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Abstract

In this paper, we propose the numerical solution for fuzzy integration by
the spline rule. The method is discussed in detail and there is followed
by convergence theorem. The fuzzy quantities are presented in
parametric form. The algorithm is illustrated by solving some numerical
tests.

1. Introduction

In recent years much attention has been given to develop several
numerical methods for solving integrals. It is well known that the
integration problems play an important and significant role in various
areas such as mathematics, physics, statistics, engineering and social
sciences. Since in many applications at least some of the system’s
parameters and measurements are represented by fuzzy rather than
crisp numbers, it is important to develop fuzzy integration and solve
them. The concept of fuzzy numbers and arithmetic operations with these

numbers were first introduced and investigated by Zadeh [8].
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Zimmerman [9] has discussed and studied fuzzy integration and then
followed by Allahviranloo [1]. In this paper, at the first we obtain some
result of cubic spline interpolation in particular case for fuzzy functions,
and then we apply the results to solve fuzzy integrals. The organization

of the paper is as follows:

In Section 2, we recall some fundamental results and definitions on
fuzzy numbers and fuzzy integrations and the integration formulas of
Newton Cot’s methods for fuzzy integrations and also in Section 3, we
make a review of the trapezoidal rule for fuzzy integrations. In Section4,
we have a discussion about cubic spline functions which interpolate fuzzy
functions. In Section 5, we introduce the spline rule for solving of fuzzy
integrations. The proposed method is illustrated by solving some

examples in Section 6 and conclusions in the last section.
2. Preliminaries

We represent an arbitrary fuzzy number by an ordered pair of

functions u(r), w(r), 0 < r <1, which satisfy the following requirements:

1. u(r) is a bounded lift continuous non decreasing function over

2. u(r) is a bounded left continuous non increasing function over

. u(r)<u(r),0<r<1.
A crisp number a is simply represented by u(r) = u(r) = a, 0 < r < 1.
The set of all the fuzzy numbers is denoted by E L

Lemma 2.1. Let u,ve E' and s be real number. Then for

0<r<1lu=vifandonlyif u(r) =v(r) and u(r) = v(r),
u+v = (r)+ur), w(r) +o(r),
u—v = (ulr)-o(r), ulr) - v(r)),
w-v = (minfu(r). o(r), w(r). 00), w(r). v(r), z(r). 00},
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max{y(r). v(r), u(r). v(r), @(r). v(r), u(r). 0(r)}),
su = s(u(r), u(r)). See [6].
E' with addition and multiplication as defined by Lemma 2.1 is a

convex cone which is then embedded isomorphically and isometrically in

to a Banach space.
Definition 2.2. For arbitrary fuzzy number u = (u, @) and
v = (v, V) the quantity
D(u, v) = sup {max[| u(r) - v(r)|, | u(r) - v(r)|]}
0<r<1

is the distance between « and v.

It is shown [5] that El, D is a complete metric space.

Definition 2.3. A function f : R' - E! is called a fuzzy function. If

for arbitrary fixed ¢, € R! and € > 0, 5 > 0 such that

[t —ty | <8 = D[f(t), ftx)] < €

exist, f is said to be continuous.

Throughout this work we also consider fuzzy function which are

defined only over a finite interval [a, b]. We now follow Goestschel and

Voxman [2] and define the integral of a fuzzy function using the Rieman

integral concept.

Definition 2.4. Let [ : [a, b] > E'. For each partition P = {t,, ¢;,

wey by} of [a, b] and for arbitrary &; : ¢, ; <&; <t;,1<i<n, let

n
R, = Zf(éi)(ti ~ti_1).
=1
The definite integral of f(¢) over [a, b] is
b
J ft)dt =lim R, max|¢; —¢; 1| > 0
a n

P’ i<

provided that this limit exists in the metric D.
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If the fuzzy function f(¢) is continuous in the metric D, its definite

integral exists [2]. Further more,

“b (& r)dt] - j:z(t; r)dt,

b b _
[Ja [ r)dt] = Ja f(¢; r)dt. (2.1)

It should be noted that the fuzzy integral can be also defined using
the Lebesgue-type approach [2, 4]. More details about properties of the

fuzzy integral are given in [2, 3].

