Journal of Pure and Applied Mathematics: Advances and Applications
Volume 6, Number 2, 2011, Pages 105-133

ABOUT PROJECTIONS IN THE IMPLEMENTATION
OF STOCHASTIC QUASIGRADIENT METHODS
TO SOME INVENTORY CONTROL
PROBLEMS

STEFAN M. STEFANOV

Department of Informatics

Neofit Rilski South-Western University
Blagoevgrad

Bulgaria

e-mail: stefm@swu.bg

Abstract

In this paper, we consider inventory control problems in a stochastic
environment. After a brief description of stochastic quasigradient methods
(SQM) for solving stochastic programming problems, algorithms of polynomial
complexity are proposed for projecting the current approximation, generated by
the SQM, onto feasible regions of two important inventory control problems.
Convergence of suggested algorithms is proved, and some examples and results

of computational experiments are presented.
1. Introduction

Consider the following inventory control model in a stochastic

environment ([3]). Determine the amounts x;

j of inventory units

(facilities) at locations (points) j, j =1, ..., n, in order to meet the demand
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®j, j =1,..., n, respectively. Since the demand @ = (o, ..., »,) is

random, we know only its distribution function H(®)= P{o; <

®1,..., 0, <®,}. At the moment of decision making concerning
x = (%1, ..., x,, ), the actual value of the demand ® = (o1, ..., ®,) is not
known.

Suppose that we have made a decision x about the quantities of
materials, facilities, etc., and that the actual demand turned out to be .
We have to pay for both oversupply and shortfalls. The penalty charged at
the j-th location is ¢{(w; — x;), if ®; > x;, and vj(x; - 0;), if 0; < xj,
where the functions w{ and wé are nondecreasing. In the simplest case,

these functions are linear and the total penalty is
n
Zmax{pj(mj -x;), gj(xj —o;)}, 1)
j=1

where p; >0 and ¢; >0 are the expenses for storage and losses

because of deficit for unit of the j-th facility, j = 1, ..., n, respectively.

In most cases, x should be determined such that the average penalty

is minimal, that is, to minimize the following function:

F(x) = Eof(x, @) =Bl Y. pjjo (x; - o; )P(dmj)+qjjx’(mj — 2 P(do;) |},
j=1 J

where E, denotes the mathematical expectation with respect to @.

Often there are some constraints on x.

If the capacity of warehouse (volume of the store), we have to use to
keep the inventory facilities is o and we have to order quantity of the

Jj-th product, which is at least a; and at most bj, j=1,..., n, we obtain

the following minimization problem:

Find x = (xq, ..., x,,) such that
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min{F(x) = Bof(x, o)

subject to

x e X,

where X is defined through

or

”

Relations “<” and “=

107

@)

3)

)

®)

©)

(7

in (4) and (6) mean “warehouse may not be

completely filled” and “capacity of warehouse must be completely used”,

respectively.

Here ®; are random variables in closed segments [R1;, R2;],

J

Jj =1, ..., n, respectively.

The function F(x) in (2) can be written in the following form:

F(x) = By f(x, ®) = E(_,ij(xj, ;),
j=1

where

Flen o) [P —0) iy o)
PASH Al gj(oj —x;), if x; < o).

(2)

Since f(x, @) is a nondifferentiable function at x = ®, then F(x) is

also a nondifferentiable function.
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Problem (2)-(3) is known as the multi-commodity facility location
problem or as the inventory control problem and it is a special case of a

(perspective) stochastic programming problem, that is, a problem of the

form
Find x = (xq, ..., x,,) such that
m}in{FO(x) - E,/'(x, @) = j (x, (.))P(d(o)}
subject to
Fi(x) = E,fi(x, @) = in(x, @Pdo) <0, i=1,..,m,
xe X c R™.
The functions F i(x), i=0,1,..., m, are called regression functions, and

E, denotes the mathematical expectation with respect to .

Stochastic quasigradient methods (SQM) for solving stochastic
optimization problems were suggested by Ermoliev ([1-3]).

Given the problem
min F(x)
subject to

x e X,

where X i1s a “deterministic” set.

