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Abstract

We obtain exact solutions for the new integrable system

Up — BUUy — Uypy + Wy =0

Wyyy +4uWy + 2uyw =0,
which has been derived from the new integrable sixth-order KdV
equation (KAV6) (02 + 8uy0y + 4ty ) (U + tigyy + 6u2) = 0. Using the

generalized tanh- coth method, periodic and soliton solutions are

formally derived for it.
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1. Introduction

The sixth-order wave equation (KdV6):
(03 + 8uydy + Aty ) (g + Uy + 6u2) = 0, (1.1)

has been derived recently by the five authors of [4] as a integrable

particular case of the general sixth-order nonlinear wave equation

2
Uypxxx + OUylyyyy + Ploxlpxy + Ylilyy (1.2)

+ OUsp + PUyyyt + OULULy + OUlUy, = 0,

where o, B, v, 8, p, ®, 6 are arbitrary parameters, and u = u(x, t), is a

differentiable function. There are some reasons for which the study of the
model given by Eq. (1.2) is important. For instance, the two authors of
[2], have derived two integrable nonlinear integro-differential equations:

the first equation

{55;1% + BUyy — 1500, — 150,051, — 45020, .3

+ 150, U,y + 180Uxyy — Usyx = O,

describes the propagation of waves in two opposite directions and
represent bi-directional version of Caudrey et al. and Sawada and Kotera

equation [1], [8], and after the potential transformation
U(x7 t) = ux(x, t)7 (14)
reduces to sixth-order KdV equation

Suy + OUyyyy — 10Uy U,y — 1BUy, Uy

(1.5)
2
- 45uxuxx + 15uxxuxxx + 15uxuxxxx ~ Unpxxxx = 0.
The second equation
56_1 -1 2
¥ Uy + BUyyy — 16V — 160,00, v, — 4507,
(1.6)

75
+ 7 UgUxy t+ 15vvxxx ~ Uxexxx = 0,

represent bidirectional version of the Kaup-Kupershmidt equation [6],

and using Eq. (1.4) reduces to
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Suy — dDyyyy — 10U U,y — 1DUy, Uy

5 75 (1.7
- 45uxuxx + 7 U Unxx T 15uxuxxxx ~ Unyxxxx =

Other important particular case of the Eq. (1.2) which has been studied
by several authors [5], [9] is given by

{utt — Uxxxt — 2uxxxxxx + 18uxuxxxx (1 8)

+ 86Uyl — 36UU,, = 0.

The five authors of [4], have found four cases in which Eq. (1.2) pass the
Painlevé test. One of those cases is the Eq. (1.1), which is equivalent to
the Korteweg-de Vries equation with a source satisfying a third-order

ordinary differential equation (see [4]):

Ut + Upyy + 1200, —w, =0, (1.9)
Wy + 80w, + 4wv, =0,
where
U = Uy,
x 9 (1.10)
W = U + Uyyy + OU.

Recently, Kupershmidt [7] has showed that the Eq. (1.9) is integrable in
the usual sense, which is a truly remarkable fact, since w = 0 leaves
only the unperturbed KdV itself. It is easy to see that with the change of

variable

v(x, t) = %u(x, -t), w1

w(x, t) = %w(x, -1),

the system given by Eq. (1.9) reduces to new integrable system (see [7])

{ut —BUlUy, — Uyyy + W, = 0, (1.12)

Wy +4uw, +2u,w = 0.

The objective of this work, is to present exact solutions to the system
given by Eq.(1.12), therefore solutions for the (KdV6) (Eq. (1.1)), and in
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this way, to further complement other studies related to this new KdV6
equation (Eq. (1.1)). For this, we will use the generalized tanh-coth
method [3]. This paper is organized as follows: In Section 2, we will
review briefly the generalized tanh-coth method [3]. In Section 3, we give
the mathematical framework to search exact solutions for the system

given by Eq. (1.12). Finally, some conclusions are given.
2. The Generalized tanh-coth Method

The wave transformation

E=x+M+¢&p, (2.1)

convert a PDE that does not explicitly involve independent variables to
an ODE

P, v, v, ...) = 0. (2.2)

Using the idea of the tanh-coth method introduced by Wazwaz [10], the
generalized tanh-coth method admits the use of a finite expansion

M . 2M ‘
D aide) + Y o), (2.3)

