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Abstract

An alternative to the Black-Scholes-Vasicek deflator is proposed. It is based on
a simple multivariate exponential normal variance-mean mixture Lévy process.
Closed-form analytical integral formulas for pricing the European geometric
basket option with a deflated normal variance-mean price process are obtained.
Applications to the variance-gamma, the normal inverse Gaussian and the
normal tempered stable processes are included. An extended Black-Scholes
formula that takes into account the correlation structure of the market is also
derived.

1. Introduction

The present contribution follows up the author’s investigations
around the normal variance-mean (NVM) mixture model introduced in
Barndorff-Nielsen et al. [6]. It is motivated by the search for non-

Gaussian multivariate option pricing models as an alternative to the
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multivariate Black-Scholes model. Our emphasis is on results that can be
formulated for a possibly large class of NVM mixture models in the spirit
of Korsholm [32]; Bingham and Kiesel [7]; and Tjetjep and Seneta [50]

among others.

The concept of state-price deflator or stochastic discount factor, which
has been introduced by Duffie [17], pp. 23 and 97, is a convenient
ingredient of general financial pricing rules. It contains information
about the valuation of payments in different states at different points in
time. The state-price deflator is a natural extension of the notion of state
prices that were introduced earlier and studied by Arrow [2, 3, 4, 5];
Debreu [14]; Negishi [44]; and Ross [48], a milestone in the history of
asset pricing (see Dimson and Mussavian [16]). Though general
frameworks for deriving state-price deflators exist (e.g., Milterssen and
Persson [42]; Jeanblanc et al. [31]; Munk [43]), there are not many
papers, which propose explicit expressions for them and their
corresponding distribution functions. A short account of the content

follows.

Section 2 recalls the multivariate NVM mixture model in its simplest
Lévy process form. It generalizes the construction of the multivariate
exponential variance-gamma process considered in Cont and Tankov [12];
Luciano and Schoutens [35]; and first studied in Hiirlimann [24, 25].
Theoretical and statistical justifications for its use are briefly mentioned.
In Section 3, we derive the multivariate NVM deflator as alternative to
the multivariate Black-Scholes-Vasicek (BSV) deflator introduced in
Hirlimann [21] (see also Hiurlimann [23, 28]). Analytical integral
formulas for pricing the European geometric basket call option within the
multivariate NVM market with NVM deflator are derived and discussed
in Section 4. The final Section 5 introduces a multivariate subordinated
asset price model, whose univariate version coincides with the model by
Hurst et al. [20]. As a special case, it includes an extended Black-Scholes
formula that takes into account the correlation structure of the market.
The present novel approach is general and simple. From a statistical
perspective, parameter estimation can be done with a multivariate
moment method (see Hurlimann [27]). Moreover, the derivation of the

extended Black-Scholes formula has an elementary probabilistic flavour.
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2. A Selection of Multivariate Normal Variance-Mean
Mixture Processes

The univariate normal variance-mean (NVM) mixture process is
defined as a drifted Brownian motion time changed by an independent

mixing process. Viewed from the initial time 0, it is defined by

Xt:G-Gt+r~WGt, t>0, >0, —00<0<on, 2.1)

where W, is a standard Wiener process and G; is an independent
subordinator, that is an increasing, positive Lévy process. Since X; is a

Lévy process, the dynamics of the process is determined by its distribution

at unit time. The random variable X = X; follows a distribution, whose
cumulant generating function (cgf) Cx(u) = In E[exp(uX)] is assumed to

exist over some open interval. By considering in parallel different
subordinators, a unified approach to several important NVM mixture
models is possible. Our focus is restricted to three of them (for further
possible choices, consult Hiirlimann [26], Section 4).

(a) Variance-gamma (VG) process
The subordinator G, ~T(v't,v™!) is a gamma process with
unit mean rate and variance rate v. The random variable

X = X; ~ VG(8, 12, v) follows a three parameter VG distribution with
cgf:

Cxw)=-v! -1n{1—v-(9u+%rzu2)}, T,v>0, —o0<0<o

(2.2)
This formula is obtained from the cgf Cg(u) = —v ! -In(1 — v - u) of the
gamma random variable G = G; by conditioning using that X|G ~ N(6G,
’C2G) is normally distributed. The increments of the process follow a VG

distribution, namely, X, — X, ~ VG(6¢, t%, v /t), 0 < s < t.
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(b) Normal inverse Gaussian (NIG) process

1

The cgf of the inverse Gaussian subordinator is Cg (w)=v 't

{1-v1-2v-u}, v> 0. The random variable X ~ NIG(6, t2, v) follows
a three parameter NIG distribution with cgf:

