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Abstract

The paper presents some result on the existence and behaviour of solutions of
the quasilinear systems of differential equations. The behaviour of integral
curves in neighbourhood of the solutions of corresponding linear systems is
considered. The obtained results also contain the answer to the question on
approximation of solutions, whose existence is established. The errors of the
approximation are defined by the functions that can be sufficiently small. The
qualitative analysis theory of differential equations and the topological
retraction method are used.

1. Introduction

Let us consider the system of quasilinear differential equations

x=Clt)x +Gt)+ F(x, t), Q
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and corresponding linear system

% = C(t)x + G(t), L)

where x(t) = (x1(t), ..., x,)) ,n>2tel= (a, ©),a e R; D« R" is
open set, Q = D x I, C(t) = (c;j(t)),,, the matrix-function with elements
a;; € C(I, R)(i, j =1, ..., n); the G(t) = (g1(¢), ..., 2,@)T is the vector-

function with elements g; € C(I, R), F(x, t) = (f(x, ), ..., f,(x, t))T is the
vector-function with elements f; € C(Q, R), functions f;(x, ¢),i =1, ..., n,

satisfy the Lipschitz’s condition with respect to the variable x.

Above conditions for the functions c;;, g;, fi(i, j = 1, ..., n), grant the

existence and unique solution of every Cauchy’s problem for system (Q)
in Q.

Let
F={(xt)eQ:x=0@),tel ey
where ¢(t) = (¢1(2), ..., 9,(t)), 9;(t) € C*(I, R), is an integral curve of
system (L).

In this paper, the behaviour of the solutions of system (Q) in the
neighbourhood of curve I' is considered. The qualitative analysis theory
of differential equations and the topological retraction method of
Wazevski [6], are used.

2. Notations and Preliminaries

We shall consider the behaviour of integral curves (x(¢), t), ¢ € I, of

system (Q) with respect to the set
o= {<x, Dea: Y (x-e) < r%:)}, @
=1

where r € C1(I, R").
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The boundary surface of set ® with respect to the set Q 1is
n
W = {(x, t) e Clo : B(x, t) = Z(xi — ;)7 - r2@) = o}
=1

Let us denote the tangent vector field to an integral curve
(x(¢),t),t € I, of (Q) by T. The vector VB 1is the external normal on

surface W. We have

n n n
T = Z(zljxj + fl, ceey Zaljx] + fi, ceey Zanjx] + fn’ 1],

Jj=1 Jj=1 Jj=1

n
VB =|X] —Q1, ooy Xj = Qfy oovy Xy — @pyy — Z(xl - 0; )0 —rr'}.
i=1

By means of scalar product P(x,t)=(VB,T) on W, we shall

establish the behaviour of integral curve of (Q) with respect to the set .

Let us denote by S™(I) a class of solutions (x(¢), ¢) of the system (Q)
defined on I, which depends on n parameters. We shall simply say that

the class of solutions S™(I) belongs to the set o if graphs of functions in
S™(I) are contained in ®. In that case, we shall write S"(I) c o. For

p =0, we have the notation S°(I), which means that there exists at
least one solution (x(2), ¢) on I of the system (Q), whose graph belongs to

the set .
The results of this paper are based on the following lemmas (see [2, 5]):
Lemma 1. If, for the system (Q), the scalar product P(x, t) < 0 on W,
then the system (Q) has a class of solutions S™(I) belonging to the set ®

forallt e I, i.e., S"(I) c o.
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Lemma 2. If, for the system (Q), the scalar product P(x, t) > 0 on W,
then the system (Q) has at least one solution on I, whose graph belongs to

the set o forall t € I, i.e., S°(I) c o.

According to Lemma 1, the set Wis a set of point of strict entrance of

integral curves of the system (Q) with respect to the sets ® and Q.

Hence, all solutions of system (Q) which satisfy condition

D (xilto) - 0ilto)f* < r%(t0),  (to € 1),
i=1

n
also satisfy condition Z(xl —(pi(t))2 < r¥(t), for every t¢>t,, ie.,
i=1

S™"(I) c o.

According to Lemma 2, the set W is a set of points of strict exit of
integral curves of the system (Q) with respect to the sets ® and Q. Hence,
according to Wazewski’s retraction method [6], system (Q) has at least

one solutions belonging to the set ® for every t € I, i.e., SO(I) c o
3. Main Results

Theorem 1. Let T is an integral curve of system (L), r € C}(I, R")
and u e C(I).

(a) If the conditions

n

Z legi (@) + cji (@) <= 2¢;(), i=1,..,n,
J=1(j=1) @

n

D (xi = 0i®) filx, 1) < 1)),

i=1

are satisfied on W, then the system (Q) has a class of solutions S™(I) c

.
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(b) If the conditions
Z lei () + cji(®) <2e5(8), i=1,...,n,
jzl(jii)n (4
D (i — 0 ®) filw, 1) > 1O '),
i=1

are satisfied on W, then the system (Q) has at least one solution, whose

graph belongs to the set o, i.e., S°(I) c .

