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Abstract 

In this paper, we discuss existence and uniqueness of solutions of initial-value 
problems for nonlinear fractional differential equations with Riemann-Liouville 
differential derivatives. In principle, we may reduce such an equation to an 
integral equation with regular or weakly singular kernel and then apply to it 
basic techniques of fixed points theorems. Proceeding in this direction, we 
present a list of theorems of existence and uniqueness of continuous solutions 
on [ ]a,0  or ( ],,0 a  and give some examples to illustrate that these theorems 

can be used directly as a method for solving fractional differential equations. 

1. Introduction 

We consider a nonlinear fractional differential equation, which takes 
the form 
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( ) ( )( ) ,0,,0 >= ttutftuD p
t  

where mmpm ,10 <<−≤  is a positive integer number and p
tD0  is 

the fractional derivative (the Riemann-Liouville, the Miller-Ross, the 
Caputo, or the Grünwald-Letnikove fractional derivative) considered in 

.+R  Such equations have recently proved to be valuable tools in the 
modelling of many physical and biological phenomena [5, 6, 8, 11]. The 
case 10 << p  seems to be particularly important, but there are also 

some applications for .1>p  In principle, one may reduce such an 

equation to an integral equation with regular ( )1if >p  or weakly 

singular ( )10if << p  kernel and apply to it basic techniques of 

nonlinear analysis (see, for example, fixed points theorems, [1]). We 
proceed in this direction here, presenting some theorems of existence and 
uniqueness in the sense of Riemann-Liouville derivatives. 

It is necessary to mention that some similar results, for a fractional 
differential equation, have been obtained. For example, in 1999, Podlubny 
discussed the existence and uniqueness of a solution of an initial-value 
problem in terms of the Miller-Ross sequential fractional derivatives 
under the condition of the continuity of the function ( )utf ,  (see [10], 

Subsection 3.2); in 1996, Delbosco and Rodinou obtained a unique 

theorem by assuming ( ) α= uutf ,  (see [3], Theorem 4.5); and in 2002, 

Diethelm and Ford gave existence and uniqueness theorems in Caputo 
derivatives sense (see [4], Theorems 2.1 and 2.2). However, theorems in 

this paper assume only the continuity of the function ( ) ( ),10,, <σ≤σ utft  

which is obviously weaker than those needed in above theses. 

The paper is organized as follows. In Section 2, we recall the 
definitions of fractional integration operator and fractional differentiation 
operator and related results used in the text. Section 3 contains results 
for solutions, which are continuous at the origin, and Section 4 considers 
continuous solutions on ( ].,0 a  
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2. Definitions and Preliminary Results 

In this section, we shall give some definitions and basic results, which 
will be used to prove theorems in Sections 3 and 4. For more results, we 
refer the reader to Podlubny [10] or other texts on basic fractional 
calculus [2, 3, 9]. 

The notation of following function spaces are given by Delbosco et al. 
[2, 3]. 

Let us denote by ( )+R0C  the space of all continuous real functions 

defined on { }0, >∈=+ xx RR  and by ( )+R1
locL  the space of all 

continuous real functions defined on ,+R  which are Lebesgue integrable 

on every bounded subinterval of .+R  Consider also the space ( )+
0

0 RC  of 

all continuous real functions defined on { },0,0 ≥∈=+ xx RR  which later 

on we shall identify, by abuse of notation, with the class of all               

( )+∈ R0Cf  such that ( ) ( ) .lim0 0 R∈=+ +→ tff t  Furthermore, we 

denote by ( ) 0,0
0 ≥+ rCr R  the space of all functions ( )+∈ R0Cf  such that 

( ).0
0 +∈ RCfxr  We define similarly [ ]( ),,00 aCr  which turns out to be a 

Banach space when endowed with the norm 

[ ]
( ) .max

,0
xfxf r

axr ∈
=  (2.1) 