CX(u)zlfl~{1—\/1—2v~(6u+%r2u2)}, T,vu>0, —o0<0<on

(2.3)

The increments of the process are NIG(6t, t°t, v /t) distributed.
(c) Normal tempered stable (NTS) process

The subordinator follows a classical tempered stable process with
cgf Cq,(w)=v % /a-{1-(1- 2vau)a/2}, v >0, a € (0, 2). The random
variable X ~ NTS(6, 12, v, o) follows a four parameter NTS distribution
with cgf:
Cx(w) = v /o {1-(1-20%(0u + %rzuz))aﬂ}, Lv>0, acl02),

— 0 < 0 < oo (2.4)

-1
The increments of the process are NTS(6t, 2, vt a) distributed.

The special case o =1 is the NIG process.

Similarly to those multivariate versions mentioned in Hirlimann
[24] for the VG process, different multivariate models for each NVM
mixture process can be defined. For simplicity, we consider here only

multivariate Lévy processes with NVM components of the type

Xt(k) =0y -G, + 1y, .ng), k=1,..,n, (2.5)

where the Wt(k)’s are correlated standard Wiener processes such that

E[th(i)th(j )= p;jdt. Despite all its shortcomings, the use of the model
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(2.5) 1is justified theoretically by looking at the variance of its NVM

k)

margins X (k) — Xl( at unit time, namely,

Var[ X®)] = ¢} + Var[G] - 0%. (2.6)

Each variance decomposes into an idiosyncratic component r%, that 1s
attributed to the Brownian motion, and an exogeneous component
Var[G] - 9%, that is due to the time change of the Brownian motion. The
parameters 0;, govern the exposures of the margins to the global market
uncertainty measured by the common variance Var[G]. Similarly, one

notes that the skewness and kurtosis are also affected by the single
marginal settings and the common subordinated parameter(s) (see
Hirlimann [27], Theorem 2.1). On the other hand, the statistical moment
method developed in Hiirlimann [27] and its successful application to
real-world data justifies its use in practical work. For these reasons, it is
legitimate to focus first on the model (2.5). One knows that the cgf of the
NVM mixture model is given by

1

T
Cx,(u) = Cg, (0" u + 5

u'Yu), 6=(0,....0,), X =(pyv1;),

u=(up, ..., uy). 2.7)

The joint cgf of the considered multivariate NVM processes can be

expressed in closed-form.

Proposition 2.1. The joint cgf of the multivariate NVM mixture
process X, = (Xt(l), s Xt(")) with parameters 0 =(0;,...,0,), > = (pijritj),
and subordinator G;, is determined as follows:

Multivariate VG process

The multivariate VG random vector X; ~ VG(0t, Xt, v/t) has joint
cgf

Cx, () = —v % -In{1-v-(0Tu +%uTZ w)t, u=(u,..,u,). 2.8
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Multivariate NIG process

The multivariate NIG random vector X, ~ NIG(0¢, Xt, v/t) has joint
cgf

Cx,(w)=v't-{1- \/1 —2v- (07w + %uTZ w)h, w=(u,..,u,) 2.9
Multivariate NTS process

1
The multivariate NTS random vector X, ~ NTS(0t, Xt, vi™* , o)
has joint cgf

Cx, (@) = v/ a-{1-(1-20° -(9Tu+%uTZu))°‘/2}, w= (g, ).

(2.10)
Proof. This follows from (2.7) and the explicit forms for the cgf of the

subordinators.

3. Unified State-Price Deflator Representation
for the Exponential NVM Mixture Process

In the following, we simplify and generalize the procedure in
Hirlimann [24], Section 4. Consider the following class of asset pricing
models. Given the current prices of n > 1 risky assets at initial time 0
their future prices at time ¢t > 0 are described by exponential NVM

mixture processes
S®) = S exp((py —wp )t + X)), k=1,..,n, (3.1)

where pj, represents the mean logarithmic rate of return of the k-th

risky asset per time unit, and the random vector X, = (X(l), s Xt(”))
follows a multivariate NVM mixture process. Using the defining
relationship E[St(k)] = S(()k) exp(upt) at unit time, one sees that

o0 = CX(k) (1) <o, k=1, ..., n, where one assumes that the cgf of
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x®) — Xl(k) exists over some open interval, which contains one. Suppose

that the multivariate NVM deflator of dimension n has the same form as
the price processes in (3.1). For some parameter o and vector

