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Abstract

Consider the following linear regression model y = xT[S + e, where the error e

is a functional coefficient autoregressive (FCA) processes. In this paper, we
prove that the Huber-Dutter (HD) estimators for unknown parameters in the

_1
above model week converge to the true values with rate n 2.
1. Introduction

Consider the following regression model:
— T _
yt _xtB+et7 t_]', 27”‘7”’7 (113.)

T . . .
where y, € R, x, = {x;1, -+, x,9)’ € R%, B is a d-dimensional unknown
parameter, and ejs are functional coefficient autoregressive processes

given as
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eg =0, ¢ =f,(0)e_q+m;, t=12-,n, (1.1b)
where m}s are non-degenerate iid random errors with zero mean and

finite variance 62, 0 is a one-dimensional unknown parameter and 1;(0)
is a real valued function defined on a compact set ®, which contains the

true value 6, as an inner point.

Model (1.1) includes many special models, such as a ordinary linear

regression model (when f;(0) = 0), a linear regressive processes (when
f;(0) = 0, see Maller [7], Pere [8]), time-dependent autoregressive
processes (when f;(0) = a;, see Carsoule and Franses [3], Azrak and

Melard [2]), e; is the same as (1.1b), see Hu [5], Kwoun and Yajima [6].

A number of robust estimators have been proposed and investigated
over the last 40 years. One of them is the Huber-Dutter (HD) estimators,
see, for example, Silvapulle [10], Douglas [4], Tong et al. [12]. This paper
will investigate the week convergence rate of HD estimators for unknown

parameters in the model (1.1) under some regularity conditions.

2. Estimation Method

Let Ag = {Bg, 60, 0p} be the “true” value of unknown parameter. Let

f{(6¢) = dft(e) |e 9, * 0 and define H ofi-i(60) =1, then from (1.1b),
-1 ( j-1 t-1
e = [Hft_i(eo)}]t_j, Ee, = 0, Vare, = G%Z[Hft l(GO)J 2.1
20\i=0 Jj=0
e = & B+ £,0) (o1 —x/4B)+ny ¥o = %9 = 0. (2.2)

Write the Huber-Dutter loss function by

Q, o, 0) = Zn:p(yt — 2B = £,(0) (1 - xtT‘IB)Jc ‘Ao, 2.3)

()
t=1
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where p > 0 is convex, p(0) = 0, p(t)/[t| > k as [f| - « for some k > 0,
and {A,} is a suitably choose sequence of constants. We will obtain the
HD estimators for A = (BT, 6, 0) by minimizing Q(B, 5, ) and we
denote it by A, = (BL, 5,,0,). Then the estimators, if they exist

(see the following Proposition 2.1), will satisfy

ZW( O, 6, 0e0) =0 @4
Z’{ ft(e )é:1 “ A, (2.5)
Zv( ft(e )et 1 ft,(én )ét—l =0, (2.6)

where v = p’, y(u) = up(u) - p(u) = J:xdw(x), and &, =y, — x; B,,.

Same as in Silvapulle [10] and Tong et al. [12], in what follows, it will
be assumed that n > d +2 and A, > 0.

Without loss of generality, we may assume %k = 1. Therefore, y is
bounded and increases from -1 to +1. It will also assumed that y is
bounded. From Proposition 1 in [10], we have the following:

”

Proposition 1. Suppose that p" is continuous and for some A > 0,

v<1-AV7l where v is the largest jump in the error distribution,

e—-u

)— A} =0 has

a solution (u(A), o(A)) with o(A) > 0. Especially, when A =1lim, ., n‘A,,
where A, are defined in (2.3). We denote it by (ng, o) with g > 0.
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HD estimators include some existed estimators, for example, the least
squares estimators (p(x) = u?, A, =0, and ¢ = 1), the least absolute

deviation estimators (p(u) = |u|, A, = 0), M-estimators (cf. Tong et al.

[12]). If we put p(u)=[u?(0<qg=1), A4, =0, and o is a known
constant, then (2.4)-(2.6) are the L, estimate equations for a linear

regression model with g-norm distribution errors (Arcones [1], Rouner

[9D).
3. Main Result and Preliminary Lemmas

To obtain the result in this paper, the following conditions are

sufficient (|- | denote the Euclidean norm):

1
(A1) max;gpcplr;| = o(n?)(as n — o).