We have ( ) ( )++ = 0
0

0
0
0 RR CC  and [ ]( ) [ ]( ),,0,0 00

0 aCaC =  the Banach 

space of all continuous functions on [ ]a,0  with Chebyshev norm =f  

[ ] ( ) .max ,0 xfax∈  

Definition 2.1 [10]. The Riemann-Liouville fractional integral of 
order 0>p  of a function ( ) R→∞+,: 0tf  is given by 

( ) ( ) ( ) ( ) ,1 1

0
0 τττ dftptfD pt

t
p

tt
−− −

Γ
= ∫  

provided that the right side is pointwise defined on ( ).,0 ∞+t  
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For the simplicity, we assume without loss of generality that ,00 =t  

and henceforth, we refrain from explicitly mentioning this parameter. For 

instance, ( )tfD p
t
−

0  exists for all ,0>p  when ( ) ( );10 ++∈ RR locLCf ∩  

note also that when ( ),0
0 +∈ RCf  then ( ) ( )+− ∈ 0

0
0 RCtfD p

t  and moreover 

[ ( )] .000 ==
−

t
p

t tfD  

Example 1 (see [10], Equation (2.56)). 

( ) ( )
( ) .1,0,1

1
0 −>µ>

++µΓ
+µΓ

= +µµ− ptptD pp
t  (2.2) 

Recall that the law of composition ( ( )) ( )tfDtfDD qp
ta

q
ta

p
ta

−−−− =  

holds for all real values .0, >qp  

A more precise analysis of the operator ( )tfD p
ta
−  can be given in the 

frame of ( ) .0,0
0 ≥+ rCr R  

Proposition 2.2. Let ;0>p  if ( )+∈ 0
0 RrCf  with { },,1min pr <  then 

( ) ( ),0
0

0
+− ∈ RCtfD p

t  with [ ( )] .000 ==
−

t
p

t tfD  If ( )+∈ 0
0 RpCf  with ,1<p  

then ( )tfD p
t
−

0  is bounded at the origin, whereas if ( )+∈ 0
0 RrCf  with 

,1<< rp  then we may expect ( )tfD p
t
−

0  to be unbounded at the origin 

(see [3], Section 2). 

Definition 2.3 [10]. The Riemann-Liouville differential operator of 

fractional order 0>p  of a continuous function RR →+:f  is given by 

( ) ( ) ( ) ( ) ,0,1 1
0

0 >−
−Γ

= −−∫ tdft
dt
d

pmtfD pmt

m

m
p
t τττ  

where m is the integer number defined by .1 mpm <<−  

Example 2. As a basic example, we quote for 1−>λ  

( ) ( )
( ) ,0,1

1
0 >

+−λΓ
+λΓ= −λλ ptptD pp

t  (2.3) 
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which is formally identical to the expression (2.2) (see [10], Equation 
(2.117)). 

In view of ( ) ( ),,1,0, "=∞=−Γ nn  formula (2.3) gives in particular 

( )

( )
( )
( )











<

=−+Γ

>
−+Γ
−+Γ

=

−

−−

,,0
;,1

;,1
1

0

jk
jkjp

jktjk
jp

tD

jk

jpkp
t  (2.4) 

where .,,2,1,,1 mjkmpm "=<<−  

Let us now consider some properties of the Riemann-Liouville 
fractional derivatives. The first property of the Riemann-Liouville 
fractional derivative is the following laws of composition. 

Proposition 2.4 (see [10], Equation (2.106)). For 0>p  and 0>t  

( ( )) ( ),tftfDD p
ta

p
ta =−   (2.5) 

which means that the Riemann-Liouville fractional differentiation 
operator is a left inverse to the Riemann-Liouville fractional integration 
operator of the same order p. 

As with conventional integer-order differentiation and integration, 
fractional differentiation and integration do not commute. 

