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Abstract

In this paper we show some exact solutions for the general fifth order KdV

equation U; + Oyyyey + OUUyyy + PUyllyy + yu2ux = (. These solutions

are obtained by the extended tanh method.
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1. Introduction

A large variety of physical, chemical, and biological phenomena is
governed by nonlinear evolution equations. The analytical study of
nonlinear partial differential equations was of great interest during the
last decades. Investigations of traveling wave solutions of nonlinear
equations play an important role in the study of nonlinear physical
phenomena. The importance of obtaining the exact solutions, if available,
of those nonlinear equations facilitates the verification of numerical

solvers and aids in the stability analysis of solutions.

The nonlinear generalized KdV equation of fifth order (KdV

equation) reads
2
Up + OUsppyry + OUUysye + PUplyy + YU U, = 0, (1.1)
where o, B, y and o are arbitrary real parameters.

This equation describes motions of long waves in shallow water under
gravity and in a one-dimensional nonlinear lattice and it is an important
mathematical model with wide applications in quantum mechanics and

nonlinear optics. Some important particular cases of Eq. (1.1) are :

e Kaup-Kupershmidt equation (KK equation) [3, 6, 7, 8, 10]

Up + U + 100U + 2DU, Uy, + 20u2ux =0. (1.2)
e Sawada-Kotera equation (SK equation) [11, 2]

Up + Uppypy + DUy + DU Uy + 5u2ux = 0. 1.3)
e Caudrey-Dodd-Gibbon equation

Up + Uppprye + 30UUy + 30U, Uy, + 180u2ux = 0. (1.4)
e Lax equation [9]

Up + Uppppy + 10ULpy + 20Uyt + 30u2u, = 0. (1.5)
e Ito equation [4, 5]

Up + Uy + SUUgye + OUL UL, + ZuZux =0. (1.6)
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As the constants o, B and y change, the properties of the equation

(1.1) drastically change. For instance, the Lax equation with
a =10, p = 20, and y = 30, and the SK equation where o = =y = 5,

are completely integrable. These two equations have N-soliton solutions
and an infinite set of conserved densities. Another example is the KK
equation with o =10, =25, and y = 20, which is known to be

integrable [7], and has bilinear representations [6, 7], but for which the
explicit form of the N-soliton solutions is not known. A fourth equation in
this class is the Ito equation, with o = 3, p = 6, and y = 2, which is not

completely integrable, but has a limited number of special conserved
densities [5].

We will find solutions of Eq. (1.1) for ® # 0 and y # 0.

2. The Extended Tanh Method
The extended tanh method [1] may be described in the following
three steps:

Step 1. We search exact solutions of equation (1.1) in the form

{u(x, t) = v()

£ =x + AL, @7

As a result we have that the equation (1.1) is reduced to the nonlinear
ordinary differential equation (ODE) of fifth order

(v + av®(E©)v(E) + 1) + BrE'(E) + 0v®(E) = 0. (2.8)

Step 2. We seek solutions of (2.8) in the form

v(E) = ap + Y (p&) + (&)™), 2.9)
i=1
where
P'(E) =k +9*(2), (2.10)

where & is a parameter to be determined later.

The Riccati equation (2.10) has the general solutions:
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a)If £ <0: (&)= —V—k tanh(V-k&) and ¢(&)=—v—E coth(v—kE).

b)Iszo:q)(g)z—%.

c) If k>0: () =k tan(VkE) and ¢(&) = vk cot(VEE).

Substituting (2.9), along with (2.10) into (2.8) and collecting all terms

with the same power in ¢(§), we get a polynomial in the variable

¢ = ¢(&). This polynomial has the form

ap(£)3 14 be ()2 34 cp(£) ™2+ lower degree terms. (2.11)

The parameter m can be found by balancing the highest order term in

(2.11). We assume that m > 1 to avoid trivial solutions. The degrees of

the highest terms are m + 5 (the degree of the term co (&)™), 2m + 3
(the degree of the term bo(£)?™*?) and 8m +1 (the degree of the term

ae(£)®™*1). The only integer value of m for which 3m +1 = 2m + 3 or
3m+1=m+5 or2m+3=m+5 is m = 2. Equating in (2.11) the
coefficients of every power of ¢(&) to zero, we obtain an algebraic system

in the variables k, A, aq, a1, b;.

Step 3. ( This is the more difficult step ) Solving the system in Step 2

for k, A, ag, aq, by,..., we get a1= b;= 0, so when m = 2 solutions have
the form
_ 2 by
0E) = agt age(E) + —Z.
(3]

We get the following solutions, where

12y — AP and C — (34 -10B)o :

A = 20+ + (20 + B) 2= 4070, B = —

uy (x, t) = -%(2 + 3 cot2(VE(x + 16BE%))).
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uy(x, 1) = %(1 + 3esch?V=k(x + 16Bk%)))
caq = -8(35‘”, ay = 0, by = - 120F%0 e
us(x, £) = - 4(1’1“” (2 + 3 cot>(VE(x + 256Ck%)))
wy(x, 1) = % (1 + 3 csch2(V=R(x + 256Ck%)))
°q) = —#, Qg = —%, bp =0, A = 16BE? :

us(x, t) = —ATk(2 + 3 tan?(Vk(x + 16Bk%t)))

ug(x, 1) = -%(z — 3tanh? V= k(x + 16BE%))).

80kw 1200
ag = =3, ay = == by = 0, % = 16Ck? :

40ko 2 2
ug(x, t) = === (2 + 3tan (VE(x + 256Ck?t))).

40kw 2 2
ug(x,t)=— 1 (2-3tanh®(v—k(x +256Ck“t))).

2
*q =—27Ak,a2 =—%,bg _ _34RT y _ 956BR?

g (x, t):—%(2+3tan2(x/%(x+256Bk2t))+3cot2(x@(x+2563k2t))).
upo(x, t) = —%(2 — 3tanh?(V- k(x + 256Bk?t)) — 3 coth?

(V= k(x + 256 BE?t))

_120F%

A = 256Ck? :
T 56C

upq(x, t) = —%(2 + 3 tan?(Vk(x + 256Ck?t))
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+ 3 cot?(VE(x + 256Ck%t))).

Uy, £) = — 4%‘3“) (2 - 3 tanh2(V= k(x + 256Ck%t))

— 3 coth?(v= k(x + 256Ck?t)).

3. Conclusions

In this paper, by using the extended method and the help of a

symbolic computation engine, we obtain some exact solutions for the
equation (1.1). At the same time, we may find solutions for any particular

case of this equation, for example, (1.2)-(1.6). In our opinion, this result is

new 1in the literature.
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