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Abstract 

Let M  be a von Neumann algebra without central summands of type .1I  
Suppose that MM →ϕ :  is an additive map and ξ  is a scalar with .1±≠ξ  

Then ϕ  satisfies ( ) ( ) ( ) ( ) ( )ABBAABBABAAB ξϕ−ϕ+ϕξ−ϕ=ξ−ϕ  for any 

M∈BA,  with ,0=+ BAAB  if and only if ( )Iϕ  is in the center of ,M  

( ) ( ) ( )III ϕ+ξϕ=ξϕ 2  and ( ) ( ) ( ) ( )IABBABAAB ϕ−ϕ+ϕ=ϕ  for all ., M∈BA  
Particularly, if ϕ  is linear, then ϕ  is a derivation. 

1. Introduction 

Let R  be an associative ring (or an algebra over a field F ). Recall 
that an additive map δ  on R  is called an additive derivation, if 
( ) ( ) ( )BABAAB δ+δ=δ  for all ;, R∈BA  is called an additive Jordan 

derivation, if ( ) ( ) ( ) ( ) ( )ABABBABABAAB δ+δ+δ+δ=+δ  for all R∈BA,  
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(equivalently, ( ) ( ) ( )AAAAA δ+δ=δ 2  for all ,R∈A  if the characteristic 

of R  is not 2); is called a Lie derivation, if [ ]( ) ( )[ ] +δ=δ BABA ,,  

( )[ ]BA δ,  for all ,, R∈BA  where [ ] BAABBA −=,  is the Lie product 

of A and B. The structures of derivations, Jordan derivations, and Lie 
derivations had been studied intensively for many researchers (for 
example, see [1, 4, 6, 11] and the references therein). 

For a scalar F∈ξ  and for ,, R∈BA  we say that A commutes with 

B up to a factor ,ξ  if .BAAB ξ=  The notion of commutativity up to a 

factor for pairs of operators is an important concept and has been studied 
in the context of operator algebras and quantum groups ([3, 8]). 
Motivated by this, a binary operation [ ] ,, BAABBA ξ−=ξ  called Lie-ξ  

product of A and B, was introduced in [13]. An additive map RR →:L  
is called an additive Lie-ξ  derivation, if ([ ] ) ( )[ ] += ξξ BALBAL ,,  

( )[ ]ξBLA,  for all ., R∈BA  This conception unifies the above three 

notions. It is clear that a Lie-ξ  derivation is a derivation, Lie derivation 

and Jordan derivation if ,1,1,0 −=ξ  respectively. The structure of 

Lie-ξ  derivations on various operator algebras was also discussed by 

several authors (for example, see [9, 13, 17, 18]). 

Recently, the question of under what conditions that an additive map 
becomes a derivation attracted much attention of many researchers. For 
example, Qi and Hou [14] characterized the linear maps L between 

subspace-J  lattice algebras that satisfies [ ]( ) ( )[ ] += BALBAL ,,  

( )[ ]BLA,  for any BA,  with [ ] .0, =BA  Let X be a Banach space with 

3dim ≥X  and ( )XB  be the algebra of all bounded linear operators 

acting on X. Lu and Ji in [10] showed that, if ( ) ( )XX BB →δ :  is a linear 

map satisfying [ ]( ) ( )[ ] ( )[ ]BABABA δ+δ=δ ,,,  for any ( )XBA B∈,  

with 0=AB  (resp., ,PAB =  where P is a fixed nontrivial idempotent), 

then ,ντ +=δ  where τ  is a derivation of ( )XB  and ( ) IX C→B:ν  is a 
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linear map vanishing at commutators [ ]BA,  with 0=AB  (resp., 

PAB = ). Let A  be a unital prime algebra over a field F  and .F∈ξ  In 

[16], Qi et al. considered the additive maps L on A  satisfying the 
condition ([ ] ) ( )[ ] ( )[ ]ξξξ += BLABALBAL ,,,  for all A∈BA,  with 

[ ] .0, =ξBA  For other related results, we refer to [2, 5, 7, 10, 14, 15] and 

the references therein. 