Proposition 2.5 (see [10], Equation (2.108)). If the fractional derivative 

( ) ( ),1,0 mpmtfD p
t <<−  of a function ( )tf  is integrable, then 

( ( )) ( ) ( )[ ] ( ) .100
1

00 +−Γ
−=

−

=
−

=

− ∑ jp
ttfDtftfDD

jp

t
jp

t

m

j

p
t

p
t  (2.6) 

Remark 2.6. The existence of all terms in (2.6) follows from the 

integrability of ( ),0 tfD p
t  i.e., ( ) ( ) ( ),10

0
++∈ RR loc

p
t LCtfD ∩  because due 

to this condition the fractional derivatives ( ) ( )mjtfD jp
t ,,2,1,0 "=−  

are all bounded at .0=t  

An important particular case must be mentioned. 
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Corollary 2.7. If ( ) ( )+∈ 0
0 RrCtf  with pmr −<  and ( ) ∈tfD p

t0  

( ) ( ),10 ++ RR locLC ∩  then [ ( )] 000 ==
−

t
mp

t tfD  and 

( ( )) ( ) ( )[ ] ( ) .100

1

1
00 +−Γ

−=
−

=
−

−

=

− ∑ jp
ttfDtftfDD

jp

t
jp

t

m

j

p
t

p
t  (2.7) 

Theorem 2.8. Let .1 mpm <<−  If we assume ( )∩+∈ R0Cu  

( ),1 +RlocL  then the fractional differential equation 

( ) 00 =tuD p
t  (2.8) 

has 

( ) ( )mjctctu j
jp

j

m

j
,,2,1,,

1
"=∈= −

=
∑ R  (2.9) 

as unique solutions. 

Proof. Applying the integration operator p
tD−

0  to the two sides of 

the Equation (2.8) and by using the formula (2.6), we obtain 

( ( )) ( ) ( )[ ] ( ) ,0100
1

00 =
+−Γ

−=
−

=
−

=

− ∑ jp
ttuDtutuDD

jp

t
jp

t

m

j

p
t

p
t  

( ) ( )[ ] ( ) .100
1

+−Γ
=

−

=
−

=
∑ jp

ttuDtu
jp

t
jp

t

m

j
 (2.10) 

Substituting directly into the formula (2.10) 

( ) ( )[ ] ( ),,,2,1,1
1

00 mjtuDjpc t
jp

tj "=∞<
+−Γ

= =
−  

we obtain the final expression of the solutions of the fractional 
differential equation (2.8): 
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( ) ( ),,,2,1,,
1

mjctctu j
jp

j

m

j
"=∈= −

=
∑ R  

which gives the proof. 

From Corollary 2.7 and Theorem 2.8, we have 

Corollary 2.9. If ( ) ( )+∈ 0
0 RrCtu  with ,0 pmr −<≤  then the 

Equation (2.8) has ( ) jp
j

m
j tctu −−
=∑=

1
1  as unique solutions. 

3. Continuous Solutions on [ ]a,0  

Let us consider the following initial-value problem of fractional 
differential equation: 

( ) ( )( ),,0 tutftuD p
t =  (3.1) 

( )[ ] ( ),,,2,1,00 mjctuD jt
jp

t …===
−  (3.2) 

where mpm <<− 1  and [ ] ,0,,0: +∞≤<× aaf R  is a given function, 
continuous in ( ) .,0 R×a  

We may apply the results of Section 2, in particular, Example 2, 
Propositions 2.4 and 2.5, and Theorem 2.8, to reduce the initial-value 
problem (3.1)-(3.2) to an integral equation. 

Theorem 3.1. Assume that ( )tu  is in ( ) ( )RR 1
0 locLC ∩+  with a 

fractional derivative of order mpm <<− 1  that belongs to 

( ) ( ).1
0 RR locLC ∩+  Furthermore, assume ( )utft ,σ  is continuous on [ ],,0 a  

where { }.,1min0 p<σ≤  Then, the initial-value problem (3.1)-(3.2)         
is equivalent to the nonlinear Volterra integral equation of the second 
kind, 

( ) ( ) ( ) ( ) ( )( ) .,1
1

1
01

ττττ duftptjp
c

tu ptjpj
m

j

−−

=

−
Γ

+
+−Γ

= ∫∑  (3.3) 
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In other words, every solution of the Volterra equation (3.3) is also a 
solution of our original initial-value problem (3.1)-(3.2), and vice versa. 