SQM are defined through
k+1 _ k k _
X —| IX(X pré ), k=0,1,..., (8)
where

e x¥ isan arbitrary initial guess (initial approximation);

e [Ix(y) is a projection operation of y onto the feasible region X;
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® p; is a step-size;

o ¢* = ¢*(w) is a step direction and £*(®) is a random vector such

that

E, (&k/xo, > xk)zakf‘x (xk)+bk, k=0,1, ..., 9)

where @, >0 is a random variable; b* = (), ..., b%) is a random

vector, measurable with respect to the c-algebra B* induced by the

family of random variables (xo, s, x" ); IA?X (xk) is a generalized
gradient of F(x) at x*; E,(¢*/x° ...,x*) is the conditional
mathematical expectation of &k subject to xo, et xk; and p;’s are also

measurable with respect to B*.

When aj; =1 and b* =0, then &* is said to be a stochastic
generalized gradient (or a stochastic quasigradient) of F(x). Method
(8)-(9) is called the stochastic quasigradient method (SQM).

SQM are direct methods. Convergence theorems for the SQM have
been proved under certain requirements for F,k, pr (see, e.g., [1]).

SQM are slow methods. That is why one of the main problems

concerning their implementation is the choice of the step-size sequence

{p}. The simplest way is to do this before the iterative process.

Convergence theory states that any sequence with the properties

0 0
pr20; pp >0,k —> o Zpk:oo; Zp%<oo,
k=0 k=0

may be used as a step-size sequence. However, this approach does not use

the valuable information obtained during the iterative process.

A modern method for choosing py,’s is the so-called adaptive step-size

regulation ([17]).
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As Gaivoronski ([3]) has pointed out, due to the specificity of
stochastic programming problems and stochastic quasigradient methods
(slow convergence, nonmonotonicity, and sometimes oscillatory
behaviour), it is advisible to average the values of variables and the
objective function during a certain number of last iterations and take
these average values as the final approximation to the solution.

The second basic problem regarding implementation of SQM 1is
finding the projection of a current point yk =xF - p kc‘,k onto the feasible
region X. As it is known, this is equivalent to solving the quadratic

optimization problem, called the projection problem

k 2

min * |y* - x|
2 b

x e X.

This problem has to be solved at each iteration of algorithm performance.
That is why projection is the most onerous and time-consuming part of
the SQM (and of any projection method of gradient type for constrained
optimization) and we need efficient algorithms for solving this problem.

The third important question concerning implementation of SQM is
calculation of stochastic quasigradient of the function to be minimized.

For example, the components of the stochastic quasigradient of F(x)

(2") at iteration % are

. - i pj if xf’ > (of’
-q;, if x; <o,

where xf is the j-th component of x at iteration number %k and m? is

J-th component of the observation of @ at iteration number k.

Algorithms for finding a projection onto a set defined by an
inequality/equality constraint and bounds on the variables are suggested
in [5, 6], stochastic programming is discussed, e.g., in [1, 4, 7]. Related
problems and methods for solving them are considered in [8-16].
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This paper is devoted to the development of efficient polynomial
algorithms for finding a projection onto the set X defined by (4)-(5) and
(6)-(7), respectively. The rest of the paper is organized as follows: In
Section 2, characterization theorems (necessary and sufficient conditions)
for the projection problem are stated and proved. In Section 3, algorithms
of polynomial complexity for solving the projection problems are proposed
and their convergence is proved. In Section 4, some extensions concerning
both statement of problems and characterization theorems are
considered. In Section 5, results of some computational experiments are

presented.

2. On the Projection in the Implementation of
SQM to Inventory Control Problems

As it was pointed out in the Introduction, we need efficient algorithms
for finding a projection of a point onto certain feasible regions.

Consider the problem of finding projection of an arbitrary point
X =(X, ..., ¥,) e R® onto the set X defined by (4)-(5) and (6)-(7). This
problem is equivalent to the following quadratic programming problem:

min c(x)Ech(xj )E%Z(xj—k\j )2},
=]

j=1
x e X.

Denote this problem by (PS) in the first case (feasible region X defined
by (4)-(5)) and by (P~) in the second case (feasible region X defined by
(6)-(7)).

Since c¢(x) is a strictly convex function and X is a convex closed set,

then this problem always has a unique solution when X = 0.

First consider the case when X is defined by (4)-(5).
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Assumptions:
(1.a) aj < bj for all j=1,...,n If ap = b, for some k, 1<k < n,

then the value x; = a; = by, is determined in advance.

(1.b) Z;.l:ldjaj < a. Otherwise, the constraints (4) and (5) are
inconsistent and X = §. In addition to this assumption, we suppose that

o < Z 1 d;b; in some cases, which are specified below.

