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Abstract

In this paper, by using the fixed point index theorem, the existence

results of positive solutions are obtained for second-order boundary

value problem
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where [( ) ] [( ) ],1,0,1,0 RRCgRRCf →×∈→×∈ +++  that is,

gf ,  are singular at 0=t  and ,1=t  and the sign of g may

change.
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1. Introduction

In this paper, we consider the existence results of the following

second-order singular semipositone boundary value problem:
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(1.1)

where gf ,  are singular at ,1,0=t  and the sign of g may change.

In recent years, singular boundary value problems in the case of

0≡g  (i.e., positone problems) have been studied extensively (see, for

example, [1, 2, 5, 6, 8] and references therein). Naturally we hope there

are the same excellent results on singular semipositone boundary value

problems.

Recently, Li [7] has considered the following semipositone problems

without singularity
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(1.2)

where ( ) [ ] [ ).,0,1,0 ∞+==×∈ ++ RIRICf  The author obtained the

existence of positive solutions by using the fixed point theorem of cone

expansion and compression.

As far as we know, only a handful of papers have considered the

singular semipositone boundary value problems. The purpose of this

paper is to deal with the singular semipositone boundary value problems.

The main features of this paper are as follows. Firstly , BVP (1.1)

possesses singularity, i.e., gf ,  are singular at 0=t  and .1=t

Secondly, the sign of g may change. Thirdly, the tool used here is the

fixed point index theorem.

2. Preliminaries

Concerning the boundary value problem (1.1), we make the following

hypotheses:

( ) ( ) ( ) Rgf →∞× ,01,0:,H1  are continuous and there exists

( ) ( )1,0Ltq ∈  such that
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We define [ ]1,0CE =  be the Banach space, ( )tuu
t 10

max
≤≤

=  be the

norm of E, and ( )stG ,  be the Green’s function of the following second-

order boundary value problem:
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that is,
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It is clear that ( ) ( ) ( ) ( ) ( ) ( ).1,0,,1,,0, ∈∀−=≤≥ sttttestGstG

We define a cone EK ⊂  by
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Next we define a mapping EKA →:  by

( ) ( ) ( ( [ ] ) ( [ ] ) ( )) ,,,,
1

0
dssqusgusfstGtAu +ω−+ω−= ∗∗∫ (2.4)

where

( ) ( ) ( ) .,
1

0
dssqstGt ∫=ω (2.5)

It is easy to check that u is the positive solution of the second-order

singular semipositone boundary value problem (1.1) if and only if 0>u
and ω+u  is the fixed point of A.

The following lemmas are crucial to the proof of our theorem

Lemma 2.1 [4]. Let K be a cone of the real Banach space Ω,E  be a

bounded set of ,, Ω∈θE  and KKA →Ω ∩:  be completely continuous.

Suppose that

,1,, ≥Ω∂∈∀≠ mKumuAu ∩

then ( ) .1,, =Ω KKAi ∩

Lemma 2.2 [4]. Let K be a cone of the real Banach space Ω,E  be a

bounded set of ,, Ω∈θE  and KKA →Ω ∩:  be completely continuous.

Suppose that there exists KKB →Ω∂ ∩:  which is completely

continuous such that

(1) ,0inf >
Ω∂∈

Bu
Ku ∩

(2) ,0,, ≥Ω∂∈∀≠− mKumBuAuu ∩

then ( ) .0,, =Ω KKAi ∩
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Lemma 2.3. If ( )1H  holds, then KKA →:  is completely

continuous.

Proof. Firstly, we will prove .: KKA →

We define a function ( ) [ ] [ ]1,01,0: →τ s  such that ( ( ) )ssG ,τ
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thus, for ,Ku ∈∀  we get

( ) ( ) ( ( ( [ ] )) ( ([ ] )) ( ))dssqusgusfstGtAu +ω−+ω−= ∗∗∫ ,,,
1

0

( )
( ( ) ) ( ( ) ) ( ( ( [ ] )) ( ( [ ] )) ( ))dssqusgusfssGssG

stG
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,
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0

( ) [ ],1,0, ∈≥ tAute

which implies .: KKA →

Secondly, we prove that A is completely continuous.

For any bounded set ,KD ⊂  there exists 0>L  such that

., DuLu ⊂∀≤

Thus,

( ) ( ) ( ( [ ] ) ( [ ] ) ( ))dssqusgusfstGtAu +ω−+ω−= ∗∗∫ ,,,
1

0

  ( ) ( ( ) ([ ] ) ( ) ( [ ] ) ( ))dssquqspuqspstG +ω−+ω−≤ ∗∗∫ 2211
1

0
,
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then A(D) is uniformly bounded.

From ( )2H  we know that for any ,0>ε  there exists 01 >δ  such

that
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 Noticing that ( )stG ,  is

uniformly bounded for any ( ) [ ] [ ],1,01,0, ×∈st  we know that there

exists a positive δ  such that
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From (2.7) to (2.9) and the fact ( ) ( )sekstG ≤,  for any

( ) [ ] [ ],1,01,0, ×∈st  we have
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which implies that A(D) is equicontinuous, according to Ascoli-Arzela

theorem we get that A is compact, and it is easy to verify that A is

continuous, thus A is completely continuous.

3. The Existence of Positive Solution

For convenience, we set

( ) ( ( ) )
.

1
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1
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1 drrab
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∗

∗

ϕ+
=µ=µ

The main results of this section are the following three Theorems.

Theorem 1. Suppose ( ) ( )41 HH −  hold, then BVP (1.1) has at least

one positive solution.

Proof. Firstly, we prove: [ ] =ΩΩ∂∈∈αα≠ rruAuu ,,1,0,

{ }.ruu <Ω∈  If otherwise, there exist [ ] ru Ω∂∈∈α 00 ,1,0  such that

,000 Auu α=

then we have
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By ( ),H4  for ,0>ε∀  there exists 0>>′ rR  such that
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 and KKB →Ω∂ ∩:  is completely continuous.

Secondly, we prove that mBuAuu ≠−  .0, ≥Ω∂∈∀ mKu ∩

Otherwise, there exist ,0, 00 ≥Ω∂∈ mv R  such that

.0000 BvmAvv =−  Let { ( ) [ ] ( ).
2
1,0,1,,min 0 ∈θθ−θ∈=ξ ttv  Since
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,0>> rR  noticing that (3.2) holds, then for any [ ],1, θ−θ∈t  we have
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It follows from (3.3)-(3.4) that ( ( ) ) .1,\, −=ΩΩ KKAi rR ∩

According to the fixed point index point index theorem (see [3]), we get

that A has a fixed piont .~,~ Ruru ≤≤

Let .~ ω−= uv  Since ,~ ru ≥  then ( ) ( ) (
( )

( )tur

dssq
ttu ~1~

1
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( ) .0~
2
1 ≥≥ tu  Thus ω−= uv ~  is a positive solution of BVP (1.1).

Remark. By the same way, we can obtain the existence results of

positive solutions for fourth-order singular semipositone boundary value

problem
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where [( ) ] [( ) ],1,0,1,0 RRCgRRCf →×∈→×∈ +++  that is, gf ,

are singular at 0=t  and ,1=t  and g is semipositone.
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