The purpose of the present paper is to give a new characterization of 
additive derivations on von Neumann algebras without central 
summands of type .1I  Let M  be a von Neumann algebra without central 

summands of type 1I  and ξ  is a scalar with .1±≠ξ  Denote by ( )MZ  

the center of .M  We prove that an additive MM →ϕ :map  satisfies 

( ) ( ) ( ) ( ) ( )ABBAABBABAAB ξϕ−ϕ+ϕξ−ϕ=ξ−ϕ  for any M∈BA,  

with ,0=+ BAAB  if and only if ( ) ( ) ( ) ( ) ( )III ϕ+ξ=ξϕ∈ϕ 12,MZ  and 

( ) ( ) ( ) ( )IABBABAAB ϕ−ϕ+ϕ=ϕ  for all M∈BA,  (Main Theorem). 

Furthermore, it is shown that ϕ  is a derivation, if ϕ  is linear (Corollary). 

2. Main Result and its Proof 

In this section, we will give our main result and its proof. 

Main Theorem. Let M  be a von Neumann algebra without central 
summands of type .1I  Suppose that MM →ϕ :  is an additive map and 

ξ  is a scalar with .1±≠ξ  Then ϕ  satisfies ([ ] ) ( )[ ]ξξ ϕ=ϕ BABA ,,  

( )[ ]ξϕ+ BA,  for any M∈BA,  with ,0=+ BAAB  if and only if  

( ) ( ) ( ) ( ) ( )III ϕ+ξ=ξϕ∈ϕ 12,MZ  and ( ) ( ) ( ) ( )IABBABAAB ϕ−ϕ+ϕ=ϕ  

for all ,, M∈BA  where ( )MZ  denotes the center of .M  
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Particularly, if ϕ  is linear, then we have the following Corollary: 

Corollary. Let M  be a von Neumann algebra without central 
summands of type .1I  Suppose that MM →ϕ :  is a linear map and      

ξ  is a scalar with .1±≠ξ  Then ϕ  satisfies ([ ] ) ( )[ ] +ϕ=ϕ ξξ BABA ,,  

( )[ ]ξϕ BA,  for any M∈BA,  with ,0=+ BAAB  if and only if ϕ  is a 

derivation. 

Proof. The “if ” part is clear. For the “only if ” part, by Main Theorem, 
we have ( ) ( ) ( )III ϕ+ξϕ=ξϕ 2  and ( ) ( ) ( ) ( )IABBABAAB ϕ−ϕ+ϕ=ϕ  for 

all ., M∈BA  To complete the proof, we only need to check ( ) .0=ϕ I  

Indeed, if ϕ  is linear, then ( ) ( ) ( ) ( ),2 IIII ϕ+ξϕ=ξϕ=ξϕ  and so 

( ) 0=ϕ I  as .1−≠ξ  
 

Before proving the Main Theorem, we need some notations. Let M  
be any von Neumann algebra and .M∈A  Recall that the central carrier 

of A, denoted by ,A  is the intersection of all central projections P such 
that .0=PA  If A is self-adjoint, then the core of A, denoted by ,A  is 

{ ( ) }.,:sup ASSSS ≤=∈ ∗MZ  Particularly, if PA =  is a projection, 

it is clear that P  is the largest central projection P≤ . A projection P is 

called core-free if .0=P  It is easy to see that ,0=P  if and only if 

.IPI =−  For more properties of core-free projections, see [12]. 

We first give two useful lemmas, which are needed to prove Main 
Theorem. 

Lemma 1 ([12]). Let M  be a von Neumann algebra without central 
summands of type .1I  Then each nonzero central projection M∈C  is the 

carrier of a core-free projection in .M  Particularly, there exists a nonzero 

core-free projection M∈P  with .IP =  
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Lemma 2 ([12]). Let M  be a von Neumann algebra. For projections 

,, M∈QP  if 0≠= QP  and ,IQP =+  then M∈T  commutes with 

PXQ and QXP for all M∈X  implies ( ).MZ∈T  

Proof of Main Theorem. By a simple calculation, it is easy to check 
that the “if” part holds. 

For the “only if” part, assume that 1±≠ξ  and MM →ϕ :  is an 

additive map satisfying ([ ] ) ( )[ ] ( )[ ]ξξξ ϕ+ϕ=ϕ BABABA ,,,  for any 

M∈BA,  with .0=+ BAAB  We will prove the “only if” part by 

several claims. 