=0 M+1

where §(§) satisfies the Riccati equation

(&) = n(9(E)* + k), (2.4)

k, u are constants, whose solutions are given by

L k=0
ug
VE tan(pvke) k>0
9(E) = 1_ k cot(uvke) k>0 2.5)
— V= k tanh(uv- kE) k<0
— V= k coth(uv- k&) k<O,

and where M is a positive integer that will be determined. Substituting
Eq. (2.3) into Eq. (2.2) and using Eq. (2.4), results in an algebraic

equation in powers of ¢(&). Balancing the linear terms of highest order in
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the resulting equation with the highest order nonlinear term to obtain M,

will yield a set of algebraic equations for %, A, u, aq, ..., agys because all

coefficients of ¢(§)i (=1,2,.. 2M) have to vanish.
3. Exact Solutions to New System (Eq. (1.12))

Using the traveling wave transformation

u(x9 t) = U(&)’
w(x, t) = w(E), (3.1)
E=x+At+&p,

the system given by Eq. (1.12) reduces to

{(xv@ -80%(8) - () + w(E)) =0, 3.2
w(E) + 40(E)w(E) + 2/E)w() = 0.

Integrating the first equation in Eq. (3.2) and setting the constant of

integration to zero we obtain

w(&) = ~Au(E) +3v (&) + V(). (3.3)

Substituting Eq. (3.3) into second equation in Eq. (3.2), and after other

integration and setting the constant of integration to zero we obtain

— () + 5'(E))” +100(E)v"(E) - 802 (E) + 1007 (E) + v"(E) = 0. (3.4)
Balancing v(£)v"(¢) with v3(£) we find

2M +2 =3M (3.5)
so that
M = 2. (3.6)

According with the generalized tanh-coth method, we seek solutions to

Eq. (3.4) using the finite expansion
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2 ) 4 )
D@ + Y e’ (3.7)
=0 3

Substituting Eq. (3.7) into Eq. (3.4), using Eq. (2.4) and solving the
resulting system respect to unknown variables ag, a;, a9, a3, a4, A, 1

and k, we obtain the following sets of distinct solutions of parameters:

(in all cases, a; = ag = 0)

an = L
0 — 2’
(1220,
2 (3.8
(14:——2, *
8u
h=-2
4p

_ (+25-7410)2

a - ’
0 10(¥ 10 + +10)
Qg = 0,
(=11 +2v10)) (3.9)
80u2 ’
, . (10 V10)A
40;,L2 ’
a &
0 2 > )
Qg = —2}1 y
3.10
ay =0, (3.10)
A
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(- 4 ++/10)r
ay = —7"—,
20
ag = _2M2,
(3.11)
ay = O,
k_a01ﬁﬁn
4002
a — &
0 4’
ag = —2u%,
N (3.12)
ay = — D)
128u
[
16u2
and
(2 +10)2
(10 = ,
40
ag = _2H2’
_(-11+2J10)% (3.13)
1280u2
k_ao:ﬁﬁn
160u2

where A and p are selected as free parameters.

Consequently, using Eqgs. (3.7), (3.3), (3.1) and (2.5) we consider only
the following sets of solutions to new system (Eq. (1.12)):
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with respect to Eq. (3.8)

up(x, t) = %+ %tan2[%v— Mo + At + &0)},

wq(x, t) =0,

ug(x, t) = * +&cot2[l«/— Mx + At +Eg)|,

2 2 2

ws (x, 1) = 0, (3.14)
ug(x, t) = %—%tanhz[%ﬁ(x + AL+ ‘20)}

ws(x, t) = 0,

uy(x, t) = %— %cothﬂ%ﬁ(x + AL+ &0)},

wy(x, t) =0,
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with respect to Eq. (3.9)

(25-TVI0)A  (-11+2410) {1 10 - J_
10(—10+Jﬁ) 2(10 - +10)

32
20(-10 +v10)?

{(—179+ 6210 + (-11 +2\/ﬁ)cos{ 10 Io‘/ﬁ Vi(x + At +§0)}

cse |:1 10— \/_\/_(x+7»t+§0)}

LL5(.9C, t) =

«/_(x+?»t+§o)}

lU5(.')C, t) S

2

g, 1) = 1010 +410)  2(10-10) 2

32
20(-10 +10)%

{[179—62\/ﬁ+(—11+2\/ﬁ)c0s{ 10 I(;/E Vi(x +kt+§0)D
sec2|:% 1018@\/{@“”&0)}

(-25-7410)%  (-112410)r 1 10+J_

ug(x,t)= 1000+ ¥10) 210 + 410) othl: «/_(x+}\t+§0)}
32

20(-10 +v10)?

{179+62\/ﬁ+(11+2«/ﬁ)c0sh{ 10*‘/_«/_(x+xt+go)D

cs h{l 10+\/_«/_(x+7»t+&0)}

(25-7410)%  (~11+2410) n[1 10— ~/_(x+kt+&o)}

weg(x, t) =

wrq(x,t)=—

_(-25-110)a  (-112410)2 2l 10+\/_f
ug (. ) = 1010 ++10)  2(10 + v10) ah{ (“M%’O)}
20(10 + +10)?