B=(By,..., B,,) (both to be determined), one sets for it (an Esscher

transformed measure)
D, = exp(- at - pT'X,), ¢>0. (3.2)

A simple cgf calculation shows that the state-price deflator martingale

conditions
E[D,]=¢", E[DSP]=8P, 5o, (3.3)
are equivalent with the system of n + 1 equations in the 2n + 1 unknowns
o, B, o, (use that X; is a Lévy process, hence Cy, (1) = t - Cx(u)):
r—a+Cx(-p) =0, w-o-a+Cx(p*) =0,

B = (), . pW), B =k g, k=10 (4

Inserting the first equation into the second ones yields the necessary

relationships
wp—r—op +Cx(B®)-Cx(-p)=0, k=1,..,n (3.5)
Since the system (3.4) has n degrees of freedom, the unknown w;, can be
chosen arbitrarily, say
®p = U —T = CX(k)(l), k=1,..,n, (3.6)
which is interpreted as the (time-independent) NVM market price of the

k-th risky asset. With the made restriction on the cgf, this value is always

finite. Inserted into (3.5) shows that the parameter vector B 1is

determined by the equations

Cx(B®) = Cx(-B), k=1,..,n (3.7)
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We are ready to show the following unified NVM deflator representation:

Theorem 3.1 (Multivariate NVM deflator). Given is a risk-free asset

with constant return r and n > 1 risky assets with real-world prices (3.1),
where one assumes that the cgf of x®) - Xl(k) exists over some open

interval, which contains one. Then, the multivariate NVM deflator of the

exponential NVM mixture process is determined by

D, = exp(-at - ZBkXt(k)), a=r+Cx(-),
k=1

2 1 2 T
Bka :ek +(§+yk)rk7 YR :Zpk]é, k:l,...,n. (38)
j#k

Moreover, in the univariate case n = 1, one has y; = 0.

Proof. The first equation in (3.4) yields a. Since X;, G; are Lévy
processes, one has Cy,(u) =t Cx(u), Cg, =t Cg(u), hence (2.7) is
equivalent with the equation Cy(u) = Cg(07u +%uT Yu). It follows

that the conditions (3.7) are equivalent with the equations:
T
07p") + 2 3 p®) 4 oTp-ZpTxp=0, k=1, .. n

A straightforward calculation shows that the latter is equivalent with the

stated conditions for B,k =1,...,n, where in case n =1, one has

v1 = 0 (empty sum). O

4. Pricing Geometric Basket Options for the
Exponential NVM Mixture Process

In the literature, one distinguishes between two types of basket
options. The arithmetic basket option is defined on the weighted

arithmetic average of asset prices such that
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Se = Y S, (4.1)
k=1

where the weights (c;, ) can be negative, and in this situation, it includes

spread options. The geometric basket option is defined on the weighted

geometric average of asset prices

n n

Sy = H[St(k)]%’ cp > 0, ch =1. 4.2)

k=1 k=1

Since distribution functions of weighted sums of correlated asset
prices can usually not be written in explicit closed form, the pricing of
arithmetic basket options is rather challenging. Different and mostly
approximate methods to price them have been developed so far by many
authors including Turnbull and Wakeman [51]; Milevsky and Posner [41];
Krekel et al. [34]; Carmona and Durrleman [10]; Borovka et al. [8]; Wu et
al. [53]; Venkatramanan and Alexander [52]; Alexander and
Venkatramanan [1]; and Brigo et al. [9]. The pricing of the geometric

basket option is more straightforward.

To illustrate the usefulness in option pricing of the multivariate NVM
deflator, we restrict the attention to the pricing of geometric basket
options. We obtain a general analytical NVM pricing formula, which can
be viewed as a generalization of the Black-Scholes formula. Moreover,
explicit analytical formulas are displayed for the exponential VG and
NIG price processes. In particular, a simpler alternative to the NIG

closed-form formula by Wu et al. [53] is derived.