Theorem 3.1 can be easily proved by using formulas (2.4)-(2.6) and 
(2.9). 

Let us denote [ ] R×= aG ,0  and define a closed region ( ) GKhR ⊂,  

as a set of points ( ) ,, Gut ∈  which satisfy the following inequalities: 

( ) ( ) ,1,0
1

1
Ktjp

c
tuht jpj

m

j
≤

+−Γ
−≤≤ −

−

=
∑  

where h and K are constant. 

The following theorem shows the existence and uniqueness of 
solutions, which are continuous on closed interval [ ].,0 a  

Theorem 3.2. Let { } ,0,,1min0,1 ≠<σ≤<<− σfpmpm  and 

.0=mc  Assume that the function R→Gf :  be continuous on ( ]a,0  

.R×  Furthermore, assume that ( )utft ,σ  is a continuous function on G 

and fulfills a Lipschitz condition with respect to the second variable; i.e., 

( ) ( ) ,,, vuLvtfutft −≤−σ   (3.4) 

for some positive constant L independent of ( ].,0,, atvu ∈∈ R  Let 

( )
( ) .1

1,min
1





















σ−Γ
+σ−Γ

=
σ−

σ

p

f
pKah  (3.5) 

Then there exists in the closed region ( )KhR ,  a unique and continuous 

solution ( )tu  solving the initial-value problem (3.1)-(3.2). 

Proof. Noting that 0=mc  and according to Theorem 3.1 and 

Corollary 2.9, we are reduced to consider the following nonlinear integral 
equation: 
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( ) ( ) ( ) ( ) ( )( ) ,,1
1

1
0

1

1
ττττ duftptjp

c
tu ptjpj

m

j

−−
−

=

−
Γ

+
+−Γ

= ∫∑  (3.6) 

which is equivalent to the initial-value problem (3.1)-(3.2). 

We thus introduce the set 

( ) [ ] ( ) ( ) .1:,0
1

1

0













≤
+−Γ

−∈= −
−

=
∑ Ktjp

c
tuhCtuU jpj

m

j
 

Obviously, this is a closed subset of the Banach space [ ]hC ,00                  

of all continuous functions on [ ].,0 h  Since the function ( ) =tu0  

( )
jpjm

j tjp
c −−

= +−Γ∑ 1
1

1  is in U, we also see that U is not empty. On U, we 

define the operator T by 

( ) ( ) ( ) ( ) ( ) ( )( ) .,1
1

1
0

1

1
ττττ duftptjp

c
tTu ptjpj

m

j

−−
−

=

−
Γ

+
+−Γ

= ∫∑  

Using this operator, the initial-value problem can be written as ,Tuu =  

and in order to prove our desired uniqueness result, we have to show that 
T has a unique fixed point. Let us therefore investigate the properties of 
the operator T. 

In view of the assumption of continuity on ( ),, utftσ  we can easily 

prove that ( ) ( )tTu  is a continuous function for every ( ) .Utu ∈  Moreover, 

for Uu ∈  and [ ],,0 ht ∈  we find 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) τττττττ dtp
f

duftptutTu ptpt
σ−−σ− −

Γ
≤−

Γ
=− ∫∫ 1

0
1

0
0 ,1  

( )
( )

( )
( )

σ−
σ

σ−
σ σ−+Γ

σΓ≤
σ−+Γ

σΓ= pp hfptfp 11
1−1−  

( )
( )

( )
( ) .1

1
1 Kf

pKfp ≤
σ−Γ
+σ−Γ

σ−+Γ
σΓ≤

σ
σ

1−  
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Thus, we have shown that UTu ∈  if ;Uu ∈  i.e., T maps the set U to 
itself. 

