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Abstract

In this paper, we investigate the global behaviour of the difference equation
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1. Introduction

Consider the fifth-order difference equation

OXp—1

Xpil = , n=0,1,.., (1.1)

2 2
B+ yxn’izxn,4 + ’Yxnf2xnc14

where the parameters o, B, and y are positive real numbers, p and q are
positive integers, and the initial conditions x_4, x_3, x_9, x_1 and x

are non-negative real numbers such that
2p 24 50 - 0,1
B+vyx,Zox,_gq +yx,-9x,2, >0, n=0,1,...

We investigate the global asymptotic behaviour and the periodic
character of the solutions of the difference equation (1.1), by generalizing
the results due to M. Emre Erdogan et al. [1], corresponding to the

difference equation

Xy

Xpn4l = , TL:O,].,...,

2 2
B+ yxn_oXp_g +VXp_0%,_4

where the parameters o, B, and y are positive real numbers and the
initial conditions x_4, x_3, Xx_g, x_1, and xg are arbitrary non-negative

real numbers. Similar recursive sequences were studied previously; for

example, see [1-12].

The study of these equations is quite challenging and rewarding and
is still in its infancy. We believe that the nonlinear rational difference
equations are of paramount importance in their own right, and
furthermore, that results about such equations offer prototypes for the
development of the basic theory of the global behaviour of nonlinear

difference equations.
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We need the following definitions and theorem [13]:

Definition 1. Let I be an interval of real numbers and f : I 51

be a continuously differentiable function. Consider the difference

equation
Xn+l = f(xn’ Xn—1s o> xn—k)’ n=01,.., (1.2)

with x_p, ..., xg € I. Let x be the equilibrium point of Equation (1.2).

The linearized equation of Equation (1.2) about the equilibrium point x

1s

Ynil = ClYn +CoVp_1 + -+ Chy1¥n-rk, n=0,1,.., (1.3)
where

of — _ of - _ of ,— _
¢ = X,...,X), Co = X, ..., X), ..., C = s ey X))

The characteristic equation of Equation (1.3) is
WL ek —eopB T - g = ¢pyq = 0. (1.4)
Definition 2. Let X be the equilibrium point of Equation (1.2).

(1) The equilibrium x is called locally stable if for every ¢ > 0, there
exists 8 > 0, such thatif x_j, ..., xg € I, and |xg — x|+ -+ |x_, — X| < §,

then |x, — x| <¢ forall n > — k.

(2) The equilibrium x is called locally asymptotically stable if it is
locally stable and if there exists y > 0, such that if xg, ..., x_;, € I and

|xg = x|+ +|x_; —X| <y, then lim x, = X.
n—o

(3) The equilibrium x 1is called a global attractor if for every

xqg, .-, X_j, € I, we have lim x,, = x.
n—ow

(4) The equilibrium x is called globally asymptotically stable if it is

locally stable and is a global attractor.
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Definition 3. A solution {x,},_, of Equation (1.2) is called
nonoscillatory, if there exists N > —k such that either x, > x, Vn > N

or x, < x, Vn > N, and it is called oscillatory if it is not nonoscillatory.

Definition 4. A positive semicycle of a solution {x, };’fz_k of Equation
(1.2) consists of a “string” of terms {x;, x;,1, ..., X, }, all greater than or
equal to the equilibrium x with [ > -k and m < «© such that either

l=-k or [ >-k and x;; <x and either m=o or m <o and

X;,41 < X. A negative semicycle of a solution {x,},__, of Equation (1.2)
consists of a “string” of terms {x;, x;,1, ..., X,, }, all less than x with
Il > -k and m < « such that either [ = -k or / > -k and x;_; 2 ¥ and

either m = o or m < w and x,,,; = x.

Theorem 1. (i) If all roots of Equation (1.4) have absolute value less
than one, then the equilibrium point x of Equation (1.2) is locally

asymptotically stable.

(1) If at least one of the roots of Equation (1.4) has absolute value
greater than one, then the equilibrium point x of Equation (1.2) is

unstable.
2. Dynamics of Equation (1.1)

In this section, we investigate the dynamics of Equation (1.1) under
the assumptions that all parameters in the equation are positive and the
initial conditions are non-negative.

The change of variables x, = (8/y)y, reduces Equation (1.1) to the
difference equation:

"Yn-1

2 2 ’
1+ Ay oy g +Cyyoyyd,

Yn+l = n=0,1,.., (2.1)

wherer:a/B>O,A:(B/y)2p > 0, andC:(B/y)zq > 0.
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Note that y; = 0 is always an equilibrium point of Equation (2.1).
When r > 1, Equation (2.1) also possesses equilibrium point satisfy this

equation:

AyEPH 4 CyRatt = -1, (2.2)
since the powers 2p +1 and 2qg +1 are odd, then Equation (2.2) has at
least one positive equilibrium point y, > 0.