The Lagrangian for problem (P~) is

L(x,u,v,k)=%2(xj ]) +k(de —(XJ
1

J
n n

+Zuj(aj—xj)+ vj(x]—b]),

j=1 j=1

where % e Rl; u, v e R”, and R” consists of all vectors with n real
nonnegative components.

Theorem 1. A feasible solution x* = (x7, ..., x,) e X defined by
(4)-(5) is an optimal solution to problem (PS ), if and only if there exists

some A € Ri such that

X —a;
x;‘-:aj, J)‘ def A2 jd- Lt (11)

J

. - o def Xj—b;
xj:b]-, ]EJb ]7\,S d. , (12)

J

and

_gondy, jesh ) BTl g KT (13
X;j=%;-Ad;, je =4J: dj <A< dj . )
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Proof. The Karush-Kuhn-Tucker (KKT) necessary and sufficient

optimality conditions for the minimum solution x* are

* ~ .
xj—xj+kdj—uj+vj:0, j=1,...,n, (14)
uj(aj—x;):o, j=1 .., n, (15)
vj(xj -b;)=0, j=1,...,n, (16)
n
MY dxj—al=0, reRl, amn
=1
n
Zdjx;‘ <a, (18) = (4)
j=1
aj <xj<bj, j=1,..,n, (19)=(5)
u; eRl, v, eRr! =1 n (20)
J + J + .] AR .
Here 2, uj, and vj,j=1,..,n, are the Lagrange multipliers
associated with the constraints (4), aj <xj,xj < bj, j=1..,n,
respectively. If a j =-® or bj =+ for some j, we do not consider the

corresponding condition (15) [(16), respectively] and Lagrange multiplier

uj[vj, respectively].

(i) Let x* = (x1, ..., ) be an optimal solution to (P<). Then there

exist constants A, uj,and vj, j =1, ..., n, such that KKT conditions

(14)-(20) are satisfied. Consider both possible cases for A.

(1) Let A > 0. Then system (14)-(20) becomes (14), (15), (16), (19),
(20), and
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that is, the inequality constraint (4) is satisfied with an equality for

xj,j =1,..., n, in this case.
(a) If x;‘ = aj, then uj 20,v; =0 according to (16). Therefore
xj - 3?]- =u; —kdj Z—kdj. Since d; > 0, then
XZ’A‘J'_’CJ _%i-q
dj dj
(b) If xj =b;, then u; =0 according to (15), v; > 0. Therefore
x; - ?cj = —v; —kdj S—kd]-. Hence,

() If a; < x; < bj, then u; =v; =0 according to (15) and (16).

Therefore x; = % ; —Ad; according to (14).

Since dj >0,j=1,...,n, A >0 bythe assumptions, then 3?1- —x; >0.

From b; > x}, x; > a;, it follows that

~ * ~ * ~ A~
R > Y. > —X.
bJ X;2x;-X;, xj-X;2a;-X;.
~ * ~
. ~ * . Xj—Xj X;—aj
Using %.-x;>20and d; >0, we obtain A= < and
A j d d.
J J
~ * ~
X:—X: x.—-0b:
A= ]d I > ]d J,thatis,
J J
xj—bj<k<x]—a]
dj dj

Since we are not in subcases (a), (b), these inequalities are strict. Hence,
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(2) Let & = 0. Then system (14)-(20) becomes (15), (16), (18), (19),

(20), and
* ~ .
xj—xj—uj+vj=0, j=1 ..., n

(a) If x;‘ =aj, then u; 20,v; =0 according to (16). Therefore
a; —a?j x;‘ —fcj =u;j 20. Multiplying both sides of this inequality by

(< 0 by the assumption), we obtain

dj
X —-a;
/ J<o=2
dj
(b) If xj =b;, then u; =0 according to (15), v; > 0. Therefore
b; —J?j = xj —J?j = —v; <0. Multiplying this inequality by - L <0, we
dj
get
50 oo
d, ~ 77

J

= 0 in accordance with (15) and (16).

. * *
Since bj > X, X

*
(©1If aj <xj <bj, then u; =v;
*

Therefore x}k —3?]- =0, that Iis, Xj :9?]-.

, n, by the assumption, then

> aj,

j=1,..
* * ~ A~

— P .> R .

O=x:—-Xx 2 a;—X;.

