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Abstract

In this paper, we discuss existence and uniqueness of solutions of initial-value
problems for nonlinear fractional differential equations with Riemann-Liouville
differential derivatives. In principle, we may reduce such an equation to an
integral equation with regular or weakly singular kernel and then apply to it
basic techniques of fixed points theorems. Proceeding in this direction, we
present a list of theorems of existence and uniqueness of continuous solutions

on [0, a] or (0, a], and give some examples to illustrate that these theorems

can be used directly as a method for solving fractional differential equations.

1. Introduction

We consider a nonlinear fractional differential equation, which takes

the form

2010 Mathematics Subject Classification: 26A33, 26D10, 34KO05.

Keywords and phrases: fractional differential equation, Riemann-Liouville derivative,
existence and uniqueness.

Submitted by Jingtang Ma.
Received October 23, 2011, Revised November 6, 2011

© 2011 Scientific Advances Publishers



86 ZHIQIANG ZHOU and HONGYING WU
oDPult) = f(t, ut)), t>0,

where 0 < m—-1< p < m, m 1s a positive integer number and thp is

the fractional derivative (the Riemann-Liouville, the Miller-Ross, the
Caputo, or the Griinwald-Letnikove fractional derivative) considered in
R*. Such equations have recently proved to be valuable tools in the
modelling of many physical and biological phenomena [5, 6, 8, 11]. The
case 0 < p <1 seems to be particularly important, but there are also
some applications for p > 1. In principle, one may reduce such an
equation to an integral equation with regular (if p >1) or weakly
singular (if 0 < p <1) kernel and apply to it basic techniques of
nonlinear analysis (see, for example, fixed points theorems, [1]). We

proceed in this direction here, presenting some theorems of existence and

uniqueness in the sense of Riemann-Liouville derivatives.

It is necessary to mention that some similar results, for a fractional
differential equation, have been obtained. For example, in 1999, Podlubny
discussed the existence and uniqueness of a solution of an initial-value
problem in terms of the Miller-Ross sequential fractional derivatives

under the condition of the continuity of the function f(¢, u) (see [10],
Subsection 3.2); in 1996, Delbosco and Rodinou obtained a unique
theorem by assuming f(¢, u) = u* (see [3], Theorem 4.5); and in 2002,

Diethelm and Ford gave existence and uniqueness theorems in Caputo

derivatives sense (see [4], Theorems 2.1 and 2.2). However, theorems in
this paper assume only the continuity of the function ¢°f(¢, u), (0 < 6 < 1),

which is obviously weaker than those needed in above theses.

The paper is organized as follows. In Section 2, we recall the
definitions of fractional integration operator and fractional differentiation
operator and related results used in the text. Section 3 contains results
for solutions, which are continuous at the origin, and Section 4 considers

continuous solutions on (0, a].
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2. Definitions and Preliminary Results

In this section, we shall give some definitions and basic results, which
will be used to prove theorems in Sections 3 and 4. For more results, we
refer the reader to Podlubny [10] or other texts on basic fractional
calculus [2, 3, 9].

The notation of following function spaces are given by Delbosco et al.
(2, 3].

Let us denote by CO(]R{+) the space of all continuous real functions
defined on R" = {x e R, x >0} and by L},.(R") the space of all
continuous real functions defined on R*, which are Lebesgue integrable
on every bounded subinterval of R*. Consider also the space CO(RB) of

all continuous real functions defined on Rj = {x € R, x > 0}, which later
on we shall identify, by abuse of notation, with the class of all

feC’R") such that f(0+)=1lim, o, f(t) e R. Furthermore, we
denote by CO(R{), r > 0 the space of all functions f € C°(R™) such that
x"f e CO(R{). We define similarly C°([0, a]), which turns out to be a

Banach space when endowed with the norm

[ 71, = max "|f(x)] 2.1)

x€0,a]

We have CJ(R$) = CO(R§) and CJ([0, a]) = C°([0, a]), the Banach
space of all continuous functions on [0, ] with Chebyshev norm | f | =

max yfo, o]l (%)]-

Definition 2.1 [10]. The Riemann-Liouville fractional integral of
order p > 0 of a function f : (¢y, +) — R is given by

- 1 (! -
toDr Pf(t) = WLO (t — 7P f(r)dr,

provided that the right side is pointwise defined on (¢, +).



