uv i p(w)®v+ py(u)®a-v.

5.2. Prolongation of projectable vector fields

In this subsection, all projectable vector fields are vector bundle

morphisms.

Definition 5.1. For a projectable vector field X e X,,,,(E), its a-lift
is given by X@ = Q(a)g o (Fg)X, where F:T ~ TF is the flow
operator of F.

Let »:Af R, p: VF 5 R linear maps and A, AP R,
ng : VE 5 R given by A, (x) = Max), pg(v) = pla - v), for a e AT,

Theorem 5.1. We have

X(a)(f(K)) = (X(f)*a) and X(“)(g(“)) = (X(g))\Ha),
for any f constant on fibers and g linear on fibers.

Proof. Let 7€ C/°(TR, R) such that 7, : T\R > R, x € R the
canonical isomorphism. Identifying the module of 1-forms on a manifold
M with CP(TM, R), the differential of f e C*(M, R) is given by
df = 7oTf and for a vector field X on M, X(f) = ()_(, dfy = oT f o X.
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We have

XOFO) =+ o7 f® oy o Fup(a, ) o FX
=1oThoT(Ff)okg o Fug(a, )o FX
= 1o Thokp,p ° Flupor(a, ) o F(Tf - X)

= g o F(1)o F(Tf o X)

= (X(H)\*.
The second equality is proved in the same way. O

Corollary 5.2. For any vector fields X, Y e X i (E), we have

[X(O‘), Y(b)] = [X, Y](ab).
Proof. Direct consequence of the previous result and Proposition 4.1.

O

This generalises (for product preserving gauge bundle functors on

vector bundles) some results of [2].
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