(Ay) There is a constant a > 0 such that for any ¢t and 0 € ©,

t —1 n |j-t-1
z[ﬁfm] ca S0
1=0

j=1\1=0 j=t+1
(A3) £;(0), £/(©), f(6), f"(6) are bounded for any ¢ and 6 € ©.

< a.

(A,) lim,_.. %An _A-o

(As) Ep(0L)=0 forany 6> 0,b=Ey'(1L)> 0, c = E[y'(1L). 1],
(e} CFO GO GO

r= E[w'(g—; ) n%], br > ¢®> and Var(w'(%)) < o, Var(w"(%)) < o,

Var(v'(“)ny ) < oo, Var(p'(-Tonf) < oo, Enf < oo,
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Remark. The condition (A;) is weaker than the corresponding
condition in Silvapulle [10], Hu [5]. The condition (Ay) is used by Hu [5],
Song et al. [11] and the first boundlessness condition of (Ag) is used by
Kwoun and Yajima [6]. The boundlessness of f,(0), f/(0), f{(6) in (Aj3)
are used by [5], [11]. And the conditions (A,) and (Aj) are used by
Silvapulle [10], Tong et al. [12].

Theorem 3.1. Suppose that conditions (A;)-(As) hold. Then
(i, —ro) is 0,(1) as n > . (3.1)

For the proof of Theorem 3.1, we need the lemma as following:

Lemma 3.1. Under the conditions (A;)-(As), we have

1) A,(hg) = ift'z(e)Eef_l — 0 A,(hg) = O(n) as n — oo
t=1

(ii) Ee} < (Ent + 60§ )a’.
(iif) Var(z::le?) = 0(n) (n - ).

Proof. The proof of (i), see Hu [5]. We only prove (ii) and (iii),

-1 j-1 *
Bef :E{ (Hft_,(eo)mt_j}

j=0 r=0

=FE

t-1 2r1 j-1 2
Z(Hft +(00))n; - ,} (I Jfe-r®0)me- k]
0 r=0

j=0 r= k=0 r

t-1 j-1 -1 k-1
:E{[ (Hft r(eo) T]t j [ ( ft r(eO) M- k:l}

j=0 r=0 k r=0

[y

Il
o
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+ 4E{

0<i<j<t-1 r=0

> (Hn +00)n;-; (Hft +(00))n; - ]

X[ Z (Hft r(eO))nt l- (Hft r(GO)nt mil}
0<l<m<t-1 r=0

= Il + 4]2

-1 j-1 4
L =E [ ftr(eo)ntj:l
j=0[r=0

(3.2)

t-2 t-1 m-1
+2E{ ( ft r(eo)ﬂz m) (Hft r(eo)nt k) }

-1 j-1
=En%{ (Hft_,(eo))‘*}
=0

™

+ 20 I+ r<eo>)2<1‘[za (0))?

t—-1 j-1 t-1 j-1
ft2—r(90)] [ 2 (90)”
j=0r=0 j=0r=0

-2 m-1 -1 k-1
+ 206{ }(,;2_,«(9())' ft2—r(90 )}

< (Ent + 208 )a?.

Similarly, from the condition (Ay), we can obtain that

12=E[ > <Hn +(00))*n7- ,(Hft +(00)n7;

0<i<j<t-1 r=

3.3)

|
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t=2 t-1 [j-1
= Z [Hft ,.(90)] Hft r(eo) Ent Lnt J
1=1j=i+1
< G%O(2. (3.4)

Hence, we get (i1) from (3.2)-(3.4).