88 ZHIQIANG ZHOU and HONGYING WU

For the simplicity, we assume without loss of generality that ¢ty = 0,
and henceforth, we refrain from explicitly mentioning this parameter. For

instance, oD;?f(t) exists for all p >0, when f e CO(R* )ﬂL%OC(RJr);
note also that when f e C°(R), then oD;Pf(t) e C°(R{) and moreover
[oD; Pf(®)]— = O.

Example 1 (see [10], Equation (2.56)).

_ C(p+1)
Py = H+p _
oDy P(t") F(u+p+1)t , p>0,p>-1. (2.2)

Recall that the law of composition ,D;?(,D;?f(t)) =,D; P~ f(t)

holds for all real values p, g > 0.

A more precise analysis of the operator , D, ”f(t) can be given in the

frame of CO(R{), r > 0.

Proposition 2.2. Let p > 0; if f € CO(R$) with r < min{l, p}, then
oD Pf(t) e CORE), with [(D;Pf(t)],g = 0. If f e C(RY) with p <1,
then oD, Pf(t) is bounded at the origin, whereas if f e Co(R$) with
p <r <1, then we may expect oD;Pf(t) to be unbounded at the origin
(see [3], Section 2).

Definition 2.3 [10]. The Riemann-Liouville differential operator of

fractional order p > 0 of a continuous function f : R* — R is given by

1 d"

ODEIO = =5 g

I; (¢ - 'r)m*p*1 f(r)dr, t>0,

where m is the integer number defined by m -1 < p < m.
Example 2. As a basic example, we quote for A > -1

T +1) a-p

P(ihY = M)

p >0, (2.3)
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which is formally identical to the expression (2.2) (see [10], Equation
(2.117)).

In view of T'(-n) = «, (n = 0, 1, --+), formula (2.3) gives in particular

T +p—j) k- y
ra+k=j. o k2P
oDP (P T) = {r@+ p - j), k=i 2.4)
0, k<],
where m -1<p<m,k, j=1,2, -, m

Let us now consider some properties of the Riemann-Liouville
fractional derivatives. The first property of the Riemann-Liouville

fractional derivative is the following laws of composition.

Proposition 2.4 (see [10], Equation (2.106)). For p > 0 and t > 0

o DP(D7Pf(@) = £(2), (2.5)

which means that the Riemann-Liouville fractional differentiation
operator is a left inverse to the Riemann-Liouville fractional integration

operator of the same order p.

As with conventional integer-order differentiation and integration,

fractional differentiation and integration do not commute.

Proposition 2.5 (see [10], Equation (2.108)). If the fractional derivative
oDFf(t), (m —1 < p < m), of a function f(t) is integrable, then

0D; P (,DF (1)) = (0) - Z[ODP £(0) (2.6)

-J
t=0 r(p J+1)’
Remark 2.6. The existence of all terms in (2.6) follows from the
integrability of o DPf(t), i.e., oDPf(t) e CO(RT )ﬂLlOC(R ), because due

to this condition the fractional derivatives D} ), (j=1,2 -, m)
are all bounded at ¢ = 0.

An important particular case must be mentioned.
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Corollary 2.7. If f(t)e CO(R§) with r<m—p and oDPf(t)e
COR*)N L, (R"), then [(DP™f(t)],_o = 0 and

loc

0D; P (o DPF(D) = £() - EHuwfﬂﬂ @.7)

“’F(p j+1)’

Theorem 2.8. Let m—-1< p <m. If we assume u e C°(R* )ﬂ
I},.(R™), then the fractional differential equation
oDPu(t) = 0 (2.8)
has
m .
u(t):chtp_J, cieR, (j=12--,m) (2.9)
=1
as unique solutions.