Proof. For the scalar product P(x, t) = ( % VB, T), we have

P(x, t) = i[(xi - (Pi)[icijxj +g; + fzﬂ - Zn:(xi —@;)o; —rr’
; -1

i=1 j=1
n n-1 n
2
= Zcii(xi - 9;) +Z Z (cij +¢ji) (% =) (xj —9;)
i=1 i=1 j=i+1
n n
+ D [(x - o) Zcij(Pj+gi—(P%+ﬁ —rr’
=1 j=1
n n-1 n
2
= Zcii(xi - 9;) +Z Z (cij +cji) (% — ;) (xj —9;)
i=1 i=1 j=i+1
n
+ Z(xi - Qi) f; —
i=1

The following estimates for P(x, ¢) on W are valid.
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(a) According to the conditions (3), we have

n n-1 n
P(x, t) < Zcii(xi —g;) + Z Z %lcij +Cji|[(xi — ;) + (x; —<Pj)2]

i=1 i=1 j=i+l

n
+Z(xi —¢;)fi —rr
i1

n n
1 2
= Z[Cu’ + Z Sles + Cjiq (x; = 9;)
i1 j=10#0)
n
+Z(xi —¢;)f; —rr' <0.
i1

(b) According to the conditions (4), we have

i=1 J=1(j#1)

n n n
1 :
P(x, t) > Z[Cii - > slei +cji|](xi —oi )+ D (% - 9;) f; =1 > 0.
i

According to Lemmas 1 and 2, the above estimates for P(x, t) imply
the statement of the theorem. O
Theorem 2. Let T is an integral curve of system (L), r € C}(I, R")
and u e C(I).
(a) If the conditions
n
Z leij (@) + cjit) < - 2¢(t) - 2ult), i=1,..,n,

JATi)

i ®)
DA 0] < w®)r @)+ @),
1=1

are satisfied on W, then the system (Q) has a class of solutions S"(I) c o.
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(b) If the conditions

n

D le) + cji@ <265 (0) - 2u(t), i=1,...,n,
J=1(j=i) (6)

D it 1) < wlt)r () - (o),
=1

are satisfied on W, then the system (Q) has at least one solution, whose

graph belongs to the set o, i.e., S°(I) ¢ .

Proof. For the scalar product P(x,t)= (%VB, T), we have the

following estimates for P(x, ¢) on W are valid.

(a) According to the conditions (5), we have

n n n
1 '
Pl 1)< ) e+ Y gleg +cjl [(x =0 )P + ) (i =@ fy = rr
i jAG) i
n n
2 '
<D W — o)+ Y rlfl -
i i

n
—ur® +rZ|fi|—rr' < 0.
1=1

(b) According to the conditions (6), we have

n n n
1 '
P(x, 1) > Z Ci = Z gleg + el | (x -~ ) +Z(xi —oi)fi—rr
i=1 J=1(j#1) i=1
n 9 n
S - o - St
i i

n
ur? —rZ|fl| -rr' > 0.
=1
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According to Lemmas 1 and 2, the above estimates for P(x, ¢t) imply

the statement of the theorem. O

4. Applications

For the quasilinear system, which is known in plasma physics

X1 = —vix + Myxoxg,
3&2 = —V9Xg + M2x1x3, (7)
J&Ig = —VgXg t+ M33€1X2,

where v;, M; € R, v; > 0, and corresponding linear system

Xp = —vixq,
3&2 = —VgX9, (8)
X3 = —V3Xx3,

we have:
Theorem 3. Let r € CY(I, R") and v = min{vy, vy, vg}. If

'
r
—2, tEI,

| My + My + Mg| <= +
ror

then the system (7) has a class of solutions S3(I) c , where
o = {(x1, X9, x3, t) € R® x I : 2% + x3 + x5 < r2(t)}.
Proof. For the scalar product P(x, t) = (%VB, T) on W, we have

P(x, t) = (—v1x1 + Myx9x3)x1 + (= vgxg + Mox x5 )Xo

+ (_U3x3 + M33C13C2 ).’)CS —rr'

= —1/13612 —U2x§ —V3.’)C§ +JCIDC23C3(M1 + M2 + M3)—rr'
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< —v(x12 +x§ +x§)+ |c1x0xg| |My + Mg + Mg| —rr'

< —vr? + 13| My + My + Mg| -1’ < 0.

According to Lemma 1, all solutions of (7) belonging in the

neighbourhood of solutions of the system (8), i.e., S 3(1 ) C . O
Example 1. For the system (7) and the initial condition
2
2P (tg) + x5 (tg) + x5 (tg) < aZe >4, )

we can prove the following:

All solutions (x;(t), x5(t), x3(t)) of system (7), which satisfy the

initial condition (9) satisfy the condition

2 M+ My + M
x2(t)+ x5(t) + x5 () <aZe 2 for t >t >%ln(| 17 P T 3|j
a

1 0

2
This result follows from Theorem 3, with r(t) = ae™® %, 0 < o < v.

Remark 1. The obtained results also contain answer to the question
on errors of the approximation of solutions x(¢), whose existence is
established. Under the conditions of Theorem 1, case (a); or the
conditions of Theorem 2, case (a); the integral curve of system (L) is the

approximate solution of solutions x(¢) of system (Q). The errors of the
approximation are defined by the functions r(f) can be arbitrary small,

Vvt e I.

Remark 2. The obtained results also give the possibility to discuss
the stability (instability) of solutions of the system (Q). For example,
under the conditions of Theorem 1, case (a); every solution of (Q) with
initial value in ® is r-stable (stable with the function of stability r), if r

tends to zero as ¢ — o and r'(t) < 0, ¢t € I. However, if we consider the

Theorem 1, case (b), then established solution in ® is r-instable in case

where r'(t) > 0, t € 1. The same conclusion holds for other theorems.
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