Now, we have a review on the Newton Cot’s rules in [1]. Let f be a
fuzzy function. For any natural number n, the Newton cot’s formulas

b-a
9
n

b n
'[ f)dx = B fay + B, f; = fla+ih), h = 2.2)
a i=1

b

provide approximate values for j f(x)dx. The parametric form of (2.2)
a

is

as follows:

Jbz(x; r)dx = hz o; f(x;; 1)+ Ep(fs5 1),
“ i=1

b_ 1 _ _
J f(x; r)dx = hz a;f(x;; )+ E,(f;r), 0 <r<1. (2.3)
“ i=1

The weights a;, i =1, ..., n, are rational number with the property
zrzzl a; = n. This follows (2.3) when applied to f(x; r) = fle;r)=1. Tt
can be shown that the approximation error may be expressed as follows:

E(f;r) = hP* -K~£(p)(§; r), & € (a, b),

E(]?, r) = RPT K. f(P)(E; r), Ee(a,b),0<r<1. (2.49)
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Here (a, b) is the open interval from a to b. The values of p and K

depend only on but not on the integrand f. Let

L(f; 1) = B if(xs ),
=1

n
L(f;r) = hz o;f(x;;r),0<r <1, (2.5)
=1
Then from (2.3), we have

165 1) = [ 16 e = 1,065 1)+ Bl ),

I(f; r)= ij(x, r)dx = In(f; r)+ En(f, r),0<r<1. (2.6)

It has shown in [1] that I,(f; r), I,(f; r) converge to I(f; r), I(f; r)
respectively.

3. The Trapezoidal Integration Rule

From (2.3) we have:

1(f; 7) = 2 [f@) + 1)),

(1) = 2[f@)+ Fo)) 0 < r <1 (3.
with error terms:

Bi(f ) = [ flo. e - (252 It 1)+ 1165 )

3
_ _% 1D ),
Bi(Fs ) = [T rie - (25 % e r) + 7 )

3 —_ p—
_ _%f@)(g; ", (3.2)
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where &, & e [a, b]. Also we can write,

_ » _
1(f 1) = | flas 1)+ Y flosis 1) + 185 7)
L i=1 J

_ - _
In(f; r)= % f(a; r)+ Zf(xi; r)+ f(b; r)},0<r<1, (3.3)
L i=1 J

for the error in I,(f; r) and L,(f; r),

2
E,(f: 1) = 1)~ 1,(7) = - C=0 g, )
En(fa r): I(}?)_In(f)
2 - — —
- —%f@)(g; )& Eela,bl,0sr<1. (3.4)

4. The Cubic Spline Functions

It 1s known that cubic spline functions are popular spline functions,
for a variety of reasons. They are smooth functions with which to fit data,
and when use for interpolation, they do not have the oscillatory behavior
that 1s characteristic of high-degree polynomial interpolation. If

A={x;1i=0,1,2, .. n} is a fixed partition of the interval [a, b] by
knots a =xg <x <xg <= <x, =b, and y; = f(x;;r) and y; =
flx;;7);i=0,1,2,..,n,0<r <1, are (n+1) prescribed real number.
In addition let hj+1 =X — X j=0,1,2,.. n-1; then cubic spline
functions Sj(x) and S, (x) which interpolate the values of the functions
of f and f at the knots xg, xq, ..., x,, € A respectively, and satisfy
Sila; ) = Si(a; r) = SA(0) = Si(b; r) =0 is readily characterized by

their moment of linear equations. We can obtain the following parametric

form of the cubic spline functions in terms of its moments [7]:
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Salx) = o)+ B_](x —-xj)+ ﬁ(x - acj)2 + S_J(x - xj)3 for x € [x;, xj,1],

Sa(x) = (x_j+B_j(x —xj)+y_j(x —xj)2 +§(x —xj)3 for x e [xj, xj.1],

(4.1)

wherefor j =0,1,2,...,n-1:
ﬁ:ﬁ, Olj:y],

M,
LTt

Yj+1 = Yj 2E+Mj+1 — VsV 2%+Mj+1h
B = hjn 6 R h g 6 L
s Min - Mj o Mja -~ M,
L 6hj+1 Y 6h]+1 ,

M; = Si(x;), M; = Sj(x;); j=1,2,..n and My =My=M, =M,

=]

i

are the moments of S, and E and are solution of the following two

linear systems of equations, respectively:

2 A 0 0 . . . . 0 0 M, dy
v 2 A 0 0 - - . 0 0 M. 7
0 2 % 0 0 - - o o0 ||t |+

(2] 2 % d_z
0 0 0 Hn-1 2 knfl Mn dn
0 0 0 0 [T 2 — —
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2 A 0 O 0 0\
2 A O 0 - - - 0 0o ||==2 20
M dy
0 ug 2 Ay 0 O 0 0 ﬁl N
2 2
0 0 0 ppa 2 Ay U 7
0 0 0 0 p, 2 n n
where
WL £° ST . S
J h} +hj+1 J J hj + hj+l
d 6 Yjir1 =Y Vi~ Yj1
J h] +hj+1 hj+1 h] ’
T 6 yj+1_ﬁ_ﬁ_yj—1
J h] +hj+1 h]+1 h] ’

and

Ao =0,dy=dyg=0,d, =d, =0, p, =0.