L D> A . —
bj—%; 2xj-%; =0, %)

Multiplying both inequalities by — di < 0, we obtain
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Since we are not in subcases (a), (b), these inequalities are strict, that is,

in subcase (c), we have

In order to describe subcases (a), (b), (c) for both cases (1) and (2) of
part (i), it is convenient to introduce the following index sets: </ 2; , 2‘ , I
defined by (11), (12), and (13), respectively. Obviously, Jé U Jz‘ UJ*

= {1, ..., n}. Thus, the “necessity” part is proved.

(ii) Conversely, let x* € X and components of x* satisfy (11), (12),
and (13), where A € R}r.

(1) If % > 0, then x}-%; <0, jeJ", according to (13) and d; > 0.
Set

~ *

x]—x] . ~ —
7 (>0) from (13): Y dja;+ > dibj+ Y d; (% -2dj)=a,

jedk jedt jed*

A=

: A
uj =v; =0, for j e J";

uj=a;-%; +d; (> 0according to the definition of J7),

vj =0, forjeJ;‘;

uj=0,v; = fcj - bj —kdj (= 0 according to the definition of J; ),

for j e Jé‘.

By using these expressions, it is easy to check that conditions (14), (15),
(16), (17), and (20) are satisfied; conditions (18) and (19) are satisfied

according to the assumption x* e X.

(2)If = 0, then xj —%; =0, j eJ", according to (13) and
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Since dj>0, then ?cj—bj<0, ?cj—aj>0,jeJO. Therefore x;f:

55] E(Clj, bj )

Set

A~ *

A= de J (=0); uj=v; =0, for ]eJx_O;

~ ~ . A=0.
uj:aj—ijrkdj:aj—xj(20),1)]-:0, for jed;

o o . A=0
uj=0,v;=%;-bj-Ad; =%; -b; (20), for jedy .

Obviously conditions (14), (15), (16), and (20) are satisfied; conditions (18)
and (19) are also satisfied according to the assumption x* € X; and

condition (17) obviously is satisfied for A = 0.

In both cases (1) and (2) of part (i), x;, A uj, v, j =1, ..., n, satisfy
KKT conditions (14)-(20), which are necessary and sufficient conditions
for a feasible solution to be an optimal solution to a convex minimization

problem. Therefore, x* is an optimal solution to problem (PS ). [

Theorem 1 is important because it describes components of the
optimal solution to problem (PS) only through the Lagrange multiplier

A associated with the inequality constraint (4).

Since we do not know the optimal value of A from Theorem 1, we
define an iterative process with respect to the Lagrange multiplier A and

we prove convergence of this process in section The Algorithms.

From dj > 0 and a; < bj, Jj =1, ..., n, it follows that

def Xj =0 X; = get .
ubj— dj < dj —laj, j=1,...,n,
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for the expressions by means of which we define the sets </ é, J 2, and J*.

The problem how to ensure a feasible solution to problem (P<),

which is an assumption of Theorem 1, is discussed after the statement of
the corresponding algorithm.

Consider problem (P~) of finding a projection onto a set X of the
form (6)-(7)

(P7)

n n
. 1 A \2
min C(X)ZZC](XJ)Z§Z(9C]—9C] ) },
j=1 j=1
x e X,

where X is defined by (6)-(7).
Assumptions:

(2.2) aj < bj, forall j=1,..., n

(2.b) Z?:l d jaj Sa< Z?:l d jb - Otherwise, the constraints (6) and (7)
are inconsistent and the feasible region (6)-(7) is empty.

In this case, the following Theorem 2, which is analogous to Theorem
1, holds true.

For the sake of simplicity, throughout Theorem 2, we will use the
same notation A, uj, vj, j=1,...,n, for the Lagrange multipliers

assoclated with (6), aj <xj,xj < bj, respectively, as we have used them

in Theorem 1. We hope that this would not lead to confusion.
Theorem 2. A feasible solution x* = (xi, ..., x,) € X defined by
(6)-(7) is an optimal solution to problem (P~), if and only if there exists

some ) € R such that
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. . oadef]|. . _Xj—a;
x;j =aj, jedy —{].kz 7 }, (21)
X -b;
x} =bj, jeJ%dif{j;xs fd. f}, (22)
J
and
. . det|. Xj—D; Xj-qj
szxj—kdj, jed” =4j: a <A< 7 . (23)
j j

The proof of Theorem 2 is omitted because it is similar to the proof of

Theorem 1.