By Lemma 1, we can find a core-free projection M∈P  with .IP =  
In the sequel fix such a projection P. By the definitions of core and 

central carrier, we have 0=−= PIP  and .IPI =−  For the 

convenience, write PIPPP −== 21 ,  and { }.2,1,, ∈= jiPP jiij MM  

Then .22211211 MMMMM +++=  

Claim 1. ( ) ( ) 01221 =ϕ=ϕ PIPPIP  and ( ) ( ) .0121212 =ϕ=ϕ PPPPPP  

Since ,021121221 =+=+ PPPPPPPP  we have [ ( ) ] [ ( )] 0,, 2121 =ϕ+ϕ ξξ PPPP  

and [ ( ) ] [ ( )] ,0,, 1212 =ϕ+ϕ ξξ PPPP  that is, 

( ) ( ) ( ) ( ) ,012211221 =ξϕ−ϕ+ϕξ−ϕ PPPPPPPP   (1) 

and 

( ) ( ) ( ) ( ) .021122112 =ξϕ−ϕ+ϕξ−ϕ PPPPPPPP   (2) 

Multiplying by 1P  and 2P  from left and the right in Equation (1), 

respectively, and multiplying by 2P  and 1P  from left and the right in 

Equation (2), respectively, one gets ( ) ( ) 0221211 =ϕ+ϕ PPPPPP  and 

( ) ( ) ,0112122 =ϕ+ϕ PPPPPP  that is, 
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( ) ( ) .0and0 1221 =ϕ=ϕ PIPPIP  

Multiplying by 2P  from both sides in Equation (1) and multiplying by 1P  

from both sides in Equation (2), one obtains ( ) ( ) 01 121 =ϕξ− PPP  and 

( ) ( ) .01 212 =ϕξ− PPP  Note that .1≠ξ  So 

( ) ( ) .0and0 212121 =ϕ=ϕ PPPPPP  

Now define a MM →δ :map  by 

( ) ( ) ,allfor M∈−+ϕ=δ AATTAAA  

where ( ) ( ) .112211 PPPPPPT ϕ−ϕ=  Clearly, δ  is also additive and 

satisfies 

([ ] ) ( )[ ] ( )[ ] .,,,0 ξξξ δ+δ=δ⇒=+ BABABABAAB  

It follows from Claim 1 that 

( ) ( ) ( ) ( ) .01212121221 =δ=δ=δ=δ PPPPPPPIPPIP  

In addition, we have 

( ) ( ) ( ) 1111111 PPPTPTPPP ϕ=−+ϕ=δ  

( ) ( ) ( ) ,111111111111 M∈δ=−−δ= PPPPTPTPPPPP  (3) 

and 

( ) ( ) ( ) 2222222 PPPTPTPPP ϕ=−+ϕ=δ  

( ) ( ) ( ) .222222222222 M∈δ=−−δ= PPPPTPTPPPPP  (4) 

In the following, we will prove that δ  is a generalized derivation by 
Claims 2-5. 

Claim 2. ( ) .2,1, =⊆δ iiiii MM  

We only give the proof of ( ) ,1111 MM ⊆δ  and the proof of another 

inclusion is similar.  
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In fact, for any ,1111 M∈A  by the equation 211PA  ,0112 =+ AP  we 

have [ ( ) ] [ ( )] ,0,, 211211 =δ+δ ξξ PAPA  which and Equation (4) yield 

( ) ( ) .0112211 =δξ−δ APPA   (5) 

Multiplying by 1P  from the left in Equation (5), one gets ( ) ;02111 =δ PAP  

multiplying by 2P  from both sides in Equation (5) and noting that ,1≠ξ  

one has ( ) .02112 =δ PAP  

Similarly, by the relation ,0211112 =+ PAAP  one can check 

( ) .01112 =δ PAP  Hence ( ) .1111 MM ⊆δ  The claim holds. 