Consider a European geometric basket call option with maturity date
T and exercise price K in the multivariate NVM market with n > 1 risky
assets that follow the price process (3.1) and is subject to the NVM
deflator (3.8). Its price at initial time O is given by

C = E[Dp(Sy - K), . (4.3)
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A straightforward calculation, which takes into account the normalizing

condition o, =y —r, kR =1, ..., n, shows that

DpSyp = Sy - exp{-Cx(-B)T + Z(Ck B )XY,
=i

DpK = Ke ' - exp{- Cx (- B)T - ZﬁkX(Tk)}. (4.4)
k=1

In the following, we suppose that the density function fGT (x) of the

mixing random variable G exists. Through conditioning one can rewrite

4.3)as C = e XV [ Cw)fg, (w)dw with
0

Clw) = E[(So - exp{ D (cx —Br) (0,Gr + W)}
k=1

- Ke'T - exp{- ZBk(ekGT + Tch(;l;))})+|GT =w]. (4.5)
=}

Each of the two conditional correlated normally distributed sums in
(4.5) 1s normally distributed, and their joint distribution is bivariate

normal. Therefore, the distribution of the conditional random couple
n n

(z (cp, —Bp )nge), - Z BkX$)|GT = w) is determined by the conditional
k=1 k=1

means

n n

ELY (cp = B)X{|Gp = w] = myw,  my = (e, = Br J0g,

k=1 k=1

M=

E[- Y B XP|Gr = w] = mgw,  my = > B0, (4.6)
k=1

>
1l

1

the conditional variances
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Var[Z(Ck - B )errk)|GT =w]=stw, st = Z pij(c; —Bi)tilc; —Bj)t;,
=) 7=

n n
Var[- ZBkX(Tk)|GT =w]=sjw, s = Z PiiPiTiB T, (4.7)
=1 f7=1

and the conditional covariance

COV[Z(% - Br )X(T’”"), - ZBnge”GT = w] = ps;sew,
k=1 k=1

n
ps1sy = Z pij(B; —ci)uiBjt;- (4.8)
=1
Now, let ®(x) denotes the standard normal distribution, ®(x) = 1 — ®(x)
its survival function, and ¢(x) = ®'(x) its density. The bivariate standard

normal density is defined and denoted by

X, V; = 1 expq — 1 x2 — 2pxy + 2}.
99(x, ¥; p) T %) p{ 2(1_p2)( pxy y)

From (4.5) and the definitions (4.6)-(4.8), one obtains

C(w) _ I J (Soemlw+slﬂx _ Ke—rT+m2w+32\/Ey )+(P2(x, y; p)dxdy. (4.9)

—00 —00

The expression in the bracket of (4.9) is non-negative provided x > x(y)

with

_In(K/Sy)-rT  (mg —my) Sg.
x(y) = ot H— Vw + o

Since ¢5(x, ¥ p) = ¢(y)o((x — py) /¥1 - p? ) /1 - p? a separation of the

double integral yields C(w) = I J(y, w)p(y)dy with the inner integral

—00
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J(y, w) _ (1/ [1 _ p2 ) j {Soemlersl«/Ex _ KefrTerQersz\/Ey}
x(y)

x o((x - py) /N1 - p? )da. (4.10)

A straightforward application of Lemma Al in the Appendix yields

Jwy+k(1-p?)s? _
Ty, w) = Soe"™PIT T g 20 2 A 2 i)

e

_ Ke—rT+m2w+s2x/Ey(D( Py — x(y) )

V1- p2

To simplify notation, rewrite the arguments within the normal distribution

functions as

Py—x(g’)Jr ll_p231@:a+cy, py_—x(y):b+cy, with

Vi-p? i-p?

_rT—In(K/Sp) + (my —my +(1-p?)s? w
slx/;x/l—p2

’

rT —In(K /Sy) + (m; —mg )w e PSL=8

31@J1—p2 ) 31\/1—p2 .

Furthermore, one has

b:

Jw lpzsirzw Jw ls%w
PV Wo(y) = e T g(y - psivw), eV g(y) = 27 oy - s9vw).
Now, using twice the Lemma A2 of the Appendix, one obtains

a + cpleE ) - KefrTJr(szr%sg )wq)( b+ 682\/;

\/1+c2 1+ c2

Based on the above expressions for the coefficients a, b, and ¢, one

1.2
Clw) = Sye'™ 2

).

obtains further



NORMAL VARIANCE-MEAN MIXTURES (III) ... 25

C(w) _ Soe(ml+%312 )wq)( rT — h’l(K/SO) N my —mg + Q% \/E)

ovw Q
—rT+(mg+isdw  rT — ln(K / SO) m; —mg — Q%
- Ke 2 D + Vw),
v o )
02 = s —ps;sy, k=12 Q=402+02 (4.11)

Summarizing, we have shown the following main result:

Theorem 4.1 (Geometric basket call option formula in the
multivariate NVM market). Given is the multivariate exponential NVM
mixture process (3.1) subject to the NVM deflator (3.8). Then, in the above

notations, one has

C = E[Dp(Sp - K),1= e XL 48w (ar, by, d) - Ke T - W, (ag, by, d)},

(4.12)
gy (a, b, d) = [ (b + 4 )fg, (w)dw,
w
0
k-1~2
my —mo +(—1 Q
ak:mk+§sk, b, = L 2(2( ) k,
k=12 d-= rT -In(K/So) (4.13)

