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Abstract

In this paper, by using the fixed point index theorem, the existence
results of positive solutions are obtained for second-order boundary

value problem

{u"+f(t, u)-g(t, u)=0, 0<t<l1,
u(0) = u(1) = 0,

where f e C[(0,1)x Rt - R*], g € C[(0,1)x R* — R], that is,
f, & are singular at t =0 and ¢t =1, and the sign of g may

change.
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1. Introduction

In this paper, we consider the existence results of the following

second-order singular semipositone boundary value problem:

{u”+f(t, u)—g(t,u)=0, 0<t<1,

uw(0) =u(l) =0, (1.1)

where f, g are singular at ¢t = 0, 1, and the sign of g may change.

In recent years, singular boundary value problems in the case of
g =0 (ie., positone problems) have been studied extensively (see, for
example, [1, 2, 5, 6, 8] and references therein). Naturally we hope there
are the same excellent results on singular semipositone boundary value

problems.
Recently, Li [7] has considered the following semipositone problems

without singularity
{u”+f(t, u)=0, 0<t<l,

u(0) = u(1) = 0, (1.2)

where f € C(IxR") I =[0,1], R* = [0, +). The author obtained the
existence of positive solutions by using the fixed point theorem of cone

expansion and compression.

As far as we know, only a handful of papers have considered the
singular semipositone boundary value problems. The purpose of this
paper is to deal with the singular semipositone boundary value problems.
The main features of this paper are as follows. Firstly , BVP (1.1)
possesses singularity, i.e., f, ¢ are singular at t =0 and ¢ =1.
Secondly, the sign of ¢ may change. Thirdly, the tool used here is the
fixed point index theorem.

2. Preliminaries

Concerning the boundary value problem (1.1), we make the following

hypotheses:
(Hy) f, g:(0,1)x(0, ©) > R are continuous and there exists
q(t) € L(0, 1) such that
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f(t, u) >0, gt, u) > —q(t), v(t, u) € (0,1)x (0, ),
0< J.lsz(l — s)%q(s)ds < »;
0

(Hy) There exist p; e C[(0,1)—> R"], py € C[(0,1) > R],q; € C

[R* - R"], g3 € C[R" — R] such that

f(t, u) < p1()ar (), g(t, u) < py(t)ga(u),
1 1
0 < -[0 e(s)q(s)ds < «©, 0 < -“0 e(s) (p1(s) + pa(s) + q(s))ds < =,
where e(s) = s(1 - s);

1
(H3) There exists r : r > 2.[ q(s)ds such that
0

r 1 .
e T @I T] ” Jo €O (21(8)+ p2(o) + o)

0<|u|<r
(Hy)
: o [ w) a1 J'l_e 1
lim, . 01<r%£1 > M, where M~ = 5 max . G(t, s)ds, 6 € (0, 3 ).

We define E = C[0, 1] be the Banach space, |u| = (1)r<1?<xl|u(t)| be the

norm of E, and G(¢, s) be the Green’s function of the following second-

order boundary value problem:

{u”:0,0<t<1, @.1)
u(0) = u(1) = 0, '
that is,
tl-s),0<t<s<1,
G s) < |10 %) y 2.2)
s1-t),0<s<t<1.

It is clear that G(¢, s) > 0, G(t, s) < e(t) = t(1 - t), V(¢, s) € (0, 1).

We define a cone K ¢ E by
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K ={u|u € E, u(t) 2 et)u|, t [0, 1]}.

Let

" u, uzx=0,
= 2.3
] {0, uw<0. @3)

Next we define a mapping A : K — E by
1
Ault) = jo G(t, ) (f(s, [u - o] ) + g(s, [u— o] )+ q(s))ds,  (2.4)
where
1
oft) :j G(t, $)q(s)ds. 2.5)
0

It is easy to check that u is the positive solution of the second-order
singular semipositone boundary value problem (1.1) if and only if u > 0

and u + o 1s the fixed point of A.
The following lemmas are crucial to the proof of our theorem

Lemma 2.1 [4]. Let K be a cone of the real Banach space E, Q be a
bounded set of E, 0 € Q, and A : QN K — K be completely continuous.
Suppose that

Au # mu, Yvu e 0QNK,m >1,
then i(A, QN K, K)=1.

