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Abstract 

Consider the following linear regression model ,exy T +β=  where the error e 
is a functional coefficient autoregressive (FCA) processes. In this paper, we 
prove that the Huber-Dutter (HD) estimators for unknown parameters in the 

above model week converge to the true values with rate .2
1−

n  

1. Introduction 

Consider the following regression model: 

,,,2,1, ntexy t
T
tt "=+β=   (1.1a) 

where { ) β∈=∈ ,,,, 1
dT

tdttt RxxxRy "  is a d-dimensional unknown 

parameter, and ,ste  are functional coefficient autoregressive processes 
given as 
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( ) ,,,2,1,,0 10 ntefee tttt "=η+θ== −   (1.1b) 

where ,stη  are non-degenerate iid random errors with zero mean and 

finite variance θσ ,2  is a one-dimensional unknown parameter and ( )θtf  

is a real valued function defined on a compact set ,Θ  which contains the 

true value 0θ  as an inner point. 

Model (1.1) includes many special models, such as a ordinary linear 
regression model ( ( ) ),0when ≡θtf  a linear regressive processes (when 

( ) ,θ=θtf  see Maller [7], Pere [8]), time-dependent autoregressive 

processes (when ( ) ,tt af =θ  see Carsoule and Franses [3], Azrak and 

Melard [2]), te  is the same as (1.1b), see Hu [5], Kwoun and Yajima [6]. 

A number of robust estimators have been proposed and investigated 
over the last 40 years. One of them is the Huber-Dutter (HD) estimators, 
see, for example, Silvapulle [10], Douglas [4], Tong et al. [12]. This paper 
will investigate the week convergence rate of HD estimators for unknown 
parameters in the model (1.1) under some regularity conditions. 

2. Estimation Method 

Let { }0000 ,, θσβ=λ T  be the “true” value of unknown parameter. Let 

( ) ( ) 000 ≠
θ
θ

=θ′ θ=θd
dff t

t  and define ( ) ,10
1
0 =θ−

−
=∏ iti f  then from (1.1b), 

( ) ( ) ,Var,0, 0
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t feEefe  (2.1) 

( ) ( ) .0, 0011 ==η+β−θ+β= −− xyxyfxy t
T
ttt

T
tt  (2.2) 

Write the Huber-Dutter loss function by 

( ) ( ) ( ) ,,, 11

1
σ+σ










σ

β−θ−β−
ρ=θσβ −−

=
∑ n

T
ttt

T
tt

n

t
AxyfxyQ  (2.3) 
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where 0≥ρ  is convex, ( ) ( ) k→ρ=ρ tt,00  as ∞→t  for some ,0>k  

and { }nA  is a suitably choose sequence of constants. We will obtain the 

HD estimators for ( )θσβ=λ ,,T  by minimizing ( )θσβ ,,Q  and we 

denote it by ( ).ˆ,ˆ,ˆˆ nn
T
nn θσβ=λ  Then the estimators, if they exist         

(see the following Proposition 2.1), will satisfy 

( ) ( ( ) ) ,0ˆ
ˆ

ˆˆˆ
1

1

1
=θ−




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


σ
θ−

/ −
−

=
∑ tntt

n
tntt

n

t
xfxefev  (2.4) 

( ) ,ˆ
ˆˆˆ 1

1
n

n
tntt

n

t
Aefe

=







σ
θ−

χ −

=
∑  (2.5) 

( ) ( ) ,0ˆˆ
ˆ

ˆˆˆ
1

1

1
=θ′








σ
θ−

/ −
−

=
∑ tnt

n
tntt

n

t
efefev  (2.6) 

where ( ) ( ) ( ) ( ),,
0

xvxduuvuuv
u

/=ρ−/=χρ′=/ ∫  and .ˆˆ n
T
ttt xye β−=  

Same as in Silvapulle [10] and Tong et al. [12], in what follows, it will 
be assumed that 2+≥ dn  and .0>nA  

Without loss of generality, we may assume .1=k  Therefore, v/  is 

bounded and increases from 1−  to .1+  It will also assumed that χ  is 

bounded. From Proposition 1 in [10], we have the following: 

Proposition 1. Suppose that ρ ′′  is continuous and for some ,0>A  

,1 1−−< AVv  where v is the largest jump in the error distribution, 

( ) ( ),∞χ−∞χ= V  then the equation { ( ) ( ) } 0, =−
σ
−χ

σ
−

/ AueuevE  has 

a solution ( ) ( )( )AA σµ ,  with ( ) .0>σ A  Especially, when ,lim 1
nn AnA −

∞→=  

where nA  are defined in (2.3). We denote it by ( )00 , σµ  with .00 >σ  
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HD estimators include some existed estimators, for example, the least 

squares estimators ( ( ) ),1and,0,2 =σ==ρ nAuu  the least absolute 

deviation estimators ( )( ),0, ==ρ nAuu  M-estimators (cf. Tong et al. 