Proof. Applying the integration operator (D, ” to the two sides of

the Equation (2.8) and by using the formula (2.6), we obtain

tp_j 3
oD, P (o Dfult)) = ult) - ;[ODP u(t)]t 0T jD) -
i o tp*]‘
uw:;hwumLﬁ@jﬁﬂ. (210)

Substituting directly into the formula (2.10)

cj = W[OD u(t)] <o, (j=1,2,-,m),

we obtain the final expression of the solutions of the fractional

differential equation (2.8):
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m .
u(t) = chtpfj, cjeR, (j=12,m),
i=1
which gives the proof.
From Corollary 2.7 and Theorem 2.8, we have
Corollary 2.9. If u(t)e CO(R}) with 0<r<m-—p, then the

Equation (2.8) has u(t) = Z;nz_ll cjtp_j as unique solutions.

3. Continuous Solutions on [0, a]

Let us consider the following initial-value problem of fractional
differential equation:

oDFu(t) = f(t, u()), (3.1)
[ODtp_ju(t)]tzo = ¢j, G=12..,m), (3.2)

where m—1 < p<m and f:[0, a]xR, 0 < a < +w, is a given function,
continuous in (0, a) x R.

We may apply the results of Section 2, in particular, Example 2,
Propositions 2.4 and 2.5, and Theorem 2.8, to reduce the initial-value
problem (3.1)-(3.2) to an integral equation.

Theorem 3.1. Assume that u(t) is in CO(RJr)ﬂL}OC(R) with a
fractional derivative of order m-1<p<m that belongs to
Co(R*)N L, (R). Furthermore, assume t°f(t, u) is continuous on [0, al,

where 0 < o < min{l, p}. Then, the initial-value problem (3.1)-(3.2)

is equivalent to the nonlinear Volterra integral equation of the second

kind,

u(t) = ;ﬁ iy % j ; - u()dr. (3.9)



92 ZHIQIANG ZHOU and HONGYING WU

In other words, every solution of the Volterra equation (3.3) is also a

solution of our original initial-value problem (3.1)-(3.2), and vice versa.

Theorem 3.1 can be easily proved by using formulas (2.4)-(2.6) and
(2.9).

Let us denote G = [0, a] x R and define a closed region R(h, K) c G

as a set of points (¢, u) € G, which satisfy the following inequalities:

m—1
C: .
0<t<h |ut)- Y ———=tP7| <K,
~T(p-Jj+1)

where h and K are constant.

The following theorem shows the existence and uniqueness of
solutions, which are continuous on closed interval [0, a].

Theorem 3.2. Let m -1< p <m, 0 <o < min{l, p}, ||, # 0, and
¢,, = 0. Assume that the function f: G — R be continuous on (0, a]

x R. Furthermore, assume that t°f(t, u) is a continuous function on G

and fulfills a Lipschitz condition with respect to the second variable; i.e.,
t°|f(¢, u) - f(¢, v)| < Llu - v, (3.4)

for some positive constant L independent of u, v € R, t € (0, a]. Let

_1
Kr(1 —G+p)jp6 3.5)

h = mins<a, (—"f”(jl"(l = o)

Then there exists in the closed region R(h, K) a unique and continuous

solution u(t) solving the initial-value problem (3.1)-(3.2).

Proof. Noting that ¢, =0 and according to Theorem 3.1 and

Corollary 2.9, we are reduced to consider the following nonlinear integral

equation:
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m-1 s
ult) = ]ler(p_—]jJrl)t F(p) I -1V @ un)dn,  (3.6)

which is equivalent to the initial-value problem (3.1)-(3.2).
We thus introduce the set

m-1

=Jut)e C° sllult) - —c- -J
U—{(t) cOlo, h] : [u(t) ;F(p_fj+1)tpf

Obviously, this is a closed subset of the Banach space C°[0, A]
of all continuous functions on [0, 2]. Since the function ug(t) =

€

Zml
j=1 T(p - ]+1)

define the operator T by

tP~7 isin U, we also see that U is not empty. On U, we

m=1 c: . ;
100 = iyt gy -

Using this operator, the initial-value problem can be written as u = Tu,

and in order to prove our desired uniqueness result, we have to show that
T has a unique fixed point. Let us therefore investigate the properties of

the operator T.

