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Abstract

In this paper, we study some properties of the Fibonacci and Lucas numbers.
With these relations, we proved some new properties for the Fibonacci

quaternions and Fibonacci symbol elements.
1. Introduction

In the paper [2], Flaut and Shpakivskyi found some properties of the
generalized Fibonacci quaternions and in the paper [1], the authors gave
the definition of the Fibonacci symbol elements. In this paper, we
introduce the Lucas symbol elements and we will show that many
properties satisfied by the Fibonacci and Lucas numbers are also

satisfied by the Fibonacci symbol elements and Lucas symbol elements.
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2. Elementary Properties of the Fibonacci

and Lucas Numbers

From [1], the following properties of Fibonacci numbers are known:

Proposition 2.1. Let (f, ), be the Fibonacci sequence fy =0, fi =1,
fn+2 = fn+]_ + fn, vn € N. Then

(l) fn, + fn,+3 = 2fn+2, Vn € N,
(11) fn + fn+4 = an+2, Vn e N.

In the following, we give other elementary properties of the Fibonacci

and Lucas numbers. |

Proposition 2.2. Let (l,),., be the Lucas sequence ly = 2,1} =1,

Lo =11 +1,, Vn € N. Then
ln+ln+3 :2ln+2’ vn € N.
Proof. By induction for n € N. a

Proposition 2.3. Let (f,),>0, (In),>0 be the Fibonacci and
Lucas sequences fo =0,fi =1, frio =fos1 +f VreN [ =24 =1,

Lo =101 +1,,Vn e N. Then

fn + fn+6 = 21n+3’ vn e N.

Proof. We use the known relation f,_; + f,.1 = l,, Vn € N*, and we

use induction for n € N. O

Proposition 2.4. Let (f,),s0, (In),so be the Fibonacci and
Lucas sequences fy =0,fi =1, foi0 =fos1+ [0, VReN lp =24 =1,

Lo =1, +1,, Vn € N. Then

ln+fn=2fn+1, VneN.
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Proof. The proof is obviously, using the recurrence relation for the

Fibonacci numbers and the known relation f, 1 + f,.1 = 1,,, Vn € N*. O

Proposition 2.5. Let (f,),>0, (In),s0 be the Fibonacci and
Lucas sequences fo =0,fi =1, frio =faps1+f, Ve N =24 =1,

Lo =101 +1,,Vn e N. Then
@) fn + Zn+2 = fn+4’ vVnel;

(i) fyi9 +1, = 3fy1, Vnel

Proof. (i) The proof is obviously, using the recurrence relation for the

Fibonacci numbers and the known relation f,_; + f,,.1 = 1,,, Vn € N*.

(ii) Using Proposition 2.2, and the relation f,_; + f,41 = l,, V71 € N*,

we have
fn+2 + ln = fn+2 + fn+1 + fn—l
= fn+3 + fn—l

= 3fn41-

3. Properties of Fibonacci Symbol Elements

and Lucas Symbol Elements

Let n be an arbitrary positive integer, and K be a field, whose

char(K) does not divide n and contains a primitive n-th root of unity. Let

K* = K\{0}, a, b € K* and let S be the algebra over K generated by

elements x and y, where
" =a, y'=b yx=oxy.

This algebra is called a symbol algebra (also known as a power norm

residue algebra) and it is denoted by ( ;é’ Zj

>
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Let ® be a primitive root of the unity of order 3; K = Q(w) be the

a, b
K o

cyclotomic field; and S = ( j be the symbol algebra of degree 3. We

know that S has a K-basis {xiyj|0 <1, j <3} such that x® = a € K*,
n . .
Y3 =beK*' yx=oxy. Let ze S, z = Z x'ylej.
i =1
In [1], we defined n-th Fibonacci symbol element

2
Fo=1fn 1+ fpa X+ frpo "+ faig Y+ frpa - xy

2 2 2 2.2
t fnas XY+ fure YT+ fugr 1T+ fryg X7y

Let (I, ), be the Lucas sequence Iy =2, 4 =1,1,,9 =1, +1,,VneN.