Claim 3. ( ) .21, ≤≠≤⊆δ jiijij MM  

For any ( ),jiA ijij ≠∈M  since ,0=+ ijijijij AAAA  we have 

[ ( ) ] [ ( )] ,0,, =δ+δ ξξ ijijijij AAAA  that is, 

( ) ( ) ( ) ( ) ijijijijijijijij AAAAAAAA ξδ−δ+δξ−δ  

( ) ( ( ) ( )) .01 =δ+δξ−= ijijijij AAAA  

As ,1≠ξ  the above equation can be reduced to 

( ) ( ) .0=δ+δ ijijijij AAAA   (6) 

Since ( ) ( ) ( ) ( ) .0=+−+−+ ijijijjijiji APPAPAAP  By Equations 

(3)-(4) and Equation (6), one gets 

[ ( ) ( ) ] [ ( ) ( )]ξξ δ−δ++−δ+δ= jijijijijiji PAAPPAAP ,,0  

( ) ( ) ( ) ( ) ( ) ( ) .iijjijijiijjjijiji PAPAAPAPPAAP ξδ−δ−δ+δξ+δ−δ=  (7) 

Multiplying by iP  and jP  from both sides in Equation (7), respectively, 

by Equations (3) and (4), we obtain ( ) ( ) 01 =δξ− iiji PAP  and ( ) δξ− jP1  

( ) ,0=jij PA  which imply 

( ) ( ) .0and0 =δ=δ jijjiiji PAPPAP   (8) 
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Finally, we still need to prove ( ) .0=δ iijj PAP  To do this, note that 

( ) ( ) .0=−+− ijjijiij APPPPA  So 

( ) ( ) [ ( ) ] [ ( ) ( )]ξξ δ−δ+−δ=δξ+− jiijjiijij PPAPPAA ,,1  

 ( ) ( ) ( )ijijijiij APPAPA δξ−δ−δ=  

( ) ( ) ( ) .ijijijijj APPAAP ξδ−δ−δξ+  

Multiplying by jP  and iP  from the left and the right in the above 

equation, respectively, gets ( ) ( ) ( ) ( ) .11 iijjiijj PAPPAP δξ+=δξ+−  This 

implies ( ) .0=δ iijj PAP  By Equation (8), one gets ( ) ,ijijA M∈δ  

completing the proof of the claim. 

Claim 4. ( ) ( ).MZ∈δ I  

For any ( ),21 ≤≠≤∈ jiA ijij M  by Equation (7) and Claim 3, we 

have proved that 

( ) ( ) .0=δ−δ jijiji PAAP  

Combining the equation and Equations (3)-(4), one obtains 

( ) ( ) ( ) ( ).IAPAAPAI ijjijijiij δ=δ=δ=δ  

It follows from Lemma 2 that ( ) ( ).MZ∈δ I  

Claim 5. ( ) ( ) ( ) ( )IABBABAAB δ−δ+δ=δ  for all ,, M∈BA  that is, 

δ  is a generalized derivation. 

We will prove the claim by four steps. 

Step 1. The following statements hold: 

(1) For any iiiiA M∈  and ,ijijB M∈  we have ( ) ( ) ijiiijii BABA δ=δ  

( ) ( ) .21, ≤≠≤δ−δ+ jiIBABA ijiiijii  
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(2) For any ijijA M∈  and ,jjjjB M∈  we have ( ) ( ) jjijjjij BABA δ=δ  

( ) ( ) .21, ≤≠≤δ−δ+ jiIBABA jjijjjij  

Take any iiiiA M∈  and .ijijB M∈  Since ( ) ( ) +−+ jijijiiii PBBAA  

( ) ( ) ,0=+− ijiiiijij BAAPB  by Claims 2-3, one gets 

[ ( ) ( ) ] [ ( ) ( )]ξξ δ−δ++−δ+δ= jijijiiiijijijiiii PBBAAPBBAA ,,0  

( ) ( ) ( ) ( )jijiiijiiijiiijii PBABABABA δ−δ+δ−δ=  

( ) ( ) ( ) ( ).IBABABABA ijiiijiiijiiijii δ−δ+δ−δ=  

(1) holds. 

For any ijijA M∈  and ,jjjjB M∈  note that ( )( )iijjjjjij PABBA −+  

( ) ( ) .0=+−+ jjjjijiij BBAPA  By a similar argument to that of (1), it is 

easy to check that (2) holds. 