Q

A particular instance, for which the formula (4.12) simplifies

considerably, is the special case d = 0, that is the exercise price is set

equal to K = Spe” T In this situation, (4.12) rewrites as
C = BDp(Sy - Soe ™), ] = e X PTS, - (e 0ty o)
0

— "D (byVw ) }fg, (w)dw. (4.14)
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At this point, an important connection with the standard no-arbitrage
framework of mathematical finance must be mentioned (e.g., Wiithrich et
al. [54], Subsection 2.5; and Wiithrich and Merz [55], Chapter 2). By the
fundamental theorem of asset pricing, the assumption of no-arbitrage
(weak form of efficient market hypothesis) is equivalent with the
existence of an equivalent martingale measure for deflated price
processes. In complete markets, the equivalent martingale measure is
unique, perfect replication of contingent claims holds, and
straightforward pricing applies. In incomplete markets, an economic

model is required to decide upon which equivalent martingale measure is

appropriate. Now, let P denotes the real-world measure and P* denotes
an equivalent martingale measure. Then, one can either work under P,

where the price processes are deflated with a state-price deflator.

Alternatively, one can work under P* by discounting the price processes

with the bank account numeraire. Working with financial instruments

only, one often works under P*. But, if additionally insurance liabilities
are considered, one works under P (see Wuthrich et al. [54], Remark
2.13). A recent non-trivial example is pricing of the “guaranteed
maximum inflation death benefit (GMIDB) option” (Hurlimann [22];
Equation (5.4) in Hurlimann [23]). Theorem 4.1 demonstrates the
practicability of the state-price deflator approach for exponential NVM
price processes as applied to the European geometric basket call option.
In cases, where the density function of the mixing random variable is
known, the formulas (4.12)-(4.14) yield a closed-form analytical pricing
system for the geometric basket option. The conditions under which the
multivariate NVM market is complete and arbitrage-free, that is there

exists a unique equivalent martingale measure and prices are uniquely

defined (whether under P* or under P with state-price deflator), remain
to be found. This is a non-trivial problem that has been tackled so far

solely for the multivariate Black-Scholes model (see Dhaene et al. [15]).
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Example 4.1. Multivariate exponential VG asset pricing model.

The subordinator Gy ~ [(yT, v), vy = vl s gamma distributed with

density
fop @) = v ()" 7" e/ T(y). (4.15)

Making the change of variable z = (1 - a)w, the ¥-function in (4.13) is

of the form stated in Kotz et al. [33], p. 296 (European risk-neutral call
option price for an exponential VG price process), which is the original
closed form formula by Madan et al. [37], Theorem 2 and Appendix (see
also Madan [36], Subsection 6.3.1, Equation (14)). The advantage of the
alternative pricing formula (4.12) is the simple parameter structure
(4.13). Also, the special case (4.14) simplifies considerably. A similar
analytical pricing system for the Margrabe option has been considered

previously in Hiurlimann [24, 25]. In particular, for an Erlang
subordinator with integer parameter y = v! formulas of the type (4.14)

reduce to finite sum expressions (see Hiirlimann [24], Appendix 2). As a

new result, we derive a closed-form expression for the W-function as a

sum of an incomplete beta function and an integrated Macdonald
function. It is much simpler than the original formula in terms of the
Macdonald function (modified Bessel function of the second kind) and the

degenerate hyper-geometric function of two variables.
In the following, let Ga(y) ~T(y,1) be a standardized gamma
random variable with density fgq(y)(¥) = x" 1 e™ /T(y), Be( %, ) be a

beta with distribution function

_ 1 [ -1
FBe(%’Y)(x)—l—-J.t 2(1- 1)L, (4.16)

B(E’Y) 0
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and VG(y, a, B) a variance-gamma with density (e.g., Hiirlimann [29],

Equation (A4.21))
Y Y*l
Frety.a.p)(®) = 7(%%) (alfl s) 2 exp(- T mx) K, S o+ B,
x # 0. (4.17)

Theorem 4.2 (Closed-form VG WY-function representation). The
normal gamma mixed integral ¥(a, b, y) = J.<D(a\/x71 + bx/;)fGa(k)(x)dx
0

satisfies the following probabilistic representation:

1b2

1 L
#la,by) = 5 {1+ sgn®)- Py (o))
2

lal

+ sgn(a)- E[fVG(y,WJrsgn(a)b,Wsgn(a)b)(x)dx' (4.18)

Proof. This is shown in the Appendix. O

In particular, the VG formula (4.14) can be rewritten in terms of the

incomplete beta function.