Theorem 2. The following statements are true:

@) If r <1, then the equilibrium point y; = 0 of Equation (2.1) is
locally asymptotically stable.

@1) If r > 1, then the equilibrium point y; = 0 of Equation (2.1) is an
unstable (saddle point).

(iil)) When r > 1, then the positive equilibrium point ys of Equation
(2.1) is unstable.

Proof. The linearized equation of Equation (2.1) about the
equilibrium point y; = 0 is

Zn41 =121, n=0,1,..,

so the characteristic equation of Equation (2.1) about the equilibrium
point y; =0 1is 22— = 0, and hence the proof of (i) and (i1) follows

from Theorem 1.

For (i11), we assume that r > 1; then the linearized equation of

Equation (2.1) about the equilibrium point y, has the form

fn+l = Rp-1 ~

[(r 1)+ (2p —1)Ay?P+
r Zn-2

r

(. _ 2q+1
- (r-1)+(2¢ -1)Cy }zn_zl, n=0,1,...
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So, the characteristic equation of Equation (2.1) about the equilibrium

point yy is

53, | =1+ (2p - 1Ay };@ + {(r “D+@q -G
r r

(2.3)

It is clear that Equation (2.3) has a root in the interval (-, —1) and so
equilibrium point y, is an unstable equilibrium point. This completes

the proof. a

Theorem 3. Assume that r > 1, and let {y,},__, be a solution of

Equation (2.1) such that
Y_45 Y-25 Y0 2 52 an’d y—3’ Yy < 52? (24)
or

Y4, Y-2, Yo < Yg and y_3, y1 = Y3. (2.5)
Then {y, }f=_4 oscillates about ys with a semicycle of length one.

Proof. Assume that (2.4) holds. (The case where (2.5) holds is similar
and will be omitted.) Then,

= — < r2 _ Y2 Y2
1+ Ay*Py_ 4 + Cy_gy® 1+ AysP*l 4oyt 1+r-1 ’
and
. vy vy
Y2 0 > _ Ty,

1+ Ay*Py g+ Cy_1p%8 1+ AyZPl 4 cygatt 1+r-1

and then the proof follows by induction. O
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Theorem 4. Assume that r < 1; then the equilibrium point y; = 0 of

Equation (2.1) is globally asymptotically stable.

Proof. We know by Theorem 2 that the equilibrium point y; = 0 of
Equation (2.1) is locally asymptotically stable. So, it suffices to show that

0

lim y, = 0. Let {y,},__, be a solution of Equation (2.1), then
n—ow

TYn-1
0<y,11 = <7TYp-1 < Yn-1»
2 2 n n
1+ Aynljzyn—4 + Cyn—2yn(z4
which implies that lim y, = 0. This completes the proof. O
n—o

Theorem 5. Assume that r = 1; then Equation (2.1) possesses the

prime period two solutions

e O, D, Y, L,

with ® > 0. Furthermore, every solution of Equation (2.1) converges to
period two solutions (2.5) with ® > 0.
Proof. Let
L, O,V D, Y, ...,

be period two solutions of Equation (2.1). Then

r® and W = rv

b = .
1+ Ap2P*l | op2a+l 1+ AD2PH | cp2atl

So

_ (r-1)(®-%)
oY= A(PEP — @2P) 4 O(V2P - @2P) :

which implies that r —1 < 0. If r <1, then this implies that ® < 0 or

¥ < 0, which is impossible, so r = 1. To complete the proof, assume that

r =1 andlet {y,},__, be a solution of Equation (2.1); then
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2 2
A1 9 Yn-a = Cona¥n-2¥nls _
Yn+1 = Ypn-1 = % % < 0.
1+ Ayn_zyn—4 + Cyn—zyn_4

So, the even terms of this solution decrease to a limit (say ® > 0) and the

odd terms decrease to a limit (say ¥ > 0). Thus,

o and VY = hd

@ =
1+ Ap2P*l 4 op2a+l 1+ ADZPHL 4 cp2atl’

which implies that

oY = 0.
This completes the proof. O

Theorem 6. Assume that r > 1, then Equation (2.1) possesses an

unbounded solution.

Proof. From Theorem 3, we can assume without loss of generality

that the solution {y, },__, of Equation (2.1) is such that
Yon-1 < ¥o and yy, > y9, for n > 0.
Then

Yon S Yon =y
2 2 _ n»
L+ Ay25_1y2n_3 + Cy2n—1y22_3 1+ (r‘ 1)

Yon+2 =

and

TYon+1 TYon+1 = Yoni1
9 2 _ n+l»
1+ Ay2,€y2n—2 + Canygz,g 1+ (l” 1)

Yon+3 =

from which it follows that

lim yy,, = © and lim yg,,1 = 0.
n—ow n—w

Then, the proof is complete. a

Remark. If p =1 = ¢, the results in [1] follow directly.
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