The next step is to prove that nT  is a contraction operator for n 
sufficiently large. Actually, we have for Uvu ∈,  

( ) ( ) ( )
( )( )

( ) ,1 vutpn
MLtvTtuT pn

n
nn −

+σ−Γ
≤− σ−  (3.7) 

where M depends only on p and .σ  In fact, 

( ) ( ) ( ) ( ) ( )( ) ( )( ) ττττττ dvfuftptTvtTu pt
,,1 1

0
−−

Γ
≤− −∫  

 ( )
( ) .1 vutp

L p −
+σ−Γ

σΓ
≤ σ−1−  (3.8) 

Therefore (3.7) is proved for ,1=n  if ( ).1 σ−Γ≥M  Assuming by 

induction that (3.7) is valid for n, we obtain similarly 

( ) ( ) ( )( ) ( ) ( ) ( ) τττ dtppn
vuLMtvTtuT pnptnn

nn σ−σ−−
+

++ −
Γ+σ−Γ

−
≤− ∫ 1

0

1
11

1  

( )( )
( )( ) ( ) ( )( )

( ) ( ) ,111
1 1

1
vutpnpn

LMpn pn
nn

−
+σ−+Γ+σ−Γ

+σ−σ−Γ σ−+
+

=  

and then (3.7) follows for ,1+n  if M is given by 

( ) ( )( )
( )( ) ( ).,3,2,1

1,1,max 1 "=
+σ−Γ
+σ−σ−Γ

=σ−Γ== npn
pnMMMM nnn

 

(3.9) 

Note that (3.9) defines actually a finite M, since 1≤nM  for ( )σ+≥ 1n  

( ) ( )( ).21.,i.e ≥+σ−σ−σ− pnp  As a consequence of inequality (3.7), 

we find, taking Chebyshev norm on interval [ ],,0 h  

( ) ( ) ( )
( )( )

( ) .1 vuhpn
MLtvTtuT pn

n
nn −

+σ−Γ
≤− σ−  (3.10) 
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This, however, is a well-known result; the limit 

( )
( )( )

( ) ( )σ−
σ−

σ−
∞

=

=
+σ−Γ∑ p

p
pn

n

n
MLhEhpn

ML
1,

0
1  

is the Mittag-Leffler function (see [10], Subsection 1.2), evaluated at 

.σ−pLMh  Taking n sufficiently large in (3.10), we have ( )npMLh σ−  

( ( ) ) 11 <≤+σ−Γ qpn  and therefore, 

,vuqvTuT nn −≤−  

which ends the proof. 

Corollary 3.3. (1) Taking K sufficiently large in (3.5), i.e., 

( )
( ) ,1

1
p

fa
K

p

+σ−Γ
σ−Γ

≥ σ
σ−

 

we have ah =  and Theorem 3.2 shows that the uniqueness and global 
existence can be obtained. 

(2) Noting that ( )( ) [ ]hCtutf ,0, 0
σ∈  and taking into account ,σ>p  

we take the limit of (3.6) as +→ 0t  

( ) ( ) ( )( ) .0,lim0lim0 000
=+== −

+→+→
tutfDtuu p

ttt
 

We may consider the limit case when in Theorem 3.2, we have 
.1<σ=p  

Corollary 3.4. If 1<σ=p  and ( ),11 pL −Γ<  then from (3.8), we 

obtain 

( )
( ) ( ) ,11,1

1
<−Γ=−≤−

Γ
−Γ

≤− pLqvuqvuLpTvTu  

which ensues the global existence and uniqueness of solution for the 
initial-value problem (3.1)-(3.2). In this case, the solution ( )tu  is bounded 

at the origin. 
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Remark 3.5. Note that Theorem 3.2 not only asserts that the 
continuous solution defined on [ ]a,0  is unique; it actually gives us (at 

least theoretically) a means of determining this solution by a Picard-type 
iteration process 

( ) ( ) ,1

1

1
0

jpj
m

j
tjp

c
tu −

−

=
+−Γ

= ∑  (3.11) 

( ) ( ) ( ) ( ) ( ( )) ( ).,1,0,,1 1
0

01 "=−
Γ

+= −
+ ∫ kduftptutu k

pt
k ττττ  (3.12) 