Lemma 2.2 [4]. Let K be a cone of the real Banach space E, Q be a
bounded set of E, 0 € Q, and A : QN K — K be completely continuous.
Suppose that there exists B :0Q( K — K which is completely

continuous such that

) ueg{l)fhK”Bu" >0,

(2) u-Au # mBu, Vu e 0QN K, m > 0,

then i(A, QN K, K) = 0.
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Lemma 2.3. If (H;) holds, then A:K — K is completely

continuous.

Proof. Firstly, we will prove A : K — K.

We define a function 1(s):[0,1] = [0,1] such that G(t(s), s)

= max G(¢, s), then we have

0<t<1
t
@, | t, 1(s) < s,
-5
GLs) |sa-<s) (555 ol g) <
it 5) _ > t(1-t) = e(t),
G(1(s), ) 1=t (s
e
s(1-1)

) As)’ (s) <s <t

thus, for Vu € K, we get
Ault) = [ 6le,5)(fGs, (T~ o] ) + (s, (1~ 01") + a(s)ds

. 1 G(t, S) * *
- [ GOl Olels) s) (s, (lu =] ) + (s, ([~ o))+ als)ds
> e(t)|Aul|, t € [0, 1],

which implies A : K —» K.

Secondly, we prove that A is completely continuous.

For any bounded set D < K, there exists L >0 such that
|| < L, Vu < D.

Thus,

Ault) = [ 6lt, ) (F(s, = 01" + s, [ = 0] + a(s)ds

< [ 6t 5 (p(s)ar(li - o1 )+ pals)anlu ~ 0]') + a(s)ds
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1
< [ G(t.5)(p1(s)+ pa(s)+ a(s))ds. max fa1(u)]aa(w)], 1} < 0, 26)
0 0<u<L

then A(D) is uniformly bounded.

From (Hy) we know that for any ¢ > 0, there exists §; > 0 such

that

51 s

Io e(s)(p1(s) + pa(s) + q(s))ds < 0?,?5,;{‘11(”)’ FROTRT (2.7)
1 e

| L EOPI6)+ o(s) - alo)Mls < S @9)

0<u<L

Let ayp = max (pj(s)+ pa(s)+q(s)). Noticing that G, s) is
81<5<1-8;

uniformly bounded for any (¢, s) € [0, 1]x[0, 1], we know that there
exists a positive 8 such that

€
8 . y ) 1
ag- max {q1(u), [a2(u)], 1}

|G(, s) - G(tg, s)| < Cti, b9 €0, 1], |t —to| < 8.

2.9

From (2.7) to (2.9 and the fact G(t,s)k <e(s) for any
(¢, s) € [0, 1] x [0, 1], we have

| Au(t), — Ault)g |

< _[jl| G(ty, s) - Glty, s)|(p1(8)a1([w - o] ) + pa(s)aa([u — o] ) + q(s))ds

[ 16056 91 (- T )+ palshaa(la—oT )+ gl

1-8;

J;_&l |Gty )= Gltz, )| (pr(s)as ([~ o] ) + pa(s)as([u— o] )+ a(s))ds

81 €
< 2[ "e(s) (p1(s) + pa(s) + a(s))ds- o ) @ T
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8 &
+ 2J.0 e(s)(p1(s) + pa(s) + q(s))ds. max {q1 (), |go(u)|, 1}

0<u<L
G0, 5) - Glty, 5)|d :
+aOI t1, s)—Glig, s)|ds -
51 3ag - max {q1(u), |gz(u)], 1}

<& YueD, |t -ty <3,

which implies that A(D) is equicontinuous, according to Ascoli-Arzela
theorem we get that A is compact, and it is easy to verify that A is

continuous, thus A is completely continuous.
3. The Existence of Positive Solution

For convenience, we set

W= 2w, = ! :
T e[ty

The main results of this section are the following three Theorems.