In view of the assumption of continuity on t°f(¢, u), we can easily
prove that (Tu)(¢) is a continuous function for every u(t) € U. Moreover,

for u e U and t € [0, k], we find

0)0) - w0 = [ 0= 0P o < 1 [ = v
I'(1—o) o - I'(l1—o) -5
) m"f" tP” m”f"chp

I'(l1-o) KTr(1-o6+p)
T+l A ra o - X
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Thus, we have shown that Tu € U if u € U; i.e., T maps the set U to
itself.

The next step is to prove that 7" is a contraction operator for n

sufficiently large. Actually, we have for u, v e U

n n ML " n —O
T u(t) - T"(t)| < Wt (P=0)|y ], 3.7)

where M depends only on p and o. In fact,
t
ITu(t) - To(t)| < %p) j (=P f e ) - £, o)) dr

r(l—o)L

p—o|,, _
“T o+ 1)15 [l = v (3.8)

Therefore (3.7) is proved for n =1, if M >T'(1 - c). Assuming by
induction that (3.7) is valid for n, we obtain similarly

MnLn+1"u _ l)"

n+1 n+1 <
T ) = T (o)) < I'(n(p - o) + I (p)

t
J (¢ - T)p—lTn(p—c)—ch
0

_ (n(p-oc)-c+ 1)MnLn+1 t(n+1)(p—0)"u _ v”
In(p-o)+1)((n+1)(p-0)+1) ’

and then (3.7) follows for n +1, if M is given by

I(n(p-oc)-c+1)
I(n(p —o)+1)

M =max M,, M; =T(1-0c), M, = ,(n=2,38,).
n

(3.9

Note that (3.9) defines actually a finite M, since M, <1 for n > (1 + ©)
/(p-o) (ie, n(p—c)—c+1>2). As a consequence of inequality (3.7),

we find, taking Chebyshev norm on interval [0, A],

(ML)"

_ WMLy yn(p-o)), _
o) r " el (3.10)

IT"ule) - To(0)] <
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This, however, is a well-known result; the limit

(ML)" n(p-o) _
Z I(n h -

FEGESY poot (MLRTT)

is the Mittag-Leffler function (see [10], Subsection 1.2), evaluated at
LMhP~°. Taking n sufficiently large in (3.10), we have (MLhP™°)"
/T(n(p-06)+1) < q <1 and therefore,

|T"u = T™v| < qfju -4,
which ends the proof.
Corollary 3.3. (1) Taking K sufficiently large in (3.5), i.e.,

a?~°Jf],T(1 - o)

Kz

we have h = a and Theorem 3.2 shows that the uniqueness and global

existence can be obtained.

(2) Noting that f(t, u(t)) e C2[0, h] and taking into account p > o,

we take the limit of (3.6) as t — 0+
w(0) = lim u(t) = 0+ lim oD;Pf(¢, u(?)) = 0.
t—>0+ t—>0+

We may consider the limit case when in Theorem 3.2, we have
p=oc<l1.

Corollary 8.4.If p=c <1 and L <1/T(1 - p), then from (3.8), we
obtain

rl-p)L

|[Tw - Tu| < )

lw—-v|<qlu-v|, g=LrQ-p)<1,

which ensues the global existence and uniqueness of solution for the

initial-value problem (3.1)-(3.2). In this case, the solution u(t) is bounded

at the origin.
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Remark 3.5. Note that Theorem 3.2 not only asserts that the

continuous solution defined on [0, a] is unique; it actually gives us (at

least theoretically) a means of determining this solution by a Picard-type

iteration process
m-1
C: .
t)y= Y ——IL—— P 3.11
uO() ;F(p—]-i—l) ( )

U (t) = uo(t) + %p)j;(t P wy (), (B = 0,1, ). (3.12)

Example 3. Let us consider the following initial-value problem in

terms of the Riemann-Liouville fractional derivatives:
- -1 -2
oDPult) = t¥u(t),  [oDP )],y = c1. [oDP2u(t)|,_y = ¢ = 0,

where 1< p<2and 0<p<1. Obviously, the above initial-value
problem satisfies all conditions in Theorem 3.2 and o =p; so we can

determine the solution by a Picard-type iteration process

w0 (®) = 15t

u(t) = (p) P14 F(p).[ (t—T)p T My (r)dr

_a pa, a T(p-p 12p-H-1.
I'(p) T(p) T(2p - n)