3. The Algorithms

3.1. Analysis of the optimal solution to problem (P~)

Before the formal statement of the algorithm for problem (P<), we
will discuss some properties of the optimal solution to this problem, which

turn out to be useful.

By using (11), (12), and (13), the condition (17) can be written as

follows:

A Zdjaj+Zdjijerj(?cj—xdj)—a -0, A>0. a7)
jedh jedt jed™
Since the optimal solution x* to problem (PS) obviously depends on A,
we consider the components of x* as functions of A for different A e R}
aj, jedk,
* . A
XJZDCJO\.)Z bj’ ]EJb, (24)
~ . A
X;- kdj, jed”.
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Obviously xj(?»), j=1,...,n, are pilecewise linear, monotonically

nondecreasing, piecewise differentiable functions of A with two

. X -aq; X -
breakpoints at A = and A = .
d d;
Let
def -
800 Y dijaj+ D dibj+ D di (% -rdj)-a (25)
jedk jell jedt

If we differentiate (25) with respect to A, we get

§(1) = — z d? <0, (26)

jed*

when J”* # 0, and §(A) =0 when J* = 0. Hence 5(1) is a monotone

nonincreasing function of A, A € R}r, and max;,q 6(A) is attained at the

minimum feasible value of A, thatis, at A = 0.

Case 1. If §(0) > 0, in order that (17') and (18) =(4) be satisfied, there

exists some A* > 0 such that §(1") = 0, that is,

n
D dix} = a, @7
=1

which means that the inequality constraint (4) is satisfied with an

equality for A" in this case.

Case 2. If 3(0) < 0, then 8(1) < 0 for all A > 0, and the maximum of
8(1) with A > 0 is §(0) = max; g 8(r) and it is attained at A = 0 in this

case. In order that (17') be satisfied, A must be equal to 0. Therefore

*_

Xj

fcj, je szo, according to (13).
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Case 3. In the special case when §(0) = 0, the maximum §(0) =
max; o (1) of 3(1) is also attained at the minimum admissible value of
A, that is, for A = 0, because 8(1) is a monotone nonincreasing function
in accordance with the above discussion.

As we have seen, for the optimal value of A, we have A > 0 in all
possible cases, as the KKT condition (17) requires. We have shown that in
Case 1, we need an algorithm for finding A", which satisfies the KKT

conditions (14)-(20) but such that A" satisfies (18) with an equality. In
order that this be fulfilled, the set

n
X- dif{x eR": Y dixj =0, aj<x;<b, j=1, .., "}
=1

must be nonempty. That is why we have required a < Z?Zl d;b; in some

cases in addition to the assumption Z;L:ldjaj < o (see Assumption

(1.b)). We have also used this in the proof of Theorem 1, part (ii), when
A > 0.

From the equation 8(h) = 0, where §(A) is defined by (25), we are

able to obtain a closed form expression for A

1
A= DA | D djai D dibi Y diE—al, 28)

jed* jedh jed} jed™
because 8'(L) < 0 according to (26) when J” % @ (it is important that

8'(L) # 0). This expression of A is used in the algorithm suggested for

problem (P=). It turns out that for our purpose, without loss of

generality, we can assume that 8'(A) # 0, that is, 8(1) depends on 2,

which means that J* # 0.
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At iteration k of the implementation of algorithms, denote by A®) the

value of the Lagrange multiplier associated with constraint (4) [(6),
respectively], by a(*) the right-hand side of (4) [of (6), respectively]; by
JB g ghE) MR the  current sets J = {1, ..., n}, J%, Ji, I,
respectively.

3.2. Algorithm 1

The following algorithm for solving problem (PS) is based on

Theorem 1:
Algorithm 1 (for problem (P<))

(1) (Initialization) o = {1, ..., n}, k = 0, o0 — a, n© — n, JO - J,
JZ; =0, J;‘ := @, initialize 3?]-, jed. If Z;.L:ldjaj < a, go to (2) else go
to (10).

(2) Construct the sets J3, J;, J° (for A = 0). Calculate

8(0)= Y djaj+ D dibj+ D djE; o
jed? jedy jeg?
If 3(0) < 0, then A := 0, go to (9),

else if 8(0) > 0, then
if o < Z;?:ldjbj g0 to (3)

else if o > Z;'Lﬂ d;b; go to (10) (there does not exist X' > 0 such that

3(A") =0).

