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Abstract

In the present paper, we present a simple and effective method to

produce solutions to the coupled matrix linear differential equations

based on the Hadamard product of matrices. The analysis indicates that

the Hadamard structure method can achieve good efficient when the

unknown matrices are diagonal. Several matrix systems can be solved by

the new approach as a special case.

1. Introduction and Preliminary Results

Coupled matrix differential equations have been widely used in
stability theory of differential equations, control theory, communication
systems, perturbation analysis and other fields of pure and applied
mathematics; and also recently in the context of the analysis and
numerical simulation of descriptor systems. For instance, the canonical
system
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)()()(,)()()( tYAtCXtYtBYtAXtX T−=′+=′ (1.1)

with the boundary conditions EX =)0(  and 0)( =bY  has been used to

the solution of optimal control problem with the performance index  [13].

In addition, many interesting problems lead to the general class of
non-homogeneous coupled matrix differential equations:

( ) ( ) ( ) ( ) ( ),11112212111111 tUBtXABtXABtXAtX ppp ++++=′

( ) ( ) ( ) ( ) ( ),22222222211212 tUBtXABtXABtXAtX ppp ++++=′

( ) ( ) ( ) ( ) ( ),222111 tUBtXABtXABtXAtX ppppppppppp ++++=′ (1.2)

where nijij MBA ∈,  are given scalar matrices, ni MtU ∈)(  is a given

matrix function, ni MtX ∈)(  are the unknown diagonal matrix functions

to be solved and ;)0( ii CX =  and where )(tXi′  denotes the derivative of

matrix function ( )pjitXi ...,,2,1,.)( =  (where nmM ,  is the set of all

nm ×  matrices over the complex number field C  and when ,nm =  we

write mM  instead of )., nmM

Examples of such situation are: Singular and hybrid system control
[3, 12], nonzero sum differential games [4], optimal control problem [13],
and coupled matrix Riccati differential systems [7]. Depending on the
problem considered, different coupling terms may appear. However, in all
the above mentioned cases the systems are difficult to solve.

Let us recalling some concepts that will be used below. Given two
matrices [ ] nmij MaA ,∈=  and [ ] ,, qpij MbB ∈=  then the Kronecker

product of A and B is defined by, e.g., [1, 5, 6, 9, 15, 18]

[ ] ., nqmpijij MBaBA ∈=⊗ (1.3)

While if ,, ,, npnm MBMA ∈∈  and let { }niai ≤≤1:  and

{ }nibi ≤≤1:  be the columns of A and B, respectively, namely

[ ] [ ]., 2121 nn bbbBaaaA ==
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The columns of the Kronecker product BA ⊗  are { }ji ba ⊗  for all i, j

combinations in lexicographic order namely,

  [ ].1212111 nnnnn babababababaBA ⊗⊗⊗⊗⊗⊗=⊗  (1.4)

Thus, the Khatri-Rao product of A and B is defined by [10, 14]

[ ]nn bababaBA ⊗⊗⊗=Θ 2211 (1.5)

consists of a subset of the columns of .BA ⊗  Notice that BA ⊗  is of

order 2nmp ×  and BA Θ  is of order .nmp ×  This observation can be

expressed in the form [10]

( ) ,BASBA n Θ=⊗ (1.6)

where the selection matrix nS  is of order nn ×2  and

[ ]23221 nnnn eeeeS ++= (1.7)

and ke  is an 12 ×n  column vector with a unity element in the k-th

position and zeros elsewhere ( ).1 2nk ≤≤

Additionally, if both matrices [ ]ijaA =  and nmij MbB ,][ ∈=  have

the same size, then the Hadamard  product of A and B is defined by [1, 6,

15, 16]

.][ , nmijij MbaBA ∈= (1.8)

This product is much simpler than Kronecker and Khatri-Rao products
and it can be connected with isomorphic diagonal matrix representations
that can have a certain interest in many fields of pure and applied
mathematics, for example, Tauber [15] applied the Hadamard product to
solving a partial differential equation coming from an air pollution
problem. The Hadamard product is clearly commutative, associative, and

distributive with respect to addition. It has been known that BA  is a

(principal) submatrix of BA ⊗  if A and B are (square) of the same size.