1, ¢ Tp-n) 2p-p1, ¢ Tp—p) T(2p—2p) 3p-2 1
w2 = 1 T T T T TG a

_ 1, a Te-1) opp
tn(t) = F(p) t " T(p) T(2p - u)t o
¢ T(p-p) I'2p -2y T(np —np) (ns1)p-np-1
" T(p) T2p—w) TBp —20) " T((n + p - np) ’

(3.13)
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Taking the limit of (3.13) as n — o, we obtain the solution of the initial-

value problem

. c _ q | T [(kp — kp) ) p—ru—
lt) = lim una):ré})w1+F(;);[gr«kfl)pfku)]t< I

Figure 1 shows computed solutions ug(¢), u;(¢), -+, us(¢) in the closed
interval [0, 3] with @ = 3, p = 1.5, u = 0.5, and ¢; = 1. One can see that

the solution u,(¢) and us(¢) are very closed to each other, so we may take

u(t) =~ us(t).

14 T T T T T
12+ —t— uO(t)
—— U1 (t)
—b— u2(t)
10F & u3(t)
=
il us(t)

u(t)

Figure 1. Computed solutions of initial-value problem described in

Example 3 obtained with Picard-type iteration process with a = 3,

p=15u=0.5 and ¢ =1.
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4. Continuous Solutions on (0, a]

In this section, we consider unique solution u(t) € CY,_ pl0, 2], which
may be unbounded at the origin. Let us denote G = [0, a]x R and define
R(h, K) c G as a set of points (¢, u) € G, which satisfy the following

inequalities:
0<t<h, tWWut—ZZ———L——4mﬂ <K,
® “HI(p-j+1)

where h and K are constant.

Theorem 4.1. Let m-1<p<m,0<oc<min{p,1-(m- p)},

Ifl, # 0, and c,, # 0. Assume that the function f : G - R be continuous

on (0, a]x R. Furthermore, assume that t°f(t, u) is a continuous function

on G and fulfills a Lipschitz condition with respect to the second variable;

ie.,
t°|f(t, w)— f(t, v)| < Llu -1, (4.1)

for some positive constant L independent of u, v € R, t € (0, a]. Let

1
KTG—G+pqmﬂ 4.2)

h = minJa, [—Ilfllgf(l o)

Then there exists in R(h, K) a unique solution u(t) € C,(,)l_p[O, h] solving
the initial-value problem (3.1)-(3.2).
Proof. Firstly, We introduce the set

U = {u(t) € Cg_p[o, h]:

m
C: .
m-—p _ J m—j
- 2 !
]:
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Obviously, this is a closed subset of the Banach space Cgl_p[O, h]

endowed with the norm defined by (2.1). Since the function ug(¢)
tP~7 isin U, we also see that U is not empty.

_ Zm ¢j
R CENE)

As in the proof of Theorem 3.2, our problem is equivalent to the

problem of determination of fixed point of the continuous operator
m c: ) 1 ¢ )
Tu)(t) = —].tp_]+—j t— 1P (T, u(t))dr. 4.3
(100 = 2 gy ot~ a6

It is immediate to verify that

1) T : U - U 1is well defined. Indeed, we have

t"P(Tu) (t) - ;—F(p —]j =) ¢m

R N e )

"I TA - 0) pos  TA -],
T1l+p-o0) “Ta+p- 6)

T 0)|fl, Ko+ p)
“Ta+p-o0) [,rG-0) -

(i1) T" is a contraction operator for n sufficiently large. Indeed, we

have

e tm—p t _
¢ P Tu(t) - To(t) ] < WJ.O t-T1)P 1|f(T, u(r)) = f(r, v(r))|dr

r(p) j (t = )P 0 u(r) - v(r)|dr

T T
-p _ \p-1_p-m-o
< o) JO -7 7 dr
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LT +p-m-op?°
T Tl+p-m+(p-o0))