Example 4.2. Multivariate exponential NIG asset pricing model.

The subordinator Gp ~ IG(\/Z, 1/TL) is inverse Gaussian distributed
1% 1z

with density

3 _ 2
fap (x) = 1/2%/96 2 -eXp{—(’CZU—T];)}. (4.19)

Pricing of the geometric basket option under an equivalent martingale
measure has been previously considered in Wu et al. [53]. However, their
fast Fourier transform pricing formula is more complex than the closed-

form expression (4.22) below.
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In the following, let SNRIG(a, 8) be a symmetric NVM mixture

random variable with reciprocal inverse Gaussian mixing density
1 2, 2
fSNRIG(o,5)(%) = — - a- e™ . Ko(aVs? + x2). (4.20)

It is obtained from the generalized hyperbolic distribution as

SNRIG(a., 8) = GH(%, a, 0, 5). The density of the normal inverse

Gaussian NIG(a, B, §) = GH(—%, a, B, 8) is denoted by

svo2pZipr  Ki(aVs® +x%)

2

INIG(a, B, 5)(%) = % ad - e (4.21)

82 + x

Theorem 4.3 (Closed-form NIG W-function representation). The
normal gamma mixed integral ¥(a, b, y) = J‘(I)(onfof1 + bx/;)fGT (x)dx
0

satisfies the following probabilistic representation:
1

+ sgn(a) - FNIG(W,—sgn(a)b,\/%)(lal)' (4.22)

An extension of the probabilistic representations (4.18) and (4.22) to
arbitrary generalized inverse Gaussian mixing densities is found in

Hiirlimann [30].
Example 4.3. Multivariate exponential NTS asset pricing model.

The classical tempered stable subordinator has not a tractable
density function but a relatively simple characteristic function. In this
situation, one approximates the integrals (4.13)-(4.14) by use of the fast
Fourier transform (FFT) of fGT (e.g., Hurlimann [27], Appendix 1).
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5. A Simple Multivariate Subordinated Asset Price Model

The special choice B, =0,k =1,...,n, of the multivariate NVM

deflator (3.8) implies that Cx(-B)=0,a=r,0;, = —(%+ v ) =
1 n

-=1p - Zpkjtj, k=1,...,n It follows that the NVM deflator
2" &

degenerates to the risk-free discount factor D, =e’*. In this

multivariate subordinated market, the risky assets follow the price

process (insert (3.6) into (3.1))

() = ) exp(rt —(%+ Vi) TG W), k=1,m, (D)

where the Wt(k)’s are correlated standard Wiener processes such that

E[th(i)th(j )] = p;; and G; is an independent subordinator. The pricing

of the European geometric basket call option with maturity date T and

exercise price K simplifies somewhat.

Theorem 5.1 (Geometric basket call option formula in the

multivariate subordinated market). Given is the multivariate subordinated

asset price model (5.1) subject to the risk-free discount factor D, = et

Then one has
C = E[Dy(Sp - K), 1= Sy - ¥G,(m, s, d) - Ke™'" "PéT (m, s, d), (5.2)

Ooe(m+%s2 )ch( d+(m+ s w

Yo, (m, s, d) = J. e

0

Gy (w)dw,

w5 (m, s, d) = j o( d:% Va, w)duw, (5.3)
0
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n n n

1 2: 2 §

m=—§k ICka : lpkj’tj, s = 2 lpijCi‘EiCj’Cj, dIhl(So/K)-i-rT.
= ]: l’]:

Proof. This result is a special instance of Theorem 4.1 and can be

similarly derived in a simpler way (one-dimensional integration only). [

The specialization to a geometric basket with a single risky asset is

instructive.

Corollary 5.1 (European state-price deflated call option price for a

single subordinated asset). Given is the multivariate subordinated asset
rt

price model (5.1) subject to the risk-free state-price deflator D, = e .