[12]). If we put ( ) ( ) ,0,10 =≠<=ρ n
q Aquu  and σ  is a known 

constant, then (2.4)-(2.6) are the qL  estimate equations for a linear 

regression model with q-norm distribution errors (Arcones [1], Rouner 
[9]). 

3. Main Result and Preliminary Lemmas 

To obtain the result in this paper, the following conditions are 
sufficient ( ⋅  denote the Euclidean norm): 

( )1A  ( ) ( ).asmax 3
1

1 ∞→=≤≤ nnoxtnt  

( )2A  There is a constant 0>α  such that for any t and ,Θ∈θ  

( ) ( ) ., 1

1

01

2
1

1

01
α≤θα≤













θ −

−−

=+=
−

−

==
∏∑∏∑ t

tj

i

n

tj
t

j

i

t

j
ff  

( )3A  ( ) ( ) ( ) ( )θ′′′θ′′θ′θ tttt ffff ,,,  are bounded for any t and .Θ∈θ  

( )4A  .01lim =−∞→ AAn nn  

( )5A  ( ) 01 =
σ
η

/vE  for any ( ) [ ( ) ],,0,0
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Remark. The condition ( )1A  is weaker than the corresponding 

condition in Silvapulle [10], Hu [5]. The condition ( )2A  is used by Hu [5], 

Song et al. [11] and the first boundlessness condition of ( )2A  is used by 

Kwoun and Yajima [6]. The boundlessness of ( ) ( ) ( )θ′′θ′θ ttt fff ,,  in ( )3A  

are used by [5], [11]. And the conditions ( ) ( )54 AandA  are used by 

Silvapulle [10], Tong et al. [12]. 

Theorem 3.1. Suppose that conditions ( ) ( )51 A-A  hold. Then 

( ) ( ) .1ˆ 0 ∞→λ−λ nasOisn pn   (3.1) 

For the proof of Theorem 3.1, we need the lemma as following: 

Lemma 3.1. Under the conditions ( ) ( ),A-A 51  we have 

(i) ( ) ( ) ( ) ( ) .;: 0
2
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∑ nasnOEef ntt
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n  

(ii) ( ) .6 24
0

4
1

4 ασ+η≤ EEet  

(iii) ( ) ( ) ( ).Var 2
1

∞→=∑ =
nnOet

n

t
 

Proof. The proof of (i), see Hu [5]. We only prove (ii) and (iii), 
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.4: 21 II +=  (3.2) 

( )























ηθ= −−

−

=

−

=
∏∑

4

0

1

0

1

0
1 jtrt

j

r

t

j
fEI  

( ( ) ) ( ( ) )












ηθηθ+ −−

−

=
−−

−

=

−

+=

−

=
∏∏∑∑ 2

0

1

0

2
0

1

0

1

1

2

0
2 k

k

k
trt

r
mtrt

m

r

t

m

t

m
ffE  

( ( ))












θη= −

−

=

−

=
∏∑ 4

0

1

0

1

0

4
1 rt

j

r

t

j
fE  

( ( )) ( ( ))20

1

0

2
0

1

0

1

1

2

0

4
02 θθσ+ −

−

=
−

−

=

−

+=

−

=
∏∏∑∑ rt
r

rt

m

r

t

m

t

m
ff

k

k
 

( ) ( )























θ












θη= −

−

=

−

=
−

−

=

−

=
∏∑∏∑ 0

2
1

0

1

0
0

2
1

0

1

0

4
1 rt

j

r

t

j
rt

j

r

t

j
ffE  

( ) ( )












θ⋅θσ+ −

−

=

−

=
−

−

=

−

=
∏∑∏∑ 0

2
1

0

1

0
0

2
1

0

2

0

4
02 rt

r

t

rt

m

r

t

m
ff

k

k
 

( ) .2 24
0

4
1 ασ+η≤ E  3.3) 

Similarly, from the condition ( ),A2  we can obtain that 
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Hence, we get (ii) from (3.2)-(3.4). 

Now we prove (iii) 
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From (ii), we have 
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From (3.5), (3.6), and (3.9), we obtain (iii). 

4. Proof of Theorem 2.1 
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where ( ) .,,,,2,1 2 θ=λσ=λ=β=λ ++ dldll dl "  
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First, we prove that 
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From (4.7), (4.8), (4.9), (4.10), and (4.11), we have 
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we can use the methods seminary to that in (4.4) or (4.12) to obtain (4.3). 
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where ( ) 0sup →≤ rpnKr  as ,∞→n  for any .0>K  

In fact, by Taylor’s theorem, 
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where ( )srRn ,  has l-th element 
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Then by (4.3), ( ) ( ).1,2
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−

 So (4.13) holds. 

From Lemma 2 and Lemma 3(a) in Douglas [4], we can obtain the 
result of Theorem 2.1 basing on the expansion (4.13). 
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