Example 3. Let us consider the following initial-value problem in 
terms of the Riemann-Liouville fractional derivatives: 

( ) ( ) ( )[ ] ( )[ ] ,0,, 20
2

010
1

00 ==== =
−

=
−µ− ctuDctuDtuttuD t

p
tt

p
t

p
t  

where .10and21 <µ<<< p  Obviously, the above initial-value 

problem satisfies all conditions in Theorem 3.2 and ;µ=σ  so we can 

determine the solution by a Picard-type iteration process 

 ( ) ( ) ,11
0

−
Γ

= ptp
ctu  

 ( ) ( ) ( ) ( ) ( ) ττττ dutptp
ctu ptp

0
1

0
11

1
1 µ−−− −

Γ
+

Γ
= ∫  

 ( ) ( )
( )
( ) ,2

12111 −µ−−
µ−Γ
µ−Γ

Γ
+

Γ
= pp tp

p
p

ctp
c  

 ( ) ( ) ( )
( )
( ) ( )

( )
( )

( )
( ) ,23

22
22

123112111
2

−µ−−µ−−
µ−Γ
µ−Γ

µ−Γ
µ−Γ

Γ
+

µ−Γ
µ−Γ

Γ
+

Γ
= ppp tp

p
p
p

p
ctp

p
p

ctp
ctu  

( ) ( ) ( )
( )
( ) …+

µ−Γ
µ−Γ

Γ
+

Γ
= −µ−− 12111

2
pp

n tp
p

p
ctp

ctu  

( )
( )
( )

( )
( )

( )
( )( )

( ) .123
22

2
111 −µ−+

µ−+Γ
µ−Γ

µ−Γ
µ−Γ

µ−Γ
µ−Γ

Γ
+ npntnpn

nnp
p
p

p
p

p
c …  

 (3.13) 



EXISTENCE AND UNIQUENESS OF SOLUTIONS … 97

Taking the limit of (3.13) as ,∞→n  we obtain the solution of the initial-

value problem 

( ) ( ) ( ) ( )
( )

( )( )
( ) .1lim 11

11

111 −µ−+

=

∞

=

−
∞→ 












µ−+Γ
µ−Γ

Γ
+

Γ
== ∏∑ npn

n

kn

p
nn

tkpk
kkp

p
ctp

ctutu  

Figure 1 shows computed solutions ( ) ( ) ( )tututu 510 ,,, "  in the closed 

interval [ ]3,0  with ,5.0,5.1,3 =µ== pa  and .11 =c  One can see that 

the solution ( )tu4  and ( )tu5  are very closed to each other, so we may take 

( ) ( ).5 tutu ≈  

 

Figure 1. Computed solutions of initial-value problem described in 
Example 3 obtained with Picard-type iteration process with ,3=a  

,5.0,5.1 =µ=p  and .11 =c  
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4. Continuous Solutions on ( ]a,0  

In this section, we consider unique solution ( ) [ ],,00 hCtu pm−∈  which 

may be unbounded at the origin. Let us denote [ ] R×= aG ,0  and define 

( ) GKhR ⊂,  as a set of points ( ) ,, Gut ∈  which satisfy the following 

inequalities: 

( ) ( ) ,1,0
1

Ktjp
c

tutht jmj
m

j

pm ≤
+−Γ

−<< −

=

− ∑  

where h and K are constant. 

Theorem 4.1. Let ( ){ },1,min0,1 pmpmpm −−<σ≤<<−  

,0≠σf  and .0≠mc  Assume that the function R→Gf :  be continuous 

on ( ] .,0 R×a  Furthermore, assume that ( )utft ,σ  is a continuous function 

on G and fulfills a Lipschitz condition with respect to the second variable; 
i.e., 

( ) ( ) ,,, vuLvtfutft −≤−σ   (4.1) 

for some positive constant L independent of ( ].,0,, atvu ∈∈ R  Let 

( )
( ) .1

1,min
1





















σ−Γ
+σ−Γ

=
σ−

σ

m

f
pKah  (4.2) 

Then there exists in ( )KhR ,  a unique solution ( ) [ ]hCtu pm ,00
−∈  solving 

the initial-value problem (3.1)-(3.2). 