Then one has

C = E[Dp(SY - K),1= 8% -5, (v, {prjtj}, d) - Ke T W5, (v, {pyj1j}, d),
T

(5.4)
d-L: (ZP ~T-)w+l12w
o —%Tr(zlmﬂj)w 2 1 ~ AR 21
Y , Tt d) = = 0] dw,
Gr (71, fp1y;s @) ! e ( - Vo (w)dw
1 1 9
© d—g‘tl'(Z;f)lj‘Cj)w—g’Elw
+*
G, (a1 fpaye ), @) = [ S Viay @w)dw,
0
d =1n(Sy | K)+rT. (5.5)
Proof. Set ¢; =1,¢9 =...=¢, =0 to see that m = —%rl '(Zpljtj)

Jj#1

—lr%, s? = r%, and the result follows immediately through insertion

2
into the formula (5.2). O

Corollary 5.1 is related to some remarkable previous results. Suppose

p1; =0, Jj =2,...,n, that is the single asset is uncorrelated with the
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other risky assets, then Zpljr j = 0. Then, one recovers the option
Jj#1

formula by Hurst et al. [20] for the univariate subordinated asset price

model (see also Rachev and Mittnik [47]; and Rachev et al. [46],

Subsection 7.6 with correction of the misprint in the stock price model,

however). If Gp = T with probability one (Black-Scholes-Merton model),

then (5.4) yields a new extended Black-Scholes formula that takes into
account the correlation structure of the market. Besides the multivariate
exponential VG, NIG, and NTS processes, the proposed multivariate
subordinator market contains a rich class of feasible models. If G; is the
stable process proposed by Mandelbrot [39, 40] and Fama [18], one has a
logstable model. If G; is the CIR process by Cox et al. [13], one obtains a
multivariate version of the model by Heston [19] (see Rachev et al. [46],
Subsection 7.6). The CGMY and Meixner specifications by Carr et al.
[11], resp., Schoutens and Teugels [49]; and Pitman and Yor [45], are also
subordinated models, as shown by Madan and Yor [38]. Some differences
with the approach by Hurst et al. [20] can be noted. While these authors
work under an equivalent martingale measure P* in the univariate case
n =1 only, we work in the multivariate case under P using a state-price
deflator. Hurst et al. argue in Section 5 that an equivalent martingale
measure is not expected to exist unless one assumes that p; = r. In this

case, their (equivalent martingale measure) market price of risk reads
(Equation (5.11))

* 1
()] :—(91 +§T%)/T1. (56)

The assumption p; =r corresponds to the choice p; —w; =r in the

deflator approach. By virtue of (3.6), the (state-price deflator) market

price of risk equals

1 1
0 =M -7 = CX(l)(l) = Cg(0; + §T%) = CG(—§T% '(ZlPlej))' (.7)
J
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Under the made assumptions, both market prices of risk are equal and

vanish, if and only if one has Zpl it =0, and in this situation, the
Jj#1

formula (5.4) coincides with the Hurst-Platen-Rachev formula. Our

multivariate subordinated asset price model is a genuine extension

because it covers cases with non-vanishing market prices of risk for

which p; # r. For this, the condition Zpl ;Tj # 0 in financial markets is
Jj#1

rather the rule than the exception. Therefore, the new approach is of

primordial importance. Since the equivalent martingale approach and

the state-price deflator approach are equivalent (comments after

Theorem 4.1), there is no need to display the measure P* in the

multivariate case.
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Appendix: Integral Identities of Normal Type and

Probabilistic ¥-Function Representations

The crucial identities used in the derivation of Theorem 4.1 are

stated and proved separately.



NORMAL VARIANCE-MEAN MIXTURES (III) ... 37

Lemma Al. For any real numbers b, ¢, n, and o > 0, one has the
identity

2 butlpZo _
o -Iebx co((x —pn)/o)dx =e v e -CI)(MG ¢ +b6j. (Al.1)

c

Proof. Consider first the case p=0,0=1. From the relation

0

ePo(x) = e2 ¢(x —b), one gets Iebx ~p(x)dx = e2” - j ot)dt = e?
c c—b

o0
®(b - ¢). Using this, one obtains by a change of variables ¢! - jebx .
C

0

buslpo B
o((x —p)/ o)dx = ROt ot)dt = e 2 C -@(“G 4+ bc). O
(c-w)/o
Lemma A2. For any real numbers a, b, u, and o > 0, one has the
identity
ot j ®(a + bx)op((x — pn)/ o)dx = CD(LZ)“J. (A1.2)
o V1 + b%62

0

Proof. Consider the functions F(z)= j D(z + x)op(x)dx,

—00

[>e}

G,(2) = Id)(a + zx)p(x)dx. One notes that F(0) = _[ D(x)p(x)dx = %
, N V2 oz I
and F'(z) = I o(z + x)o(x)dx = 7(')( 7 ), from which it follows that

