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Abstract 

In this paper, we study some properties of the Fibonacci and Lucas numbers. 
With these relations, we proved some new properties for the Fibonacci 
quaternions and Fibonacci symbol elements. 

1. Introduction 

In the paper [2], Flaut and Shpakivskyi found some properties of the 
generalized Fibonacci quaternions and in the paper [1], the authors gave 
the definition of the Fibonacci symbol elements. In this paper, we 
introduce the Lucas symbol elements and we will show that many 
properties satisfied by the Fibonacci and Lucas numbers are also 
satisfied by the Fibonacci symbol elements and Lucas symbol elements. 
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2. Elementary Properties of the Fibonacci  
and Lucas Numbers 

From [1], the following properties of Fibonacci numbers are known: 

Proposition 2.1. Let ( ) 0≥nnf  be the Fibonacci sequence ,1,0 10 == ff  

.,12 N∈∀+= ++ nfff nnn  Then 

(i) ;,2 23 N∈∀=+ ++ nfff nnn  

(ii) .,3 24 N∈∀=+ ++ nfff nnn  

In the following, we give other elementary properties of the Fibonacci 
and Lucas numbers.  

Proposition 2.2. Let ( ) 0≥nnl  be the Lucas sequence ,1,2 10 == ll  

.,12 N∈∀+= ++ nlll nnn  Then 

.,2 23 N∈∀=+ ++ nlll nnn  

Proof. By induction for .N∈n   

Proposition 2.3. Let ( ) ( ) 00, ≥≥ nnnn lf  be the Fibonacci and         

Lucas sequences ,1,2,,,1,0 101210 ==∈∀+=== ++ llnfffff nnn N  

.,12 N∈∀+= ++ nlll nnn  Then 

.,2 36 N∈∀=+ ++ nlff nnn  

Proof. We use the known relation ,,11
∗

+− ∈∀=+ Nnlff nnn  and we 

use induction for .N∈n   

Proposition 2.4. Let ( ) ( ) 00, ≥≥ nnnn lf  be the Fibonacci and         

Lucas sequences ,1,2,,,1,0 101210 ==∈∀+=== ++ llnfffff nnn N  

.,12 N∈∀+= ++ nlll nnn  Then 

.,2 1 N∈∀=+ + nffl nnn  
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Proof. The proof is obviously, using the recurrence relation for the 

Fibonacci numbers and the known relation .,11
∗

+− ∈∀=+ Nnlff nnn   

Proposition 2.5. Let ( ) ( ) 00, ≥≥ nnnn lf  be the Fibonacci and         

Lucas sequences ,1,2,,,1,0 101210 ==∈∀+=== ++ llnfffff nnn N  

.,12 N∈∀+= ++ nlll nnn  Then 

(i) ;,42 N∈∀=+ ++ nflf nnn  

(ii) .,3 12 N∈∀=+ ++ nflf nnn  

Proof. (i) The proof is obviously, using the recurrence relation for the 

Fibonacci numbers and the known relation .,11
∗

+− ∈∀=+ Nnlff nnn  

(ii) Using Proposition 2.2, and the relation ,,11
∗

+− ∈∀=+ Nnlff nnn  

we have 

1122 −+++ ++=+ nnnnn ffflf  

13 −+ += nn ff  

.3 1+= nf  

3. Properties of Fibonacci Symbol Elements  
and Lucas Symbol Elements 

Let n be an arbitrary positive integer, and K be a field, whose 
( )Kchar  does not divide n and contains a primitive n-th root of unity. Let  

{ } ∗∗ ∈= KbaKK ,,0\  and let S be the algebra over K generated by 

elements x and y, where 

.,, xyyxbyax nn ω===  

This algebra is called a symbol algebra (also known as a power norm 

residue algebra) and it is denoted by .,
,









ωK
ba  
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Let ω  be a primitive root of the unity of order 3;  ( )ω= QK  be the 

cyclotomic field; and 







ω
= ,

,
K

baS  be the symbol algebra of degree 3. We 

know that S has a K-basis { }3,0 <≤ jiyx ji  such that ,3 ∗∈= Kax  

.,3 xyyxKby ω=∈= ∗  Let .,
1,

ij
ji

n

ji
cyxzSz ∑

=
=∈  

In [1], we defined n-th Fibonacci symbol element 

xyfyfxfxffF nnnnnn ⋅+⋅+⋅+⋅+⋅= ++++ 43
2

211  

.22
8

2
7

2
6

2
5 yxfxyfyfyxf nnnn ⋅+⋅+⋅+⋅+ ++++  

Let ( ) 0≥nnl  be the Lucas sequence .,,1,2 1210 N∈∀+=== ++ nlllll nnn  

We define the n-th Lucas symbol element as in the following: 

xylylxlxllL nnnnnn ⋅+⋅+⋅+⋅+⋅= ++++ 43
2

211  

.22
8

2
7

2
6

2
5 yxlxylylyxl nnnn ⋅+⋅+⋅+⋅+ ++++  

We remark immediately that the sequence of Fibonacci symbol elements 
and the sequence of Lucas symbol elements satisfy the same recurrence 
as Fibonacci sequence and Lucas sequence, that is, ,21 −− += nnn FFF  