Proof. Firstly, We introduce the set 

( ) [ ] ( ) ( ) .1:,0
1

0













≤
+−Γ

−∈= −

=

−
− ∑ Ktjp

c
tuthCtuU jmj

m

j

pm
pm  
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Obviously, this is a closed subset of the Banach space [ ]hC pm ,00
−  

endowed with the norm defined by (2.1). Since the function ( )tu0  

( )
jpjm

j tjp
c −

= +−Γ
= ∑ 11  is in U, we also see that U is not empty. 

As in the proof of Theorem 3.2, our problem is equivalent to the 
problem of determination of fixed point of the continuous operator 

( ) ( ) ( ) ( ) ( ) ( ( )) .,1
1

1
01

ττττ duftptjp
c

tTu ptjpj
m

j

−−

=

−
Γ

+
+−Γ

= ∫∑  (4.3) 

It is immediate to verify that 

(i) UUT →:  is well defined. Indeed, we have 

( ) ( ) ( )
jmj

m

j

pm tjp
c

tTut −

=

−
+−Γ

− ∑ 1
1

 

( ) ( ) ( ( )) ττττττ duftp
t ptpm

,1
0

σσ−−
−

−
Γ

≤ ∫  

( )
( )

( )
( )

σ−σσ−σ
−

σ−+Γ
σ−Γ

≤
σ−+Γ
σ−Γ

≤ mp
pm

hp
f

tp
ft

1
1

1
1

 

( )
( )

( )
( ) .1

1
1
1

Kf
pK

p
f

≤
σ−Γ
+σ−Γ

σ−+Γ
σ−Γ

≤
σ

σ  

(ii) nT  is a contraction operator for n sufficiently large. Indeed, we 
have 

( ) ( ) ( ) ( ) ( ( )) ( ( )) ττττττ dvfuftp
ttTvtTut ptpm

pm ,,1
0

−−
Γ

≤− −
−

− ∫  

 ( ) ( ) ( ) ( ) τττττ dvutp
Lt ptpm

−−
Γ

≤ σ−−
−

∫ 1
0

 

 ( ) ( ) τττ dtp
vuLt mpptpm

pm
σ−−−−

−

−
Γ

−
≤ ∫ 1

0
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 ( )
( )( ) ,1

1
pm

p
vupmp

tmpL
−

σ−
−

σ−+−+Γ
σ−−+Γ≤  

and 

( ) ( )tvTtuTt pm 22 −−  

( ) ( ) ( ( )) ( ( )) ττττττ dTvfTuftp
t ptpm

,,1
0

−−
Γ

≤ −
−

∫  

( ) ( ) ( ) ( ) τττττ dTvTutp
Lt ptpm

−−
Γ

≤ σ−−
−

∫ 1
0

 

( )
( )( ) ( ) ( ) ττττ dtppmp

vumptL pmpptpm
pm

σ−σ−−−−
−

−
Γσ−+−+Γ

−σ−−+Γ
≤ ∫ 1

0

2

1
1

 

( ) ( )( ) ( )

( )( ) ( )( ) .211
11 22

pm

p
vupmppmp

tpmpmpL
−

σ−
−

σ−+−+Γσ−+−+Γ
σ−σ−+−+Γσ−−+Γ

≤  

By induction, arguing as in the Theorem 3.2, it is obtained that 

( ) ( )
( )

( )( ) ,1 pm
pnnn

nnpm vupnmp
tMLtvTtuTt −

σ−
− −

σ−+−+Γ
≤−  (4.4) 

for all ,, Uvu ∈  where ,max +∞<= nn
MM  

( ) ( ) ( )( )
( )( ) ( ).,3,2,1

11,11 "=
σ−+−+Γ

σ−σ−−+−+Γ
=σ−−+Γ= npnmp

pnmpMmpM n  

Thus, we get 

( ) ( )
( )

( )( ) .1 pm
pnnn

pm
nn vupnmp

hMLtvTtuT −

σ−

− −
σ−+−+Γ

≤−  

Since ( ) ( )( ) 01 →σ−+−+Γσ− pnmphML pnnn  as n tends to +∞  (see 
[10], Mittag-Leffler function), then for n sufficiently large, the operator 

nT  is a contraction operator. Therefore, there exists in ( )KhR ,  a unique 

solution ( ) [ ]hCtu pm ,00
−∈  solving the initial -value problem (3.1)-(3.2). 