—00

a
F(a) = F(0) + J.F'(z)dz = On the other hand, one has
0

qmj%y

G,(1) = F(a) = ¢>(%) and G,(z) = z - j o(a + zx)p(x)dx =

—00

7 __
(1+22)%2
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b
a a
o( ), hence G,(b) = G,(1)+ |G'(z)dz = O( ). It follows
1+ 22 '! V1 + b2

that 6 - [ 0(a + be)ol(x — 1)/ ©)ds = Gy o) - q{_a + bu ] -

V1 + b%62

Proof of Theorem 4.2. A repeated application of the method used in
Lemma A2 will do. In the special case a = 0, b > 0, set J(z) = ¥(0, z, y)

—00

0 b
= [®(x Vfga((x)dx, 2 2 0. One has J(0) = % J(b) = J(0) + [ ().
0 0

A calculation shows that

[ T (pad)o1 —(1eLla2 )
J'(z) = \/;@(zﬁ)fga(k)(x)dx: L[t e g,
-([ v2rl(y) !

1 1
- - . -,
\EB(g,Y) 1+ %22 Y2

where the last expression follows by noting that the integrand is related

to a gamma density. With the change of variable z = v2u, one sees that

b/V2

l+ 1 . du
1 1°
ZOB(3.7) § (+ud)ts

J() =

A further change of variables u = 4/t / (1 — ¢) shows that

x x2/(1+x2)
_1

J'd—“l:% J t 2(1-¢)dt.

0 (1 + u2 )Y+§ 0

With (4.16), this implies (4.18) for a = 0, b > 0. The formula for a = 0,

b < 0 follows by noting that ®(bvx) = ®(- [pvx ) = 1 — ®(|p|vx ), hence
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J(b) =1-J(p|). In general, if a >0, set I(z) = IGD(Z\/x_l + b\/;)fGa(x)
0

(x)dx, z > 0. One has I(0) = J(b), I(a) = J(b) + TI’(z)dz, and
0
I'(z) = jx/ochq)(zx/acTl + bx/;)fGa(x)(x)dx
0

dx.

J~ (v-3)- L (1+1b2)x
«/_l"y)

The integrand is related to a generalized inverse Gaussian density of the

form

3 ( /[3) ] —%(ax+[3x_1)
fGIG((x, B, p)(x) oK (x/_) € s

p:y—%, oc:2(1+%b2), [3:22.

Set ¢ = 1/2(1 + %b2) to see that

2.
T

_1,7bz
22K 1(c2)
"y

I'(z) = —
T(y)e' 2

A comparison with (4.17) shows that I'(z) = fyg(y,a,p)(2), @ +B = 2,

o — B = 2b. The formula (4.18) for a > 0 follows. If a < 0, one notes that

o(aVx + o) = d(Jaa ! +bVx) = 1 - (e - bVx),

hence ¥(a, b, y) =1-¥(dq|, - b, v). O
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Proof of Theorem 4.3.If a = 0, b > 0, set J(z) = (0, z, y) = J.(D(Z\/;)
0

b
fGp(x)dx, z > 0. One has J(b) = % + jJ '(2)dz. A calculation shows that
0
[ 1 [T (1 1,1 T _
J'(z) = v([\Eq)(zw/;)fGT (x)dx = 5 \/;e“ .,([x exp(- 5{( it 22 ) + X 1 dx.

The integrand is related to a harmonic law H(a, B) = GIG(a, B, 0)

with density

1w 1

—_ 1__
e~ o) =

, 1 Tl [1. T
J(Z):E'J;(?V Ko( —2+722 )
1%

Comparing with (4.20) shows (4.22) for a = 0, b > 0. The formula for

such that

a =0, b <0 follows from the relation J(b) =1 - J(||). If a >0, then one
a o0

has I(a) = J(b) + [ I'(z)dz with I(2) = | ®(zVx ™t + bV )fg, (x)dx, 2 2 0.
0 0

Through calculation, one obtains

I'(z) = IJF o(z\x ™ + b ), (x)dx
0

1 \/T%—bz
T 2n Ue

Ot—— 8

1 1,1 2 T 24 -1
x—2exp(—§{(ﬁ+b )x+(7+z ) })dx,
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whose integrand is related to the density of a generalized inverse

Gaussian GIG(a, B, p) with parameters p = -1, o = % +b2,B = % + 22

It follows that

Comparing with (4.21) shows that I'(z) = fNIG(\/m 7b\/f)(2) and
vl ’ v

(4.22) for a > 0 is shown. The formula for a < 0 is obtained from the

relationship ¥(a, b, ) =1 - ¥(a|, - b, ). O