5. The Spline Rule on Fuzzy Integration

In this section we would like to integrate S,(x; r) and S,(x; r) in
interval [a, b] as approximation to integrate f(x; r) and f(x; r) in

interval [a, b]. Then we will have:

Xy
J. ! 1S_A(x; r)dx

xj

J.xj+1 (00 +Bj(x —xj) +y(x —xj)% +8(x - xj)*)dx
xj - o -

h2 h3 1%
_ 7. S+l o+l S+l
= ajhja t B mgm i —g T8y




THE SPLINE RULE FOR FUZZY INTEGRATIONS 349

j+1Yj Ty hin 6

5 _
N hj+1 % N h;'l+1 M, - M;
3 | 2 4 6h1

v 3
Yis1 —Yj+2y5 ] hi, — N
= hj+1[— = |+ L= (4M; -5M; + M, - 2M;,,),

2 D— —
hj+1 yj+1_yj 2Mj+Mj+1
hj+1

2 24

and

Xip] —
J ! 1SA(x; r)dx

X

Y+l — = — 2 5 3
=J‘x‘ (o +Bjlx —x;)+vj(x —x;)" +8;(x —x;) )dx
j
o n h2+1 — h3+1 < h4+1
:ajhj+l+l3j ']2 +'Yj ]3 +81 ']4
R (Tey MM
LTS B R - 6 j+1

3 /3 M: - M.
VD (M) B [ M M
3 | 2 4 6hj,q

" 3
Yjr1 —Yj + 2y hi, — -
= hj+1[ 5 + é; (4M; —5M; + M, —2M ;).

Now let D; = E—% and Aj = Z =Y then we obtain:

X,
J ! 1S_A(x; r)dx

xj
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3
h 1 hig hi.4
= ]Jr (y]+1+y]) ]T+Aj+ é; [—(4Dj+Dj+1)_(Mj+Mj+1)]’

I RN Sp(x; r)dx

xj

3
Rin By h
= J2+ (vj+1 +ﬁ)+ 12+ Aj + J+1 [(4D; + D; +1)—(&+ M) (5.1)

So by (3.2) and (5.1) obtain:

Xjy1 Xj+1 h; n3
j. " Slx; r)dx =I " fl ’; j+ {; @)
Xj xj —
h3 .
1
éjl [- (4D; + Djyq) = (M; + M),

J. AR Sa(x; r)dx —J- s f(x; )dx A] J+1 (2)(§J; r)
xj xj
h3 .
]+ [(4D + D]+1) (M + M]+1)] (5-2)
where ¢, g € [xj, xj41]. Then we obtain:
X; X
J ak Sx(x; r)dx —J. ak fx; r)dx
Xj - xj -
h; h? M +M;
J+1 ]+1 2 +1
S {z( g5 r) - D) + Dy - %}
Jj+l — Xj+l -
J Sp(x; r)dx —I f(x; r)dx
xj xj
h n? M;+M;
- JT”AJ_ 4t J+l [f(z)(ip r)+—(4D + Dﬁl)_—]T;ﬂ}’
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where &;, g € [xj, xj.1]. So

-1 n-1 Xy
ZOJ‘ Xj+1 Sa(x; r)dx —Z(;J‘xj’ 1}_c(x; r)dx = —%Z(;( i+14;)
= = =

,_;

%{Z h]+1f(2)(§]; r)—- 3 Zh]+1(4Dj +Djq)

-1
1%
) +1(M +M]+1)}
j=0

n—

n-1
ZOL Sl r)dx—z [/ o ryas —%Z( )

Jj=0

n-1
%{Z +1f(2)(<t3]; r)+—Zh]+1(4Dj +Dj+1)

j=0
1 -1
) +1(M + M]+1)
j=0
where &;, g € [xj, xj,1]. Now for uniform partition A = {x;|x; = a + jh,

j=0,1,.., n}, where h = b-a , are obtained:

Xy
J. ! 1S_A(x; r)dx

Xj
h h
=§(ﬁ+yj+1)—§ +—[ (4D;j + Dj,q) - (M +M}+1)]

J. AR Sp(x; r)dx

xj

h— —— . h
:E(yj+yj+1)+ A +_[(4D +D}+1) (M +Mj+l)]
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where j =0, 1, ..., n — 1. Therefore we will have:

Sulf ) = [ Sales r)de = T - 2 4+ gy,

_ b _ _
S, (F; r) = I Sy (x: r)dx = T(h) + %A L B(R)R3, (5.3)
a
where
T(h) = [ Y0 +22y, +yn} T(h) = [ Y0 +2).; +yn},
=1
are the trapezoidal sum and
n-1 n—1 n—1 n—1
5 1 — = 5 1
B(h)——ﬂ Dj-15 ij(h)_ﬂ D]—EZ_J,
Jj=1 j=1 Jj=1 j=1
n-1
A = Aj.
=