.2,,21 ≥∈∀+= −− nnLLL nnn N  

Proposition 3.1. Let ( ) 0≥nnF  be the sequence of Fibonacci symbol 

elements. Then 

(i) ;,2 23 N∈∀=+ ++ nFFF nnn  

(ii) .,3 24 N∈∀=+ ++ nFFF nnn  

Proof. (i) Using Proposition 2.1 (i), we have 

xyfyfxfxffFF nnnnnnn ⋅+⋅+⋅+⋅+⋅=+ +++++ 43
2

213 1  

22
8

2
7

2
6

2
5 yxfxyfyfyxf nnnn ⋅+⋅+⋅+⋅+ ++++  

xyfyfxfxff nnnnn ⋅+⋅+⋅+⋅+⋅+ +++++ 76
2

543 1  



SOME PROPERTIES OF FIBONACCI AND LUCAS … 41

22
11

2
10

2
9

2
8 yxfxyfyfyxf nnnn ⋅+⋅+⋅+⋅+ ++++  

yfxfxff nnnn ⋅+⋅+⋅+⋅= ++++ 5
2

432 22212  

2
8

2
76 222 yfyxfxyf nnn ⋅+⋅+⋅+ +++  

22
10

2
92 yxfxyf nn ⋅+⋅+ ++  

.2 2+= nF  

In the same way, we prove (ii).   

Similarly, we obtain the following results: 

Proposition 3.2. Let ( ) ( ) 00 , ≥≥ nnnn LF  be the sequence of Fibonacci 

symbol elements and the sequence of Lucas symbol elements. Then 

(i) ;,2 23 N∈∀=+ ++ nLLL nnn  

(ii) ;,2 36 N∈∀=+ ++ nLFF nnn  

(iii) ;,2 1 N∈∀=+ + nFFL nnn  

(iv) ;,2 42 N∈∀=+ ++ nFLF nnn  

(v) .,3 32 N∈∀=+ ++ nFLF nnn  

 

In 1876, Lucas proved that .,12
1

∗
+

=
∈∀−=∑ Nnff nk

n

k
 We explore 

whether a similar result is true for the sequence of Fibonacci symbol 
elements. 

Proposition 3.3. Let ( ) 0≥nnF  be the sequence of the Fibonacci 

symbol elements. Then 

.,22
1

∗
+

=

∈∀−=∑ NnFFF nk

n

k
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Proof. Using the above relations and Lucas’s result, we have 

4
1

3
1

2
1

2
1

111
+

=
+

=
+

=
+

===
∑∑∑∑∑∑ ⋅+⋅+⋅+⋅+= k

n

k
k

n

k
k

n

k
k

n

k
k

n

k
k

n

k
fxyfyfxfxfF  

8
1

22
7

1

2
6

1

2
5

1

2
+

=
+

=
+

=
+

=
∑∑∑∑ ⋅+⋅+⋅+⋅+ k

n

k
k

n

k
k

n

k
k

n

k
fyxfxyfyfyx  

( ) ( )214
2

132 111 fffxffxf nnn −−−⋅+−−⋅+−= +++  

( ) ( )432163215 11 fffffxyffffy nn −−−−−⋅+−−−−⋅+ ++  

( )543217
2 1 ffffffyx n −−−−−−⋅+ +  

( )6543218
2 1 fffffffy n −−−−−−−⋅+ +  

( )76543219
2 1 ffffffffxy n −−−−−−−−⋅+ +  

( )8765432110
22 1 fffffffffyx n −−−−−−−−−⋅+ +  

7
2

654
2

322 fyxfxyfyfxfxfFn ⋅−⋅−⋅−⋅−⋅−−= +  

10
22

9
2

8
2 fyxfxyfy ⋅−⋅−⋅−  

.22 FFn −= +  

 

Other old result about Fibonacci numbers is 

( ) .1,,,
0

2 ≥∈∀⋅= +
=

+ ∑ ninff ik
n
k

n

k
in N  

Using this relation, we obtain the following result about Fibonacci 
symbol elements. 
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Proposition 3.4. Let ( ) 0≥nnF  be the sequence of Fibonacci symbol 

elements. Then 

( ) .,
0

2
∗

=

∈∀⋅= ∑ NnFF k
n
k

n

k
n  

Proof. Using the above relations and the previous result, we have 

( ) ( ) ( ) ( ) 2
0

2
1

000
+

=
+

===

⋅⋅+⋅⋅+⋅=⋅ ∑∑∑∑ k
n
k

n

k
k

n
k

n

k
k

n
k

n

k
k

n
k

n

k
fxfxfF  

( ) ( ) 4
0

3
0

+
=

+
=

⋅⋅+⋅⋅+ ∑∑ k
n
k

n

k
k

n
k

n

k
fxyfy  

( ) ( ) 6
0

2
5

0

2
+

=
+

=

⋅⋅+⋅⋅+ ∑∑ k
n
k

n

k
k

n
k

n

k
fyfyx  

( ) ( ) 8
0

22
7

0

2
+

=
+

=

⋅⋅+⋅⋅+ ∑∑ k
n
k

n

k
k

n
k

n

k
fyxfxy  

.2nF=  
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