Now we prove (ii1)

E(Zn:etz)Q—(Zn:Eef)z [Zn:E’et +2 Z Ee?e ]
t=1

t=1 t=1 1<i<j<n

n
- [Z:(Eet2 P+ 2 Z Eei2Ee]2-

t=1 1<i<j<n

n n-1

3

—

[Ee,?1 —(Ee? )2] +2 [Ee eZ, —Ee? -Ee?, ]
t=1 i=1 k=1
(3.5)
From (i1), we have
n
D [Ee! - (Ee} ] = O(n). (3.6)

t=1

By recursive computation,

Eefef.y = E[ef(f11(00)e; + nis1)?] = 31(00)Ee} + opEe?,

Eefef.s = Ele](fi12(00)eis1 + Miv2 )] = fii2(00)Eefef,y + op e}
= [712(00) [f31(00)Ee; + o§Eef |+ of Ee}

= f22(00)f%1(80)Eef + f75(00)0p Eef + opEe},
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Eefef,s = Elef(fi3(00)eisa + Mixg)’] = fi(00 ) Eefelss + ofEe}
= [5(00)[2(00)f31(00)Ee; + fi2(00 ot Eef + opEep | + ogEeg
= [75(00)f%2(00)f21 (00 )Ee; + f75(00)f%2(00 o5 Eef

2 90 2 . 2792
+ fi+3(80)ogEe; + ople;,

Eefel,; = Elef(fix(00)eisno1 +Mivp )]
= f25(00)f1-1(80) -+ f21(00)Eef + £1(00)f4-1(89)
< fr2(00)0tEef + f7(00)f25-1(80) - f35(00 Jop Eef
+ o+ [21(00 )02 Ee? + c3Ee?.
3.7
Eefiy = E[fi11(80)e; + Myt P = f731(00)Eef + o,
Eef.y = E[f;.5(00)ei1 + Nisa I* = f52(00)Befy + of
= f742(00)[£1(00 )Eef + 5]+ of
= [22(00)f31(00)Eef + f72(80)o5 + o3,
ey = E[fi5(00)eirn +Mixs * = f3(00)Eefs + o
= [745(00)[£32(00)f%1 (80 )Eef + f%2(00)op ] + oF

= f73(00)f22(00)f31(00)Ee} + fi23(00)f%2(80)08 + f23(80 )G + o5,

Eel), = f4(00)f2k-1(00) - f21(00)Eef + £ 1(00)fi24-1(00) -+ f22(80)o5

+ e+ [21(00)08 + o2 (3.8)
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n-1n—i
Eeizei%-k - EeizEei2+k]
=1 k=1
n-1ln-i
2 4 2 2
= (1,00t 4-1(00) -+ 31 (00)] (Eej' — Eef - Ee})
=1 k=1

Lk -1
f,%r(eo)} (Eeif — Eef - Eef) < a”- ) (Eef - Eef - Eef) = O(n).
=1

i

S

k

~ S
LML
VR
=
I |
= ~
.

1l
—

3.9
From (3.5), (3.6), and (3.9), we obtain (iii).

4. Proof of Theorem 2.1

Let F, (L) be the Hessian of @(1), that is,
[ 0%Q 0%Q 0%Q |
opT op o’ o opT o0
2 2 2
ol on 06> 000
2
E3 * M
L 692 .
where * indicates that the elements are filled in by symmetry.

Let

| 2%Q 0°Q Q|

on,0pT oB on, 08T oo on,opT 00
a ) 2%Q
A F A) = 4.2
RuG) = - F0)=| o+ e
3
i on,00% |

where 7‘[ = BZ(Z = ]., 2, ceey, d), kd-f—l = O, 7\'d+2 = 0.
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First, we prove that

3
Ry(AM)=0,(n%), 1=12,...,d+2 (n— x); (4.3)
3 n
#ﬁ%@ﬁ - ‘01_2 ;w"( ) (1 = £(O)i1,0) (= (O 1) (= £y (), 1)

= L(,});
W . 1 N o M
D<= - ey 2 . e Nt
L] = — max|s, ft<e>xt_1||;|w( )| = ofn) ;w( ).
Since {¥"( %f )} are iid variables,
oM N Mg 2
E[ZW(?)@ = D EW L) = o).
t=1 t=1

1 1
By Chebyshev inequality, ZW”(%) = 0,(n?). Then,
=1

3
LY = o, (n?). (4.4)
Similarly,
°Q 1N My, ey M
e ng{w(;n - Ok 1,003 = O 1)
3
= 0,(n?), (4.5)

3 n
1) = QLS ) (1 ey~ 0 )