Since My = Sj(a)=Sj(b) =M, =0 and My = Si(a)=Sik(b)= M, =0,

then Dy = D, = D_O = D, = 0. Therefore for error of the spline rule, we

can write:

ZJ.xﬁl Splx; r)da - j:f(x; r)dx

:_ﬁAer__ah?an_lf(Z)(&.. _ Z‘j _h_nz .
2 12 h b= 2V 12 J’
j=0 j=1 Jj=1
nZIJ- JHSA(x r)dx — be(x; r)dx

j=0"%j

:%A b ahzlzf(2)(§],r)+ h3ZD ——Z

J= j=1
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where &;, g € [xj, xj,1], since f e C?[a, b] therefore there exist

g, € € [a, b] such that

MH

n—l
%N =L O, G = LY 7OE: 0,
=

j=0

~.

and thus we obtain:

J;S_A(x; r)dx — J‘jj_f(x, r)dx

n-1 n-1
__h 2@ r) - 1 é N
j=1 j=1
b b _
J S (x; r)dx—J f(x; r)dx
3 b_a 272) = h3 5n—l n-1 _
“gArTg M @;’“)+ﬁ{§;DJ‘jﬂ%]’é’@e[a’bl

Thus, we proved the following theorem:

Theorem 5.1. Let A =i{x;|j=0,1,.., n} is a partition of interval
[a, b] by knots a = xq < x; <--<x, =b, fuzzy function f e C?[a, b]
and for arbitrarily fixed r,0 <r <1, yj = z(xj; r), Z = f(xj; r),j=0,
L,.,n and hjy =xj,1 -%;,j=0,1,..,n~-1, and S_A(x; r), g(x; r)
are the cubic spline functions which interpolate the values of the functions
f and f at knots xg, Xy, ..., X, € A and satisfies Si(a; r) = Sx(b; r) =
Shi(a; r) = Si(b; ) = 0. Then we obtain the following equations for the

errors of integrations of }_‘ and f by cubic spline:

Sala: r)dx - fl P)dx =~ 2> (hj14))
ZJ‘ Xj+l ZJ‘ Xj+1 ;Z

j=0

|_l
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n-1
+L2{Z 3+1f(2 (EJ]; r)__zh]+1(4Dj +Dj+1)

j=0

572 +1(M + M]+1)}

n-1 n-1
J' IS (s ) d - ZJ. I F s r)da = %Z( j+145)
0 j=0

~.

- n-1
1 2(2) /e 1
ﬁ{ E Faf@E; )+ 5 E h$,1(4D; + Dj 1)
j=0

n-1
1 3 —
g D M) ¢ Mm)}’
=0
for all A partition and for A = {x;|x; = a+ jh, j=0,1, .., n} and h =
b-a
n b

ISS_A(x; rydx — Ij[(x, r)dx

g, bt 5
_2A+ 5 (&,r)+ {2 D; ]@éeab]
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1 T T
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-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 1.
6. Numerical Results

In this section we apply the method in Section 5 by solving some
numerical examples.

Example 6.1. Consider the following fuzzy integral:

1., =~
j kx“dx, k =(r-1,1-r)
0

the exact solution of the integral is %(r -1,1-r).

From the spline integration rule in (5.3) with A =1 :
1 1 _ 1 1
Si(f 1) = [ Salws r)dx = 5 =1), Si(F: 1] Salos )dx = S0 -1),
- 00— 0

}_‘(2)(15; r)=20r-1), fA r) = 20 - )
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and
Ei(fi )= -5 A=) Ei(f 1) = g (r=1)

it 1s clear that Theorem 5.1 holds. Now with A = % :
b 7 - b— 7
Sa(fi 1) = [ Salew ) = 1 (=1, So(Fs ) Salos ) = 107,
L iy 16 a 16

Ey(f: 1) = 55 (=1 Ea(Fi 1) = 5 (L=

Theorem 5.1 holds too. The exact solution and the spline rule solution

with A =1 and A = % are plotted and compared in Figure 1.

1 T T T
Exact —
Spline =]
08F B
0E6F B
04r b
02K b
DE 1 Il Il 1
0 0.2 0.4 0.6 0.8 1
Figure 2.

Example 6.2. Consider the following fuzzy integral:

1. ~
I kxdx, k = (r, 2-7),
0
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the exact solution of the integral is % (r,2-r).

Solution obtained from cubic spline integration rule in (5.3) with

h =1 is equal to exact solution, see Figure 2, then:

E(f;r) = E(f; r) = 0.

7. Conclusion

In this paper we applied the cubic spline integration rule to solve

fuzzy integral over a finite interval [a, b] Since this integration yields

fuzzy number in parametric form, we used the parametric form of

method. The integration of triangular fuzzy number is a triangular fuzzy

number.
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