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Abstract

We obtain exact solutions for the new integrable system
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which has been derived from the new integrable sixth-order KdV

equation ( ) ( ) ( ) .06486KdV 23 =+++∂+∂ xxxxtxxxxx uuuuu  Using the

generalized coth-tanh method, periodic and soliton solutions are

formally derived for it.
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1. Introduction

The sixth-order wave equation (KdV6):

( ) ( ) ,0648 23 =+++∂+∂ xxxxtxxxxx uuuuu (1.1)

has been derived recently by the five authors of [4] as a integrable
particular case of the general sixth-order nonlinear wave equation
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where σωρδγβα ,,,,,,  are arbitrary parameters, and ( ),, txuu =  is a

differentiable function. There are some reasons for which the study of the
model given by Eq. (1.2) is important. For instance, the two authors of
[2], have derived two integrable nonlinear integro-differential equations:
the first equation
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describes the propagation of waves in two opposite directions and
represent bi-directional version of Caudrey et al. and Sawada and Kotera
equation [1], [8], and after the potential transformation

( ) ( ),,, txutxv x= (1.4)

reduces to sixth-order KdV equation
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The second equation
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represent bidirectional version of the Kaup-Kupershmidt equation [6],
and using Eq. (1.4) reduces to
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Other important particular case of the Eq. (1.2) which has been studied
by several authors [5], [9] is given by
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The five authors of [4], have found four cases in which Eq. (1.2) pass the
Painlevé test. One of those cases is the Eq. (1.1), which is equivalent to
the Korteweg-de Vries equation with a source satisfying a third-order
ordinary differential equation (see [4]):
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where
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Recently, Kupershmidt [7] has showed that the Eq. (1.9) is integrable in

the usual sense, which is a truly remarkable fact, since 0=w  leaves

only the unperturbed KdV itself. It is easy to see that with the change of

variable
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the system given by Eq. (1.9) reduces to new integrable system (see [7])
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The objective of this work, is to present exact solutions to the system
given by Eq.(1.12), therefore solutions for the (KdV6) (Eq. (1.1)), and in
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this way, to further complement other studies related to this new KdV6
equation (Eq. (1.1)). For this, we will use the generalized coth-tanh

method [3]. This paper is organized as follows: In Section 2, we will
review briefly the generalized tanh-coth method [3]. In Section 3, we give
the mathematical framework to search exact solutions for the system
given by Eq. (1.12). Finally, some conclusions are given.

2. The Generalized tanh-coth Method

The wave transformation

,0ξ+λ+=ξ tx (2.1)

convert a PDE that does not explicitly involve independent variables to
an ODE

( ) .0...,,, =′′′ vvvP (2.2)

Using the idea of the tanh-coth method introduced by Wazwaz [10], the
generalized tanh-coth method admits the use of a finite expansion
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where ( )ξφ  satisfies the Riccati equation

( ) ( ( ) ),2 k+ξφµ=ξφ′ (2.4)

µ,k  are constants, whose solutions are given by
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and where M is a positive integer that will be determined. Substituting

Eq. (2.3) into Eq. (2.2) and using Eq. (2.4), results in an algebraic

equation in powers of ( ).ξφ  Balancing the linear terms of highest order in
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the resulting equation with the highest order nonlinear term to obtain M,

will yield a set of algebraic equations for Maak 21 ...,,,,, µλ  because all

coefficients of ( ) ( )Mii 2...,,2,1=ξφ  have to vanish.

3. Exact Solutions to New System (Eq. (1.12))

Using the traveling wave transformation
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the system given by Eq. (1.12) reduces to
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Integrating the first equation in Eq. (3.2) and setting the constant of

integration to zero we obtain

( ) ( ) ( ) ( ).3 2 ξ′′+ξ+ξλ−=ξ vvvw (3.3)

Substituting Eq. (3.3) into second equation in Eq. (3.2), and after other

integration and setting the constant of integration to zero we obtain

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) .0103105 322 =ξ′′′+ξ+ξλ−ξ′′ξ+ξ′+ξ′′λ− vvvvvvv  (3.4)

Balancing ( ) ( )ξ′′ξ vv  with ( )ξ3v  we find

MM 322 =+ (3.5)

so that

.2=M (3.6)

According with the generalized tanh-coth method, we seek solutions to

Eq. (3.4) using the finite expansion
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Substituting Eq. (3.7) into Eq. (3.4), using Eq. (2.4) and solving the

resulting system respect to unknown variables µλ,,,,,, 43210 aaaaa

and k, we obtain the following sets of distinct solutions of parameters:

(in  all cases, )031 == aa
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and
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where λ and µ are selected as free parameters.

Consequently, using Eqs. (3.7), (3.3), (3.1) and (2.5) we consider only
the following sets of solutions to new system (Eq. (1.12)):
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with respect to Eq. (3.8)
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with respect to Eq. (3.9)
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with respect to Eq. (3.11)
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with respect to Eq. (3.12)
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
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,
4
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4
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,
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0
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and with respect to Eq. (3.13)
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Remark. The solutions corresponding to Eq. (3.10) are the same as
given in Eq. (3.14).
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4. Conclusions

In this paper, we have derived a lot of different solutions to new
integrable system given by Eq. (1.12) from which solutions to KdV6
equation (Eq. (1.1)) can be derived in a more general form than the
soliton solution of the potential Korteweg-de Vries equation. Using the
generalized tanh-coth method [3], periodic and soliton solutions have
been derived. The method used here, can be considered as a powerful
technique to analyze several forms of the generalized KdV6 equation (Eq.
(1.2)).
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