”u - U"m—p ’

and

t™P| T %u(t) - T2u(t)|

< & [ €= e Tuto) - £ Tolo))ar

Hm Ia—Twl'ﬂumﬂ To(r)|dr

A" P+ p-m—o)|u -
I+ p-m+(p-o)l(p)

m-p jt(t — ’r)p_l TPTM=0 POy

N LT+ p-m-o){(L+p—-m+(p—o)—c)2P0) "

FrM+p-m+(p-o))f(1+p-m+2(p-o0)) _v"

m-p*

By induction, arguing as in the Theorem 3.2, it is obtained that

LM " n(p-o) "

A+ p-menp-o) (4.4

tmiplTnu(t) - Tnl)(t)l "m—p’

for all u, v € U, where M = max M, < +o,
n

_ Il+p-m+(m-1)(p-o0)-o0) B
M, =T(l+p-m-o), M, T@+p—minlp o) ,(n=23, ).

Thus, we get

) Mnhn(p o)

||Tnu(t) Tnv(t)”m p = F(l +p-m+n(p-o0)) "u

U"m—p

Since L"M"h™P=°) /T(1+p-m+n(p—c)) — 0 as n tends to +o (see
[10], Mittag-Leffler function), then for n sufficiently large, the operator
T" is a contraction operator. Therefore, there exists in R(h, K) a unique
solution u(t) e C,?l_ pl0, 2] solving the initial -value problem (3.1)-(3.2).
The proof of Theorem 4.1 is complete.
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Corollary 4.2. Taking K sufficiently large in (4.2), i.e.,

a"~°|fl,r1 - o)

K >
rll-o+p) ’

we have h = a and Theorem 4.1 shows that the uniqueness and global
existence of u(t) e C%_p [0, a] can be obtained.

Remark 4.3. As in the proof of Theorem 3.2 and subsequent remarks,
Theorem 4.1 actually gives us a means of determining this solution by a

Picard-type iteration process, which is very similar to expressions
(3.11)-(3.12).

Example 4. Finally, let us concern iterative method for the solution

u(t) e CO_ [0, @] of the initial -value problem described in Example 3.
oDfult) = t ™ ul(t), [thp_ju(t)]t:o =¢j,(J=1,2),¢c0 #0,

where 1< p <2, 0<pu<1-(2-p). Obviously, the above initial-value
problem satisfies all conditions in Theorem 4.1 and ¢ = p; so we can

determine the solution by a Picard-type iteration process

2
- € p-j
uo(t) = ;r(p_,-+1)t ,

2 . .
(1) = ]le"(p——]]+1) N % I;(t Pty () dr

2 2 .
ZZLW—“Z ¢j Fl+p-j-p (2p-i-n
Sp-j+1) jzlr(p—J+1)F(1+2p—]—u)

2 c; j Frl+p-j-p
0= 2 -t Zr@—m) [y L

Z rl+p-Jj-p F(1+2p—1—2u)t3p;2u
F(p—J+1)F(1+2p Jj-w)TA+3p—j-2u)
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and taking the limit of u,, () as n — o, we obtain

2

. C. 7'

u(®) = Jim un(®) = 3 o=yt
=

. i{i ¢j {ﬁ I(1+kp - kp - j) ]t(nu)pnu]}
S| G-+ )3T+ (R +1)p —ku - j) '
Figure 2 shows computed solutions ug(¢), u;(¢), ---, us(¢) in the closed
interval [0.01, 3.01] with @ = 3.01, p =1.5, 0 =0.3,¢; =1, and cg = 1.
Obviously, the solution u,(¢) and us(t) are very closed to each other, so

we may take u(t) ~ uz(?).

45
40+ —— uo(t)
~— ul(Y)
3B —b— u2(t)
> u3()
30¢ o=l
u5(t)
251
20
15-!:
100 |
| \’_9—
o[ Rggn ot
o 1
0 0.5

Figure 2. Computed solutions of the initial-value problem described in
Example 4 obtained with Picard-type iteration process with
a=301p=15nu=0.3¢ =1, and ¢y = 1.
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