Step 2. For any ,, iiiiii BA M∈  we have ( ) ( ) ( )iiiiiiiiiiii BABABA δ+δ=δ  

( ) .2,1, =δ− iIBA iiii  

For any iiiiii BA M∈,  and any ,ijijS M∈  by Step 1, on the one 

hand, we have 

( ) ( ) ( ) ( ).ISBASBASBASBA ijiiiiijiiiiijiiiiijiiii δ−δ+δ=δ  

On the other hand, 

 ( ) ( ) ( ) ( )ISBASBASBASBA ijiiiiijiiiiijiiiiijiiii δ−δ+δ=δ  

( ) ( ) ( ) ( ).2 ISBASBASBASBA ijiiiiijiiiiijiiiiijiiii δ−δ+δ+δ=  

Comparing the above two equations obtains 

( ( ) ( ) ( ) ( )) ,0=δ+δ−δ−δ ijiiiiiiiiiiiiiiii SIBABABABA  
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for all ijijS M∈  as ( ) ( ),MZ∈δ I  that is, 

( ( ) ( ) ( ) ( )) ,0=δ+δ−δ−δ jiiiiiiiiiiiiiiii SPIBABABABA  

holds for all .M∈S  Note that .IPj =  It follows from the definition of 

the central carrier that { ( ) }HxTxTPj ∈∈ ,:span M  is dense in H.     

So ( ) ( ) ( ) ( ).IBABABABA iiiiiiiiiiiiiiii δ−δ+δ=δ  

Step 3. For any ijijA M∈  and ,jijiB M∈  we have ( ) =δ jiijBA  

( ) ( ) ( ) .21, ≤≠≤δ−δ+δ jiIBABABA jiijjiijjiij  

For any ijijA M∈  and ,jijiB M∈  since 

[( ) ( )] ,0, 1122121121221122112 =+++−++− −ABBAPPBABA  

by Claims 2-4, one can get 

[ ( ) ( ) ( ) ( ) ]ξ+++δ−δ+δ+δ−= 122121121221122112 ,0 ABBAPPBABA  

[ ( ) ( ) ( ) ( )]ξδ+δ+δ+δ−++−+ 122121121221122112 , ABBAPPBABA  

( ) ( ) ( ) ( ) ( ) ( )211221122112 111 BABABA δξ−+δξ−+δ−ξ=  

( ) ) ( ) ( ) ( ) ( ) ( ) 122112212112 111 ABABIBA δξ−+δ−ξ+δ−ξ+  

( ) ( ) ( ) ( ).11 12211221 IABAB δ−ξ+δξ−+  

As ,1≠ξ  the above equation implies 

( ) ( ) ( ) ( ),2112211221122112 IBABABABA δ−δ+δ=δ  

and 

( ) ( ) ( ) ( ).1221122112211221 IABABABAB δ−δ+δ=δ  

Step 4. For any ,, M∈BA  we have ( ) ( ) ( ) ( ).IABBABAAB δ−δ+δ=δ   

Take any ., 2221121122211211 M∈+++=+++= BBBBBAAAAA   

Combining Steps 1-3 and Claims 2-3, it is easily checked that 
( ) ( ) ( ) ( ).IABBABAAB δ−δ+δ=δ  So δ  is a generalized derivation. 
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Claim 6. ( ) ( ) ( ).2 III δ+ξδ=ξδ  Therefore, the theorem holds. 

For any ,1212 M∈A  as ( ) ( ) ,022 121112 =−+− APIPIA  we have 

[ ( ) ] [ ( ) ( )] ([ ] ).2,2,2, 112112112 ξξξ −δ=δ−δ+−δ PIAPIAPIA  

It follows from Claim 3 and Equations (3)-(4) that 

( ) ( ) ( ) ( ) .1 121212 AIAA δξ++ξδ=ξδ   (9) 

On the other hand, by Claim 5, we have 

( ) ( ) ( ) ( ).12121212 IAAAIA δξ−ξδ+ξδ=ξδ   (10) 

Comparing Equations (9) and (10), one achieves ( ) ( ) ( )( ) ,021 12 =δξ+−ξδ AII  

that is, 

( ) ( ) ( )( ) .021 2 =δξ+−ξδ PII M  

Note that .2 IP =  It follows from the definition of the central carrier that 

{ ( ) }HxTxTP ∈∈ ,:span 2 M  is dense in H. It follows that 

( ) ( ) ( ).12 II δ+ξ=ξδ  

Claim 7. ( ) ( ) ( ) ( )IABBABAAB ϕ−ϕ+ϕ=ϕ  holds for all M∈BA,  

and ( ) ( ) ( ).12 II ϕ+ξ=ξϕ  

Note that ( ) ( ) ATTAAA +−δ=ϕ  for each .M∈A  By Claims 5-6, it 

is easily check that the claim holds. 

The proof of the theorem is finished. 
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