Theorem 1. Suppose (H;) - (Hy) hold, then BVP (1.1) has at least

one positive solution.

Proof. Firstly, we prove: u # odu, a€0,1],u e dQ,, Q, =
{u e Q||y| < r}. If otherwise, there exist aq € [0, 1], vy € 6Q, such that

ug = ogAug,
then we have
o) > Juo @) = 7 - eft).
On the other hand,

L 1 ;q(s)ds
olt) = jo G(t, 5)q(s)ds < I Jale)ds - e(t) < g (t)ds, ¢ < [0,1]. 3.1

Thus
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I 1q (s)ds

upt)—o(t) > |1 - Of ug(t) > %uo(t) >0,tel0,1], (3.2)

and so

Ug = OtoAuO

= [ G ) (1G5 Ty~ 01') + s, g — ] ) + gl

IA

[ G0, 9) (705, g — 0 )+ (s, g — o] ) + als))ds

IA

[ 60, 9)(m(skan([g - o)) + palelaa o - 0]) + a(s)s

IA

[ G0, 9)(pa(s) + pa(e) + a(s)Ms - max far () las(a)} 1)

IA

[ o) (pa(5) + pafe) + a(s))ds - max {ar () (w1},

then uol =7 < [ els)(pr(s) + pafe) + a(s))ds - ma (). las()] 1),
which is contradiction to (Hg). By Lemma 2.1 we know

i(A,Q, NK, K)=1. (3.3)

By (Hy), for Ve >0, there exists R >r >0 such that

ft,u)> (M +eu Ve>0,u>R. Let Qp ={ue Q||uy| < R}, where

S b+a)d+ec) o,
R a0 @)

inf |Bul| > 0, and B : 6Q N K — K is completely continuous.
ue@QRﬂK

Let Bu(t)=1, Vtel0,1]. It is clear that

Secondly, we prove that u — Au # mBu Yu € 0Q N K, m > 0.
Otherwise,  there  exist Vg € 0QpR, mg 2 0, such  that

vg — Avg = myBug. Let & = min{vy(t), t €[0,1-0], 6 € (0, % ). Since
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R > r > 0, noticing that (3.2) holds, then for any ¢ € [0, 1 — 6], we have

0lt) = [ Gle 5) (705 Too — @]) + (s, [op ~ 0] )+ als))ds + mg
1-6
> Je G(t, s)(f(s, [vg — o])ds + my

1-6
ZJ G(t, s)%(M+e)ds-§+m0
0

= MY(M +e)e + my

>E.>7

which contradicts & = min{vy(¢), t € [0,1-0],0 € (0, %)}, then for
Vu € 0Qr N K, m > 0, we have u — Au # mBu. By Lemma 2.2, we get

(A, QrNK, K)=0. (3.4)

It follows from (3.3)-(3.4) that (A, (Qp \Q,)NK, K)=-1.

According to the fixed point index point index theorem (see [3]), we get
that A has a fixed piont @, r < |#] < R.

1
J q(s)ds
Let v=u-w. Since [&]=r, then &()- ()= (1- Ofﬁ(t)
> %ﬁ(t) > 0. Thus v = & — ® is a positive solution of BVP (1.1).

Remark. By the same way, we can obtain the existence results of
positive solutions for fourth-order singular semipositone boundary value

problem

{u(4) = ft,w)+gt,u)0<t<l,
u(0)= u'(0)= ul) =u'(1)=0,

where f e C[(0,1)x R" - R"], g € C[(0,1)x R* — R], that is, f, g

are singular at £ = 0 and ¢ = 1, and g is semipositone.
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