{[—179—62\/E+(11+2\/ﬁ)c0sh{ 10+ J_(x+Xt+E,0):l]

sech l:l 10+\/_\/_(x+7nt+£_,0):l}

(3.15)
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with respect to Eq. (3.11)

ug(x, t) = (-4 ;(\)/E)X _ (o ;:;E)X tanz{% 10 IOJE «/X(x + At + &0)},

wlx, 1) = ;’;0{ 9+4J_+cos{ 10~ J_f(x+xt+ao)D

sec {; 10— \/_\/_(x+7»t+§0)},

uolx, t) = (-4 Jrza/ﬁ)k _ 0 —;éﬁ)k t{; 10 - \/_(x + At + &O)}

wyo(x, t)=%[9—4\/ﬁ+005{ 10— \/_\/_(“MH:O)D

110J_
2

\/_(x+7»t+§0)}

upp(x, t) = (4;8/_)}L a0 2\5_) anh{1 10 - \/_\/_(x+7ht+§0)},

wqq(x, t) = S}L [ 9+4«/_+cosh{ 1010\/ﬁﬂ(x+kt+go)D

200

2V 10
(—4+Jﬁ);\+(10—ﬂ)x th21 10 - \/_J_(x+7»t+<io)}

sech{l 10 - mﬂ(x + M+ io)},

ug(x, t) =

wig(x, t) = ;’go [9 4V10 + cosh{ \/ﬁﬂ(x + A+ QO)D

Csch{l 10 — J_
2

x/_(x+kt+§0)}

(3.16)
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with respect to Eq. (3.12)

urg(x, t) = %+§tan[ x/_(x+xt+§0)}

+8C0t[ x/_(x+kt+§0)}

LU13 (x, t) = O, (3 )
A7
Uy (x, t) = % - %tanhz[i Vi(x + At + ‘20)}

_%Coch[iﬁ(x + At + &0)},

w14(x, t) = O,



412 CESAR A. GOMEZ and ALVARO H. SALAS

and with respect to Eq. (3.13)

uis(x, t) = @ +;{)170)k _4ao 78\(4170)k tanQ{% 10 I(;/ﬁ VA (e + 0 + ﬁo)}

(11+2f)x 1 /10 -+10
a0 7‘/7) cot { 5 f(x+m+ao)}

322
20(- 10 + v10)?

{—179+62\/170+( 11+2r)cos|: rf(xmmgo)D

sc l:; 10rf(x+}»t+éo):|}

wys(x,t) = -

uig(x, t) = (2+\/170)>L - (107‘/170)}& tz{}l 10— \F(x+7\.t+§0)}
NG 11+2410)0 , 2|1 10
78(10 710) tan { «F(x+kt+§o)}
2
wie(x, ) = - S

20(- 10 + v10)2
{7179 +62V10 + (- 11 + 2\@)cos{ 10 ;0‘/170 V(e + 0+ gO)D

sc l:; 10rf(x+kt+§0):|}

(27;{)1*0)x+(10+8\0@)xt h2{1 /10+ff

ui7(x, t) = A + At + &)

_(71172\/1*0)x a1 10+F
200 +7\/170) th{ F(x+kt+éo)}

32
20(10 +v10)2

179+62\/ﬁ+(11+2\/ﬁ)c05h[ 1o*rr(x+m+§0)D

wy7(x, t) =~

hz{l 1O+ F(x+?»t+{;0)}

u1g(x, t) = (2741{)170“ + (10 ;‘élio)k thz{l 10+ F(x+7\t+é0)}

8(10 + +/10)
32
20(10 +v10)2

{179+62\/ﬁ+(11+2\/ﬁ)c05h{ 1o*rr(x+m+go)D

-2, hZ{l 1°+ff(x+u+io>}

wg(x, t) = -

cschz{; 10 +¥1o F(x + At + ‘50)}

(3.18)
Remark. The solutions corresponding to Eq. (3.10) are the same as

given in Eq. (3.14).
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4. Conclusions

In this paper, we have derived a lot of different solutions to new
integrable system given by Eq. (1.12) from which solutions to KdV6
equation (Eq. (1.1)) can be derived in a more general form than the
soliton solution of the potential Korteweg-de Vries equation. Using the
generalized tanh-coth method [3], periodic and soliton solutions have
been derived. The method used here, can be considered as a powerful
technique to analyze several forms of the generalized KdV6 equation (Eq.

(1.2)).
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