3) J ME) .~ ) Caleulate 2%) by using the explicit expression of A
(28). Go to (4).
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(4) Construct the sets J2*), JMF) | J*®) through (11), (12), (13) (with
j e J® instead of j e J) and find their cardinalities [J2"], |72®)|, and
|J>‘(k)|, respectively. Go to (5).

(5) Calculate

sOM)= D dja+ Y dipy+ Y dj (% -rdy)-al.
jegi ) je® jeT

Go to (6).

®) If 50*)=0 or JM®) =g then a:=2") Jt = gt yJHH),
gl = I UTHR g = ) g 10 (9),

else if 3(A*)) > 0 go to (7),
else if 3(A%)) < 0 go to (8).

7 x5 =a;

J J

for j e J;‘(k), o) .- a(k) - Zjng(k)djaj’ gD

JUNTAE) (k1) g (R) g2 0R) gk o g2y g2B) k= k4 1. Go to (3).

* . ME k+1) ._ k k+1) ._
(8) xj=0b; for je Jb( ), okt = )—Zjng(k)djbj, gD

JENGHE) 1) oo g () g M) gt g Y g M) k= k41, Goto (3).

*

9 xF=a; for jng”;xJ ::3?j—7»dj for

; Ao x
j j for jedgx;=b;

J
jedJd*. Goto(11).

(10) Problem (P=) has no optimal solution because X = @ or there
does not exist a A" > 0 satisfying Theorem 1.

(11) End.

Remark 1. In order to avoid a possible “endless loop” in computer

programming of the algorithm, the criterion of Step (6) to go to Step (9) at
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iteration & usually is 8(A¥)) ¢ [, ¢] instead of S(X(k)) = 0, where ¢ > 0
is some given tolerance value up to which the equality 8(A*) = 0 may (for
problem (P=)) or must (for problem (P~)) be satisfied.
3.3. Convergence and complexity of Algorithm 1

Theorem 3. Let {X(k)} be the sequence generated by Algorithm 1.

Then

@) if 5(A%)) > 0, then A < 2k+D);
Gi) if S(A*)) < 0, then 2B > a(k+D),

Proof. Denote by x&k) the components of xR — (xj )jeJ(k) at
iteration k of the implementation of Algorithm 1.
Taking into consideration (26), Cases 1-3, Step (2) (the sign of §(0))

and Step (3) of Algorithm 1, it follows that A% > 0 for each k. Since xg.k)

are determined from (13): xﬁ.k) =3ch —k(k)dj, jeJk(k), substituted in

ZjeJMk) djxg.k) = al®) at Step (3) of Algorithm 1 and since Ak > 0,d; >0,

then xﬁ.k) —?cj <0, that is, ?cj > xg.k).

@) Let 8(A*)) > 0. Using Step (7) of Algorithm 1 (which is performed

when 6(k(k)) > 0), we get

jEJx(kJrl) jeJ(kJrl)

et = a®) = N axl®), (29)
jed BINgE) jed k)

Let jed é(k). According to definition (11) of </ é(k), we have
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()

X —-a; X, —x,
_ J

Multiplying this inequality by -d; <0, we obtain a; -X i 2x§k) -x i

Therefore a; > xgk), je Jé(k).

From (29), using that d]- > 0 and Step (7), we get

Z dij-k) = ok - Z djx(k) > ok - Z d;a;

J
jeg kD) jedMk) jedhh)
_ o Rt1) _ (R41)
= D) = Z d]xj .
jeJ)n(k+l)
Since d; >0, j =1,..., n, then there exists at least one jj JME+L)

such that % > x#*1) Then
Jo Jo

R ()
K(k) _J Jo o J Jo  _ 7»<k+1),
djy, dj,

which was to be proved in part (). We have used that the relationship

between X(k )

and xg.k) is given by (13) for j € J ME) according to Step (3)
of Algorithm 1 and that J?j ng.k), jeJ}‘(k), according to (13) with
W8 >0 and d; > 0.

The proof of part (i1) is omitted because it is similar to the proof of

part (i). u

Consider the feasibility of x* = (xj ) i+ generated by Algorithm 1.

