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Abstract

In this paper we show some exact solutions for the general fifth order KdV

equation .02 =γ+β+α+ω+ xxxxxxxxxxxxt uuuuuuu  These solutions

are obtained by the extended tanh method.
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1. Introduction

A large variety of physical, chemical, and biological phenomena is
governed by nonlinear evolution equations. The analytical study of
nonlinear partial differential equations was of great interest during the
last decades. Investigations of traveling wave solutions of nonlinear
equations play an important role in the study of nonlinear physical
phenomena. The importance of obtaining the exact solutions, if available,
of those nonlinear equations facilitates the verification of numerical
solvers and aids in the stability analysis of solutions.

The nonlinear generalized KdV equation of fifth order (fKdV
equation) reads

                              ,02 =γ+β+α+ω+ xxxxxxxxxxxxt uuuuuuuu          (1.1)

where γβα ,,  and ω  are arbitrary real parameters.

This equation describes motions of long waves in shallow water under
gravity and in a one-dimensional nonlinear lattice and it is an important
mathematical model with wide applications in quantum mechanics and
nonlinear optics. Some important particular cases of Eq. (1.1) are :

•  Kaup-Kupershmidt equation (KK equation) [3, 6, 7, 8, 10]

                 .0202510 2 =++++ xxxxxxxxxxxxt uuuuuuuu              (1.2)

• Sawada-Kotera equation (SK equation) [11, 2]

                 .0555 2 =++++ xxxxxxxxxxxxt uuuuuuuu                    (1.3)

• Caudrey-Dodd-Gibbon equation

                .01803030 2 =++++ xxxxxxxxxxxxt uuuuuuuu             (1.4)

• Lax equation [9]

                 .0302010 2 =++++ xxxxxxxxxxxxt uuuuuuuu              (1.5)

• Ito equation [4, 5]

                 .0263 2 =++++ xxxxxxxxxxxxt uuuuuuuu                    (1.6)
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As the constants βα,  and γ  change, the properties of the equation

(1.1) drastically change. For instance, the Lax equation with
,20,10 =β=α  and ,30=γ  and the SK equation where ,5=γ=β=α

are completely integrable. These two equations have N-soliton solutions
and an infinite set of conserved densities. Another example is the KK
equation with ,25,10 =β=α  and ,20=γ  which is known to be

integrable [7], and has bilinear representations [6, 7], but for which the
explicit form of the N-soliton solutions is not known. A fourth equation in
this class is the Ito  equation, with ,6,3 =β=α  and ,2=γ  which is not

completely integrable, but has a limited number of special conserved
densities [5].

We will find solutions of Eq. (1.1) for 0≠ω  and .0≠γ

2. The Extended Tanh Method

The extended tanh method [1] may be described in the following
three steps:

Step 1. We search exact solutions of equation (1.1) in the form

                                         
( ) ( )





λ+=ξ
ξ=
,

,
tx

vtxu
                                                  (2.7)

As a result we have that the equation (1.1) is reduced to the nonlinear
ordinary differential equation (ODE) of fifth order

          ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) .0532 =ξω+ξ′′ξ′β+ξ′λ+ξξα+ξξ′γ vvvvvvvv     (2.8)

Step 2. We seek solutions of (2.8) in the form

                        ( ) ( ( ) ( ) ),
1

0
ii

m

i
av −

=

ξϕ+ξϕ+=ξ ∑                                (2.9)

where

                                  ( ) ( ),2 ξϕ+=ξϕ′ k                                                   (2.10)

where k is a parameter to be determined later.

The Riccati equation (2.10) has the general solutions:
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a) If ( ) kk −−=ξϕ< :0  tanh ( )ξ−k  and ( ) ( ).coth ξ−−−=ξϕ kk

b) If ( ) .1:0
ξ

−=ξϕ=k

c)  If  ( ) kk =ξϕ> :0  tan ( )ξk and ( ) k=ξϕ  cot ( ).ξk

Substituting (2.9), along with (2.10) into (2.8) and collecting all terms

with the same power in ( ),ξϕ  we get a polynomial in the variable

( ).ξϕ=ϕ  This polynomial has the form

( ) ( ) ( ) +ξϕ+ξϕ+ξϕ +++ 53213 mmm cba  lower degree terms. (2.11)