This can be found in Visick [18] and even in Zhang’s book [19]. Liv-Ari
[10, Theorem 3.1, pp. 128] gave the following new relations related to
Kronecker, Khatri-Rao and Hadamard products:
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( ) ,BABAST
n =Θ (1.9)

( ) .BASBAS n
T
n =⊗ (1.10)

The Kronecker product and vector operator affirming their capability of
solving some matrix and matrix differential equations. Such equations
can be readily converted into the standard linear equation form by using
the well-known identity, e.g.,  [6, 8, 10, 11, 14, 15, 17, 19]

( ) )( ,VecXABAXBVec T ⊗= (1.11)

where ( )⋅Vec  denotes vectorization by columns of a matrix .

As for the diagonal extraction operator ( ),⋅vecd  we observe that for

any square nn ×  matrix ,][ ijyY =

( ) .VecYSYVecd T
n= (1.13)

If Y is diagonal, then we also have

( ) YYVecdSVecY n ,= is diagonal. (1.14)

Moreover, the columns of the nn ×2  selection matrix nS  are mutually

orthonormal, viz.,

.nn
T
n ISS = (1.15)

Using (1.14) and (1.9), we get the fundamental relation between the

Hadamard product and diagonal extraction operator ( )⋅vecd  which is

given by:

( ) ( ) XXVecdABAXBVecd T ,)( = is diagonal, (1.16)

where nmMBA ,, ∈  and X is nn ×  diagonal matrix.

Finally, the need to compute the ( )Ae A cosh,  and ( )Asinh  are due its

appearance in the solutions of coupled matrix differential equations.

In this paper, we extend the use of connection between the Hadamard
product and diagonal extraction (vector) operator to produce a
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computationally-efficient solution of non-homogeneous coupled matrix
linear differential equations. The analysis indicates that the Hadamard
structure method can achieve good efficient when the unknown matrices
are diagonal.

2. Main Result

We will use our knowledge of the solution of the simplest
homogeneous matrix differential equation [2, 6, 8]:

( ) ( ) ( ) ,0, CXtAXtX ==′ (2.1)

where nmm MCMA ,, ∈∈  are given scalar matrices, and ( ) nmMtX ,∈

is the unknown matrix function to be solved. In fact the unique solution
of (2-1) is given by

.)( CetX tA= (2.2)

The following Lemma is straightforward and its proof is omitted here.

Lemma 2.1. Let nmm MCMA ,, ∈∈  are given scalar matrices,

( ) nmMtU ,∈  is a given matrix function and ( ) nmMtX ,∈  is the unknown

matrix. Then the general solution of the non-homogeneous matrix
differential equation:

( ) ( ) ( ) ( ) CXtUtAXtX =+=′ 0, (2.3)

 is given by

( ) ( ),tUeCetX AtAt ∗+= (2.4)

where ( ) ( )∫ −=∗
t stAAt dssUetUe
0

)(  is well-defined [2], which involves the

so-called “convolution product” of matrices Ate  and ( ).tU

Theorem 2.2. Let nijij MCbBaA ∈== ,][,][  are given scalar

matrices, ( ) nMtU ∈  is a given matrix function and ( ) nMtX ∈  is

unknown diagonal matrix function. Then the general solution of non-

homogeneous matrix differential equation



ZEYAD AL ZHOUR378

( ) ( ) ( ) ( ) ( ) CXtUBtXtAXtX =++=′ 0, (2.5)

is given by

( ){ } ( ) ( ) { }CVecdeediagtXVecd tbatba nnnn )...,,( 1111 ++=

( ) ( ) ( ){ }.)...,,( 1111 tUVecdeediag tbatba nnnn ∗+ ++ (2.6)

Proof. Using the identity (1.16) we can transform (2.5) into the
vector form

( ){ } ( ){ } ( ){ }tUVecdtXVecdIBAItXVecd n
T

n ++=′ )(

{ } ( ){ } ( ){ }tUVecdtXVecdIBA n
T ++= )(

( ) ( ){ } ( ){ }....,,1111 tUVecdtXVecdbabadiag nnnn +++= (2.7)

Now, applying (2.4), then the unique solution of (2.7) is

( ){ } ( ) { }CVecdetXVecd tbabadiag nnnn ++= ...,,1111

( ) ( ){ }tUVecde tbabadiag nnnn ∗+ ++ ...,,1111

( ) ( ) { }CVecdeediag tbatba nnnn )...,,( 1111 ++=

( ) ( ) ( ){ }.)...,,( 1111 tUVecdeediag tbatba nnnn ∗+ ++

If we put ( ) 0=tU  in Theorem 2.2 we obtain the following corollary:

Corollary 2.3. Let nMCBA ∈,,  are given scalar matrices. Then

general solution of the homogeneous matrix differential equation:

( ) ( ) ( ) ( ) ( )tXCXBtXtAXtX ,0, =+=′  is diagonal (2.8)

is given by

( ){ } ( ) ( ) { }.)...,,( 1111 CVecdeediagtXVecd tbatba nnnn ++= (2.9)

Now we will discuss the general class of non-homogeneous coupled
matrix differential equations which are defined in (1.2):

By using the ( ) −⋅Vecd notation of (1-2), we have
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Now (2.10) can be written as

( ) ( ) ( ) ( ) cxtutHxtx =+=′ 0,

and the general solution is given by:

( ).)( tuecetx HtHt ∗+= (2.12)

Notice that many special cases can be considered from the above
general class coupled matrix differential equations; now we will discuss
some important special cases in the next results.
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Theorem 2.4. Let nMFEDCBA ∈,,,,,  are given scalar matrices

such that ( ) ( ) n
TTTT MtVtUCDABABCD ∈= ,;)()()()(  are

given matrix functions and ( ) nMtYtX ∈,)(  are the unknown diagonal

matrices. Then the general solution of non-homogeneous coupled matrix
differential equations:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),, tVBtAYDtCXtYtUDtCYBtAXtX ++=′++=′

( ) ( ) FYEX == 0,0 (2.13)

is given by

( ){ } ( ) { { } { }}FVecdtCDEVecdtCDetXVecd TTtABT
])sinh([])cosh([ +=

{ ( ){ }tUVecdtCDe TtABT
∗+ ])cosh([)(

( ){ }}.])sinh([ tVVecdtCDT ∗+

( ){ } { { } { }}FVecdtCDEVecdtCDetYVecd TTtABT
])cosh([])sinh([)( +=

{ ( ){ }tUVecdtCDe TtABT
∗+ ])sinh([)(

( ){ }}.])cosh([ tVVecdtCDT ∗+ (2.14)

Proof. Using the identity (1.16) we can transform (2.13) into the
vector form:
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From (2.12), this system has the following solution:
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Due to (2-18) we have
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Now substitute (2.19) and (2.20) in (2.16), we get (2.14).

If we put 0)()( == tVtU  in Theorem 2.4 we obtain the following

corollary:

Corollary 2.5. Let nMFEDCBA ∈,,,,,  are given scalar matrices

such that ( ) ,)()()( CDABABCD TTTT =  and ( ) ( ) nMtYtX ∈,

are the unknown diagonal matrices. Then the general solution of
homogeneous coupled matrix differential equations:
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( ) ( ) ( ) ( ) ( ) ( ) ,, BtAYDtCXtYDtCYBtAXtX +=′+=′

( ) ( ) FYEX == 0,0 (2.21)

is given by

( ){ } { { }EVecdtCDetXVecd TtABT
])[cosh()(=

{ }};])[sinh( FVecdtCDT+

( ){ } { { }EVecdtCDetYVecd TtABT
])[sinh()(=

{ }}.])[cosh( FVecdtCDT+ (2.22)

Corollary 2.6. Let nijij MFEdDbB ∈== ,,][,][  are given scalar

matrices and ( ) ( ) nMtYtX ∈,  are the unknown diagonal matrices. Then

the general solution of homogeneous coupled matrix differential equations:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) FYEXBtYDtXtYDtYBtXtX ==+=′+=′ 0,0,, (2.23)

is given by

( ){ } { } { }EVecdtdetdediagtXVecd nn
tbtb nn )cosh...,,cosh( 11

11=

{ } { };)sinh...,,sinh( 11
11 FVecdtdetdediag nn

tbtb nn+

( ){ } { } { }EVecdtdetdediagtYVecd nn
tbtb nn )sinh...,,sinh( 11

11=

{ } { }.)cosh...,,cosh( 11
11 FVecdtdetdediag nn

tbtb nn+ (2.24)

Proof. For any matrix ,][ nij MaA ∈=  it is easy to show that

( ) ( ) ( )( );cosh,...,,cosh,cosh)cosh( 2211 tatatadiagtIA nn
T = (2.25)

( ) ( ) ( )( ).sinh...,,sinh,sinh)sinh( 2211 tatatadiagtIA nn
T = (2.26)