Components x;‘ =aj,Je J(};, and x; =bj, ] e J;“, obviously satisfy

(5). From
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J ]<}\’EJ ]<J ], jEJ}L,

and d; > 0, it follows that a; X<t -

~ ~ . 2z
i~ %; j xj<b-—xj, jed”. Therefore

J

*

aj < x; <bjfor je J%. Hence all xj, J =1, ..., n, satisfy (5).

We have proved that if §(A),_o = 0 and X~ = @, then there exists a

A" > 0 such that §(X*) = 0. Since at Step (3) we determine A%) from the
equality Z,-e b djxg_k) = a® for each &, then (4) is satisfied with an
equality in this case. Otherwise, if §(0) < 0, then we set A = 0 (Step (3))

and we have Zj (0)—a = 5(0) < 0, that is, (4) is satisfied as a

s 4%
strict inequality in this case.
Therefore Algorithm 1 generates x*, which is feasible for problem

(P=), which is an assumption of Theorem 1.

Remark 2. Theorem 3, definitions of JZ;, Jg‘, J™ in (11), (12), and
(13), respectively, and Steps (7)-(9) of Algorithm 1 allow us to state that

the calculation of A, operations x: := aj, j e J;‘(k) (Step (7)),

J
x; =bj,jed g(k) (Step (8)), and the construction of JZ;, J 2‘, and J*
are in accordance with Theorem 1.

At each iteration, Algorithm 1 determines the value of at least one
variable (Steps (7)-(9)) and at each iteration, we solve a problem of the
form (PS) but of less dimension (Steps (3)-(8)). Therefore, Algorithm 1 is
finite and it converges with at most n = |J| iterations, that is, the

iteration complexity of Algorithm 1is O(n).

Step (1) takes time O(n). Step (2) (construction of sets Jg, J I? , IO,

calculation of §(0) and checking whether X is empty) also takes time O(n).
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The calculation of x§k), j=1,...,n, and k) requires O(n) time (Step
(3)). Step (4) takes O(n) time because of the construction of
Jé‘(k), Jli‘(k), and J*), Step (5) also requires O(n) time, and Step (6)

requires constant time. Each of Steps (7)-(9) takes time, which is bounded
by O(n) because at these steps we assign some of x;’s the final value,

and since the number of all x;’s is n, then Steps (7)-(9) take time O(n).

Hence, the algorithm has (’)(nz) running time and it belongs to the class

of strongly polynomially bounded algorithms.

As the computational experiments show, the number of iterations of
the algorithm performance is not only at most n, but also it is much,
much less than n for great n. In fact, this number does not depend on n
but only on the three index sets defined by (11), (12), and (13). In practice,
Algorithm 1 has O(n) running time.

3.4. Algorithm 2 (for problem (P~ )) and its convergence

After analysis of the optimal solution to problem (P~), similar to
that to problem (PS), we suggest the following algorithm for solving
problem (P7).

Algorithm 2 (for problem (P7))
(1) (Initialization) J = {1, ..., n}, k= 0, o0 — a, n©) — n, JO - J,
Jo =0, and Jy =0, initialize %, jed. If 37" dja; <a < db,
go to (2) else go to (9).

2) J ME) . g®)  Caleulate A% by using the explicit expression of A.
Go to (3).

(3) Construct the sets Jé(k), J;‘(k), and JM*) through (21), (22), (23)
(with j e J (%) instead of j € J) and find their cardinalities |¢J é(k)|, | g(k )|,

and |JM*)|. Go to (4).
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Steps (4)-(8) are the same as Steps (5)-(9) of Algorithm 1, respectively.
(9) Problem (P~) has no optimal solution because the corresponding

feasible set X defind by (6)-(7) is empty.

(10) End.
A theorem, analogous to Theorem 3, holds for Algorithm 2, which

guarantees the “convergence” of k(k), J }‘(k), J Z;(k), and J g(k) to the
optimal A, J )‘, J 3;, and J 2‘, respectively.

Theorem 4. Let {X(k)} be the sequence generated by Algorithm 2.
Then

) if 3(A%)) > 0, then 2% < ak+D);

i) if (%)) < 0, then A®) > pE+1),

The proof of Theorem 4 is similar to the proof of Theorem 3.

It can be shown that Algorithm 2 also has O(n) running time, and

point x* = (x7, ..., x,,) generated by this algorithm is feasible for

problem (P~ ), which is an assumption of Theorem 2.