The proof of Theorem 4.1 is complete. 
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Corollary 4.2. Taking K sufficiently large in (4.2), i.e., 

( )
( ) ,1

1
p

fa
K

m

+σ−Γ
σ−Γ

≥ σ
σ−

 

we have ah =  and Theorem 4.1 shows that the uniqueness and global 

existence of ( ) [ ]aCtu pm ,00
−∈  can be obtained. 

Remark 4.3. As in the proof of Theorem 3.2 and subsequent remarks, 
Theorem 4.1 actually gives us a means of determining this solution by a 
Picard-type iteration process, which is very similar to expressions     
(3.11)-(3.12). 

Example 4. Finally, let us concern iterative method for the solution 

( ) [ ]aCtu pm ,00
−∈  of the initial -value problem described in Example 3. 

( ) ( ) ( )[ ] ( ) ,0,2,1,, 2000 ≠=== =
−µ− cjctuDtuttuD jt

jp
t

p
t  

where ( ).210,21 pp −−<µ<<<  Obviously, the above initial-value 

problem satisfies all conditions in Theorem 4.1 and ;µ=σ  so we can 

determine the solution by a Picard-type iteration process 

 ( ) ( ) ,1

2

1
0

jpj

j
tjp

c
tu −

=
+−Γ

= ∑  

 ( ) ( ) ( ) ( ) ( ) ττττ dutptjp
c

tu ptjpj

j
0

1
0

2

1
1

1
1
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=

−
Γ

+
+−Γ

= ∫∑  

( ) ( )
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1

11
2

2

1

2

1
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=

−

=
µ−−+Γ
µ−−+Γ

+−Γ
+

+−Γ
= ∑∑ jpj

j

jpj

j
tjp

jp
jp

c
tjp

c
 

 ( ) ( ) ( )
( )
( )

µ−−

=

−

=
µ−−+Γ
µ−−+Γ

+−Γ
+

+−Γ
= ∑∑ jpj

j

jpj

j
tjp

jp
jp

c
tjp

c
tu 2

2

1

2

1
2 21

1
11  

( )
( )
( )

( )
( ) ,231

221
21

1
1

23
2

1

µ−−

=
µ−−+Γ
µ−−+Γ

µ−−+Γ
µ−−+Γ

+−Γ
+ ∑ jpj

j
tjp

jp
jp
jp
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c
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and taking the limit of ( )tun  as ,∞→n  we obtain 

( ) ( ) ( )
jpj

j
nn

tjp
c

tutu −

=
∞→ +−Γ

== ∑ 1lim
2

1
 

( )
( )
( )( )

( ) .11
1

1
1

1

2

11 























−µ−++Γ
−µ−+Γ

+−Γ
+ −µ−+

==

∞

=
∏∑∑ jnpn

n

k

j

jn
tjkpk

jkkp
jp

c
 

Figure 2 shows computed solutions ( ) ( ) ( )tututu 510 ,,, "  in the closed 

interval [0.01, 3.01] with ,1,3.0,5.1,01.3 1 ==µ== cpa  and .12 =c  

Obviously, the solution ( )tu4  and ( )tu5  are very closed to each other, so 

we may take ( ) ( ).5 tutu ≈   

 

Figure 2. Computed solutions of the initial-value problem described in 
Example 4 obtained with Picard-type iteration process with 

pa ,01.3= ,1,3.0,5.1 1 ==µ= c  and .12 =c  
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