= 3
- (e~ O1) = 0p(n?), @6)
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L) - th(ew" e 1 (w1~ Ok 1,0) (x — fi(O), 1)

aﬁlaﬁTae

LY ROV ) Gy = Oy
t=1

- th(ﬁ)w( et 1%, = f(0), 1 )
-1 - 1) a
Similar to (4.5) and (4.6),

3 3
L) = 0,(n?), L) = 0,(n?). (4.8)

- _L f(0)” (—t)et V(g = 1,001 ) (3 — f,0),1)"

N oy e
- =1ﬁ(9)[w (1) - B
x e;_q (%1 — f(0)xc,_q, 1) (op — f(O), 4 )"
< LB s~ O~ 0k
=Jy) - Y. (4.9)

Note that {£(8)[v"("L) - Ev'()les1} is a Fyp = o(m. ng, . ),

(¢ < n) martingale-difference array. Then,
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(4) 2 Mg Mg 2 2
B - - Z[ft ©O)F {[w;) - Bv(L) 1}
: (xt,l - ft(e)xt—l,l )2(xt — f;(0)x;_y )T (%, - f,(0)x; )

n 2
L 0)? Pl
< 5 sl O, ~ O] ZI:E [v (ﬂ Bl

= 5 maxl O, ~ Ok | B L)) ZEeH

4 a
=0,(n?)-0(n) = 0p(n?).
By Chebyshev inequality, J (1) = op(n6 ), then

3
JW = o(n2). (4.10)

Jr(;;) = c% Var {Z e;_111(0) (xt,l - ft(e)xt—l,l )Z(xt — f;(0)x; 4 )T}

t=1

2 n [t-2 k-1
= O Var {Z{ (Hfti(eo»ntk]ﬁ(e) [, = foO),1,1][x = £i(0)x;1 1T}.
o t=2| k=0 =0

Exchange the order of summing,

b2
Varg ) = =5 Var
n [n=k(t-1
{Z[Z Hft+k—i(9)j (%psp—i = Fran O1pino1,1) (i = fren (O)Xpip1 )Tft'+k(e)}nk}
k i=0

= 622 ( frak-i (00 )ff+1(6)
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et~ o Orer.) ook~ FronOree ) rag — fran@)rp 1) }

n

(n—k( t-1 2
< 0% max| f{0)x; - £;(0; 1 > Z[Hm_i@)ﬂ

t=0\:=0

o~
[\

S

n

< 62 maxl (0, — £k 1D |1+ D
J k=2 m=k+1

T

1+af = o(n%) -0(n) = o(n%),

m—k-1
[T fm-i®
=0

S

< b2 m}ax|f]‘(9)|2||xj — fj(0)x; 1 It
k=

[\l

e
JW = 0, (n®). (4.11)

From (4.7), (4.8), (4.9), (4.10), and (4.11), we have

3
LY = 0,(n?). (4.12)
3 3 3 3 3
For the estimation of 0°Q , 0 Q2 , 6? ) 0 g’? N 0 g,
9P10000 * 5p,002  oooplop, ocopl oo o0

we can use the methods seminary to that in (4.4) or (4.12) to obtain (4.3).

_1 2
Let T,,(A\) = n 2 ﬁ, B,(A) = n™t 6TQ , we will prove that
O ar'on

_1
T,(Ag +n 2r)="T,(Ao)+ B,,(Ao)7 + p, (1), (4.13)
where sup,<x||pn(r)| — 0 as n — o, for any K > 0.
In fact, by Taylor’s theorem,
_1 _3
T,(hog +n 2r)=T,(Ao)+ B,(ko)r +n 2R,(r, s), (4.14)

where R, (r, s) has [-th element
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_1
R, (r,s1) = rT[Ry(hg + 1 2sr)r, S; €0, 1].
For |r| < K, we have

d+2
By i(r, )| < K* )
a,b=1

_1
A=ho+n 2g

) 0 =
OO0y, (a_xl(w

_3
Then by (4.3), n 2R, (r, s) = 0,(1). So (4.13) holds.

From Lemma 2 and Lemma 3(a) in Douglas [4], we can obtain the
result of Theorem 2.1 basing on the expansion (4.13).
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