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Abstract 

We consider a model operator H associated with the system of three particles on 
a d-dimensional lattice that interact via nonlocal pair potentials. We describe 
the essential spectrum of H by the spectrum of two channel operators. 

The location of the essential spectrum of the three-particle discrete 
Schrödinger operators has been extensively studied in many works, see, 
for example, [1, 2]. The main result of [1] is that the essential spectrum of 
the three-particle discrete Schrödinger operator consists of only finitely 
many bounded closed intervals, although the corresponding two-particle 
operators might posses infinitely many eigenvalues for some value of the 
two-particle quasi-momentum. 

In the present paper, we consider a model operator H associated to a 
system of three particles on a d-dimensional lattice. The spectrum of 
channel operators are described by the spectrum of corresponding family 
of Friedrichs models. We establish that the essential spectrum of H is the 
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union of the spectra of two channel operators. The upper bound for the 
number of closed intervals of the essential spectrum is found. We note 
that the operator H can be considered as a non-compact perturbation of 
the operators investigated in [3, 4]. 

Denote by dT  the d-dimensional torus and by (( ) )2
2

dL T  the Hilbert 

space of square integrable (complex) functions defined on ( ) .2dT  

Let us consider an operator H acting on the Hilbert space (( ) ):2
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where the operators 0H  and 2,1, =ααV  are defined by 
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Here (( ) ),2
2

dLf T∈  the number n is a positive integer with ,3≥n  the 

functions ( ) niv i ,,1,2,1, …==α⋅α  and ( )⋅⋅,w  are real-valued 

continuous functions on dT  and ( ) ,2dT  respectively. Under these 

assumptions, the operator H is bounded and self-adjoint. We recall that 
the operators 2,1, =ααV  are called nonlocal interaction operators. 

Denote ( ) ( )qpwqpw ,:,1 =  and ( ) ( ).,:,2 pqwqpw =  To formulate 

main results of the paper, we introduce the channel operators acting on 

(( ) )2
2

dL T  as αα −= VHH 0:  and two families of bounded self-adjoint 

operators (Friedrichs models) ( ) ,, dpph T∈α  which acts in ( )dL T2  as 
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For any fixed ,dp T∈  we define the analytic functions in 

[ ( );\ pmαC  ( )]pMα  by 
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and the function ( )⋅∆α ;p  is the Fredholm determinant associated with 

the operator ( ),phα  where the numbers ( )pmα  and ( )pMα  are defined 

by 

( ) ( ) ( ) ( ).,max:,,min: qpwpMqpwpm
dd qq

α
∈

αα
∈
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The following lemma describes the relation between the eigenvalues 
of the operator ( )phα  and zeroes of the function ( ).; ⋅∆α p  

Lemma 1. The number [ ( ) ( )]pMpmz αα∈ ;\C  is an eigenvalue of 

the operator ( )phα  if and only if ( ) .0; =∆α zp  

We denote by ( ) ( ),, ess ⋅σ⋅σ  and ( )⋅σdisc  the spectrum, the essential 

spectrum, and the discrete spectrum of a bounded self-adjoint operator, 
respectively, and set 

( ) ( ).,max:,,min:
,,

qpwMqpwm
dd qpqp TT ∈∈

==  

From Lemma 1, it follows that 

( ( )) { [ ( ) ( )] ( ) }.0;:;\disc =∆∈=σ αααα zppMpmzph C  

Now we give the main results of the paper. 
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The spectrum of the channel operator αH  is described in the 

following theorem: 

Theorem 1. For the spectrum of the operator ,αH  the equality holds 

( ) ( ( )) [ ].;disc MmphH
dp

∪∪ α

∈

α σ=σ

T

 

The following theorem describes the essential spectrum of the 
operator H. 

Theorem 2. The essential spectrum of H coincides with the union of 
the spectrum of 1H  and ,2H  that is, the equality ( ) ( ) ∪1ess HH σ=σ  

( )2Hσ  holds. Moreover, the set ( )Hessσ  consists of no more than 12 +n  

bounded closed intervals. 

Comparing Theorems 1 and 2, we conclude that 
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The subsets [ ]Mm;  and 
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of ( )Hessσ  are called three-particle and two-particle branches of the 

essential spectrum of H.  

It is obvious that for a given H, the operators 1H  and 2H  are 

uniquely chooses by the property of decomposability into a direct 
integral. Since the channel operators 1H  and 2H  have a structure 

simpler than that of H, and Theorems 1 and 2 play an important role in 
further investigating the spectrum of the operator H. 
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