We define the n-th Lucas symbol element as in the following:
2
Ly =0l 1+l X +lyyo X" +1L,3- Y+ 104 - xy
2 2 2 2,2
s X7y F e YT Ly o xyT g X7y

We remark immediately that the sequence of Fibonacci symbol elements
and the sequence of Lucas symbol elements satisfy the same recurrence

as Fibonacci sequence and Lucas sequence, that is, F,, = F,,_; + F,,_o,

Ln = Ln—l +Ln_2, VneN, n>2.

Proposition 3.1. Let (F,),., be the sequence of Fibonacci symbol

elements. Then
W) F, +F,,3 =2F, 9, Vnel;
(i) F, + Fyq =3F,.9, Vnel
Proof. (1) Using Proposition 2.1 (i), we have
Fp+ Fuug = fou 14 fraq - %+ frag %% + frug -9+ frpa - 2y
Fhus X4 fas 9 fur 0%+ frs w2

2
+ e L+ fupa X+ frois X7 + fi - ¥+ fna7 - XY
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+ v X%V + fovg - Y2+ Fuino - %+ frann - 2y
= 2fyin 1+ 2fyig %+ 2fpa - X7+ 2y -y
+ 26 XY + 2fpiq X7y + 2f g - ¥
+2f0i0 - Y% + fri10 - 227
=2F, .
In the same way, we prove (ii). O

Similarly, we obtain the following results:

Proposition 3.2. Let (F,),.q. (L, ),so be the sequence of Fibonacci

symbol elements and the sequence of Lucas symbol elements. Then
@ L, +L,,3=2L,,9, Vnel;
G) F,+ F,.6 =2L,,3, VneN;
@i L, + F,, =2F,,;, VneN;
v) F,, + L,,.9 = 2F,,4, VneN;
~v) F,.9 +L, =3F,.35, Vnel

O

n
In 1876, Lucas proved that ka = fus2 —1,Vn e N*. We explore
k=1

whether a similar result is true for the sequence of Fibonacci symbol

elements.

Proposition 3.3. Let (F),),., be the sequence of the Fibonacci

symbol elements. Then

n
DY Fy=Fyp-F, VneN.
k=1
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Proof. Using the above relations and Lucas’s result, we have

n n n n n n
2
F, = E fro +x- E fra1 + 27 E frea + - E fres + Xy E frea
s ) ) ) )

k=1

n n n n
2 2 2 2 92
+x y'ka+5 +y 'mee +xy 'kaw +x%y ’mes
=1 =1 =1 =1

= farz =142 (frag —1=f)+ 2> (frpa ~1- A - f2)

+y (fass —1-h—fo—F3)+ 2y (fare —1-fi —fo —f5 = f1)
+ 2%y (foar -1-h—fo—fs—fo = f5)

+3* (fas —1-h-f~fs—fs—fs— f5)

+xy* (foso ~1-h-fo—Ffs—fs—fs —fo — 1)

+ 22" (fasr0 —1-fi—fo—fa—fa—fs—fs —fr — f3)
=Fpn—fo-x-fy-x" fa-y-fs-xy-fo -y fr

-2 e —y®  fy - %% fio

= F,.9 — Fy.

Other old result about Fibonacci numbers is

n
fonsi = Z(Z)'kari’ Vn,ieN, n=x1
k=0

Using this relation, we obtain the following result about Fibonacci

symbol elements.
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Proposition 3.4. Let (F,),-, be the sequence of Fibonacci symbol

elements. Then

n
Fyn = > (3)-Fp ¥neN"
k=0

Proof. Using the above relations and the previous result, we have
n n n n
2
Z(Z)'Fk = Z(Z)'fk +x'Z(Z)'fk+1 +x 'Z(Z)'fmz
k=0 k=0 =0 =0
n n
+y'2(2)'fk+3 +xy'2(2)'fk+4
k=0 k=0
n n
+ xzy : Z(Z) fk+5 + y2 : Z(Z) fk+6
k=0 k=0

n n
2 2.2
+ Xy 'Z(Z)'fk+7+xy Z(g)fkﬂi
k=0 k=0

=F2n’
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