4. Extensions

If it is allowed that d; = O for some j in problems (P=) and (P7),

then for such indices j, we cannot construct the expressions p

’?j_bj : . AoTh A
by means of which we define sets <J, Jb, and J”* for the

J
corresponding problem. In such cases, x;’s are not involved in (4) [in (6),

respectively] for such indices j.

Denote
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Here “0” denotes the “computer zero”. In particular, when J = Z0 and

o = 0, then X is defined only by (5) [by (7), respectively].

Theorem 5. Problem (P<) can be decomposed into two subproblems:

(P1%) for j € Z0 and (P2%) for j e J \ ZO0.

The optimal solution to (P1¥) is

aj, JjeZ0 and @Sw,
x;: bj, jeZ0 and a?jzb-, (30)
a?j, jeZOandaj<5c‘j<bj,

that is, subproblem (P1¥) itself is decomposed into n( = |Z0| independent

problems.

The optimal solution to (P2%) is given by (11), (12), (13) with
J =dJ \ Z0.

The proof of Theorem 5 is omitted because it repeats in part the proof

of Theorem 1. Analogous result holds for problem (P~).

Theorem 6. Problem (P~) can be decomposed into two subproblems:

(P17) for j € Z0O and (P27) for j e J \ ZO0.

The optimal solution to (P17) is also given by (30). The optimal

solution to (P27) is given by (21), (22), (23) with J = J \ ZO0.

Thus, with the use of Theorems 5 and 6, we can express components

of the optimal solutions to problems (P<) and (P~) without the

. . . X i X i~ bj .
necessity of calculating the expressions ] and P with d; = 0.
J J
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5. Numerical Experiments

In this section, we present results of some numerical experiments

obtained by applying a SQM with adaptive step-size regulation to multi-
commodity inventory control problems of the form (P=) and (P~). The

projection of the current approximation onto the feasible region was

found by using the polynomial algorithms suggested in this paper.

Example 1.

5
min {F(x) = Emzmax{l’j(xj —0;), gj(0; —x; )}}

Jj=1
subject to

X1 + X9 + 2x3 + 3x4 + x5 = 200,

Here
P = (p1, P2, p3, P4, P5) = (1,0, 3,1, 2),
a=(q1, 92, 93, 94, 95) = (3, 4, 1, 2, 3),
and o s j=1,2,38, 4,5, are random variables uniformly distributed on

the closed segments

[0, 60], [0, 15], [0, 17], [0, 90], [0, 40],

respectively.
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Obviously, this is a problem of the form (2)-(3) with n =5 and
feasible set X of the form (6)-(7).

Optimal solution (by using SQM) (values of the last 10 iterations

have been averaged):
x" = (42.08259, 6.98305, 3.76966, 41.86273, 17.80680).
Optimal value of F(x): F(x") = 96.63854.

The equality constraint is satisfied with tolerance: 0.00000000419.

This test example can also be solved analytically by using nonlinear
programming approach. The analytical expression of the objective

function is

F(x)= 31—0x12 +%x§ +%x§ +61—0x2 +%x§ —3x1 —4xg —xg —2x4 — 3x5 +278.5.

Analytic solution (by using a nonlinear programming approach,

[17]):
x* = (41.88057, 7.00000, 2.48092, 41.27456, 22.33456).
Optimal value of F(x): F(x") = 98.10089.

Example 2.

6
min{F(x) = E(_,Zmax{pj(xj -—0;), ¢j(o; —x;)}

j=1
subject to

3x1 + 4x9 + Txg + bx5 + xg < 872,
0 < x; <45,

0 < xq < 56,
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0<ux, <27,
0< X5 < 456,

< 45.

)

IA
&

A\

Here
P = (p1, P2, P3, Pa» D5, Ps) = (5,7, 8,3,5,1),
q = (91, 92, 93, Q4> 95, 6) = (4, 56, 7, 8, 4, 4),
and o;, j=1,23,4,5,6, are uniformly distributed random variables
on closed segments
[0, 56], [0, 57], [0, 36], [0, 34], [0, 468], [0, 65],
respectively.

Obviously, this is a problem of the form (2)-(3) with n =6 and
feasible set X of the form (4)-(5).

Optimal solution (by using SQM) (values of the last 10 iterations

have been averaged):
x" = (25.13417, 48.01999, 15.62868, 25.32763, 49.51728, 33.14936).

Optimal value of F(x): F(x") = 972.59309.

The effectiveness of algorithms for problems (P=) and (P~) has

been tested by many other examples.
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