The parameter m can be found by balancing the highest order term in

(2.11). We assume that 1≥m  to avoid trivial solutions. The degrees of

the highest terms are 5+m  (the degree of the term ( ) ) 32,5 +ξϕ + mc m

(the degree of the term ( ) )32 +ξϕ mb  and 13 +m  (the degree of the term

( ) ).13 +ξϕ ma  The only integer value of m for which 3213 +=+ mm  or

513 +=+ mm  532or +=+ mm  is 2.=m  Equating in (2.11) the

coefficients of every power of ( )ξϕ  to zero, we obtain an algebraic system

in the variables .,,,, 110 baak λ

Step 3. ( This is the more difficult step ) Solving the system in Step 2

for ,,,,,, 110 …baak λ  we get ,011 == ba  so when 2=m  solutions have

the form

( ) ( )
( )

.
2

22
20

ξϕ
+ξϕ+=ξ

baav

We get the following solutions, where

( )
γ

β−γω=γω−β+α+β+α=
8

12
,4022 2 ABA  and 

( )
:

2
103
A

AC ωβ−
=

      • :16,3,0,2 2
2

020 BkAkbaAka =λ
γ

−==
γ

−=

 ( ) ( ( ( ))).16cot32, 22
1 tBkxkAktxu ++

γ
−=
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 ( ) ( ( )))tBkxkAktxu 22
2 16csch31, +−+

γ
=

• :16,120,0,80 2
2

020 CkA
kbaA

ka =λω−==ω−=

( ) ( ( ( )))tCkxkA
ktxu 22

3 256cot3240, ++ω−=

( ) ( ( ( )))tCkxkA
ktxu 22

4 256csch3140, +−+ω=

• :16,0,3,2 2
020 BkbAaAka =λ=

γ
−=

γ
−=

( ) ( ( ( )))tBkxkAktxu 22
5 16tan32, ++

γ
−=

( ) ( ( ))).16tanh32, 22
6 tBkxkAktxu +−−

γ
−=

• :16,0,120,80 2
020 CkbAaA

ka =λ=ω−=ω−=

 ( ) ( ( ( ))).256tan3240, 22
7 tCkxkA

ktxu ++ω−=

( ) ( ( ( ))).256tanh3240, 22
8 tCkxkA

ktxu +−−ω−=

• :256,3,3,2 2
2

220 BkAkbAaAka =λ
γ

−=
γ

−=
γ

−=

( ) ( ( ( )) ( ( ))).256cot3256tan32, 2222
9 tBkxktBkxkAktxu ++++

γ
−=

( ) ( ( ( )) 222
10 coth3256tanh32, −+−−

γ
−= tBkxkAktxu

( ( ))tBkxk 2256+−

• :256,120,120,80 2
2

220 CkA
kbAaA

ka =λω−=ω−=ω−=

( ) ( ( ( ))tCkxkA
ktxu 22

11 256tan3240, ++ω−=



ALVARO SALAS, CESAR GÓMEZ and GONZALO ESCOBAR310

( ( ))).256cot3 22 tCkxk ++

( ) ( ( ( ))tCkxkA
ktxu 22

12 256tanh3240, +−−ω−=

( ( )).256coth3 22 tCkxk +−−

3. Conclusions

In this paper, by using the extended method and the help of a
symbolic computation engine, we obtain some exact solutions for the

equation (1.1). At the same time, we may find solutions for any particular

case of this equation, for example, (1.2)-(1.6). In our opinion, this result is
new in the literature.

References

[1] M. A. Abdou and A. A. Soliman, Modified extended tanh-function method and its
application on nonlinear physical equations, Phy. Lett. A 353 (2006), 487-492.

[2] Salas Alvaro, Some solutions for a type of generalized Sawada-Kotera equation,
Appl. Math. Comput. 196 (2) (2008), 812-817.

[3] A. P. Fordy and J. Gibbons, Phys. Lett. 75 A (1980), 325.

[4] M. Ito, J. Phys. Soc. Japan 49 (1980), 771-778.

[5] M. Ito, Comp. Phys. Comm. 42 (1986), 351-357.

[6] M. Jimbo and T. Miwa, Publ. RIMS, Kyoto Univ. 19 (1983), 943-1001.

[7] D. Kaup, Stud. Appl. Math. 62 (1980), 189-216.

[8] B. A. Kupershmidt, Phys. Lett. 102A (1984), 213-215.

[9] P. D. Lax, Comm. Pure Appl. Math. 21 (1968), 467-490.

[10] J. Satsuma and D.J. Kaup, J. Phys. Soc. Japan 43 (1977), 692-697.

 [11] K. Sawada and T. Kotera, Prog. Theor. Phys. 51 (1974), 1355-1367.

g