Now put nICA ==  in Theorem 2.5 we have

( ){ } { { }EVecdtIDetXVecd n
TtIB n

T
])cosh([)( ⊗=

{ }}FVecdtID n
T ])sinh([+
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{ ( )} { }EVecdtdtddiageediag nn
tbtb nn cosh....,,cosh)...,,( 11

11 ⋅=

{ ( )} { }FVecdtdtddiageediag nn
tbtb nn sinh...,,sinh)...,,( 11

11 ⋅+

{ } { }EVecdtdetdediag nn
tbtb nn )cosh...,,cosh( 11

11=

{ } { }.)sinh...,,sinh( 11
11 FVecdtdetdediag nn

tbtb nn+

Similarly,

( ){ } { } { }EVecdtdetdediagtYVecd nn
tbtb nn )sinh...,,sinh( 11

11=

{ } { }.)cosh...,,cosh( 11
11 FVecdtdetdediag nn

tbtb nn+

3. Concluding Remarks

We used the fundamental relation between the Hadamard product
and diagonal extraction (vector) operator in (1.16) and (1.11) to derive our
main results in Section 2 and, subsequently, to construct a
computationally-efficient solution of coupled matrix differential

equations. In fact, the Hadamard product and operator ( )⋅Vecd

affirming their capability of solving matrix differential equations fast
when the unknown matrices are diagonal. To demonstrate the usefulness
of applying some properties of the Hadamard product, suppose we have
to solve, for example, the following system:

,CBXAT = (3.1)

where nMBA ∈,  are given scalar matrices and nMX ∈  is unknown

matrix to be solved. Then it is not hard by using ( ) −⋅Vecd notation and

Hadamard product to establish the following equivalence:

( ) ( ) ( ) XCVecdXVecdBA ,=  is diagonal. (3.2)

If we ignore the Hadamard product structure, then we need to solve
the following both matrix equations:

• CBY = (3.3)
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Here, Y can be obtained in )( 3nO  arithmetic operations (flops) by using

LU factorization of matrix B (Forward Substitution).

• YXAT = (3.4)

Here X can be obtained also in )( 3nO  operations (flops) by using LU

factorization of matrix A (Back Substitution).

Now without exploiting the Hadamard product structure, an 22 nn ×

system defined in (3.1) would normally (by Gaussian elimination) require

)( 6nO  operations to solve.  While if X is nn ×  diagonal matrix and use

the Hadamard product structure:

( ) ( ) ( ),CVecdXVecdBA =

the calculations show that ( )XVecd  can be obtained only in )(nO

operations  by using LU factorization of .BA

We can say that the system of the form: ( ) ( ) ( )CVecdXVecdBA =

can be solved fast more than LU-decomposition or Kronecker structure,

only the very smaller, lower and upper triangular matrices BAL  and

BAU  are needed.

For example, consider A and B are 33 ×  matrices, C is 19 ×  vector

and X is 33 ×  diagonal matrix. To demonstrate the usefulness of

applying Hadamard product and ( ) −⋅Vecd notation, we return to the

system problem: ( ) ( ) ( ).CVecdXVecdBA =  If BA  is non-singular and

regarding with LU factorizations of ,BABA ULBA =  then a solution

of system exists and can be written as:

( ) ( )., CVecdyLyXVecdU BABA == (3.5)

First, the lower triangular system ( )CVecdyL BA =  can be solved by

forward substitution as the following:

,0
00
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22

11

3

2

1

333332323131
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








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
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


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

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
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c
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y
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baba
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which can be solved in ( ) ( )3OnO =  operations as follows:

• .
1111

11
11111111 ba

cycyba =⇒= (3.6)

• .
22221111

112121221111
2222222212121 baba

cbacbaycybayba −
=⇒=+ (3.7)

• 33333332323213131 cybaybayba =++

[ ]
.

333322221111

22111132321121213232222231313322221111
3 bababa

cbabacbabababacbabay −−−
=⇒

 (3.8)

Conclusion

The solution of coupled matrix differential equations is studied and

some important special cases are discussed. The analysis indicates that

solving for ( )⋅Vecd  is more efficient when the unknown matrices are

diagonal. Although the algorithms are presented for non-homogeneous

coupled matrix differential equations, the idea adopted can be easily

extended to study coupled matrix nonlinear differential equations, e.g.,

the coupled matrix Riccati differential equations.
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