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Abstract

We consider characteristic finite difference scheme for two-dimensional RLW

equation. We prove the convergence of the format and get H L mode optimal

error estimates. This format can overcome numerical concussion and is more

easy to operate.

1. Introduction

Two-dimensional RLW (regularised long wave) equation is a form of

non-linear long wave, it can be used to describe many important physical
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phenomena, such as shallow water waves and plasma waves, etc.. In
recent decades, there are many people have studied the numerical
solution of the RLW equation. The paper [3] had studied the exact
solutions of the two-dimensional RLW equation. After that there were
many people have studied it, but the solution stability and accuracy
needs further improvement. This paper adopts the characteristic finite

difference scheme, and make convergence analysis and error analysis.
Considering the following RLW equation:
U+ Quy + By = Mlyyy — Oy, = flx, 3, 1),  (x, 3, t) e Qx[0, T], (1)
u(x, y,0) = ug(x, y), (¥, 7)€, @)
ulx, y,t)=0, (x,yt)eoQx|0,T], 3
where a, B, A, 0 are constants, and A > 0, 0 > 0, Q = (0, 1) x (0, 1).

Let

xi=ih, yj=jh, (OSi,jSN),
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Let S denote the collections function in the grids
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W™ =G 1), I = Wl + IFell™ + 15 1

1Az = D > A max {[fx, yf*; | = xi| < Bik, |y - 3;] < Rih},

L)

where R; = max {a, B}.

2. Characteristic Finite Difference Scheme

Let m =41+ o + [32, 7 1is the characteristic direction of operator

u; + ouy + Buy, then
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or mot m ox m@y;

Equations (1)-(3) are equivalent to

0
m% - xuxxt - euyyt = f(x9 y’ t)’ (x’ y, t) € Q X [O; T], (4)
u(x, Y, 0) = uO(x7 y)7 (x7 y) € Q, (5)
u(x’ Y, t) = O’ (x’ Y, t) € 0Q x [O’ T]’ (6)

the characteristic finite difference scheme of (4)-(6), define Ui" j € S

(n=1,2, -, N), satisfying

n rrn-1 n n-1 n n-1
Vij~Yij  Ysmii " Yewig o Usrii " %sii o o
At At At LJ’
U =ug(x;, y:) (8)
i,j o\Ags yJ )

where [71'3_1 = Un_l(a?i, ¥i), X = x; —0At, ¥; = y; - BAL, U Y, y) is

linear interpolation of Ui”;.l.
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3. Convergence Analysis of the Characteristic
Finite Difference Scheme

At (x;, yj,t"), Equation (4) may be rewritten as

n —n-1 n n-1 n n-1
Mig "M, Mg Mg g My " Yy
At At At
n —n-1 n n-1
u. . —Uu. . u — . .— L.
Lj i ou n XE, i, ] UKD ) n
= -—m—(x;, ¥;,¢t )—A — Uyt (X5, iyt
AL 8’r( ir Vj> )= M Al et ir Vj» )
ult _,,n-1
¥yt J y,i,J n n
—(9 Al _uyyt(xi’ yj’t ))+fi,j' )

Define n = u — U, (9) subtracting (7), we get

n n-1 n n-1
Mj = Mg Mamij ~ Nawij g Myyii “Nomii _ n (10)

At At At LJ’

n _zn-l n _,,n-1

ou n Ux,i, i~ Yax,i, j
_ - . . t _7\‘ tRd) Yy
m or (Fir 9 1) = M At

_,n-1

n
u— .. L.
= Ut (7, 95, t")) - (6 yy,z,JAt el Uyye(Xis Vjs t")).

Multiplying the above by hlzn?j,and summing on i and j, we get
n _—n-1 n n-1 n_ _ n-1
n —-n n Nxx — Naxx n Nyy ~— Nyy n n .n
- — (X - (0 =— = .
(= — ") )= o o) =0"")
(11)

Now we estimate the above

n _ —n-1
n —n n 1 n|2 _|=n-1)2
e B L ) (12)
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From [4], we get
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From the above estimations, we get
1 — 2 12 2 -1)2
A—t{lln"II o i e Ll Y i (e oVl e el

At ddu

< efn"? +At|| ?”m"lg(tn—l,tn;ﬂ)

2 ||L2(tn 1 . 12) +

+7\’At"2—at"L2(tn 1n. l2 ” 46t "LZ(tn 14n. 12)
+At" 2at "LZ(tn 1 . 12 )} (20)
So
1 2 192 2 12 2 12
a7 ™" =" P+ M = Mg+ el - el
1 4 1 o%u
< ell P+ I A A S )
kh 6 u
At " a "LZ n— 1 12) +7\/At"W"LZ n— 1 ;12)
o*u
E” ay48t "LZ(tn—l’tn;lZ) + t" a 26t ||L2(tn 1 tn 12))} (21)
Both sides of the above multiplied by A¢, then
2 -12 2 “12 2 ~142
R e i e e e e T e |
2
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+ Ah " 4at "LZ n- 1 Py ZZ) + MAL " Qat ||L2(tn 1 4. 12)
4 5 u 9 6 u
+ e(h a ||L2(tn 1 . 12) + " a ||L2(tn 1 . l2 )} (22)
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Sum n from 1 to M, we get

I = I + M2 | = A2 + o - el P
<dZ}MnH+M”W)+WWmeH% s TER, e
+ 7uh4|| 4615 "LZ(O 7502 2" 26t ”L2(O 7502)
+wm'a“uﬁOTﬂ ﬂg%ggmﬂOTﬂ>k (23

Choose suitable small A#(s.t.cAt < % ). According to its initial value

and Gronwall inequality, we get

M
[n™ 2+ A | + on2 |2

4 2

< elh*luly g g o) * Au| o)
4 2

+ant] L |@wTﬂ Pl

+ 0(h* 6”u ﬂ| 5 24)

2(0,T;1%) 2 'r2(o0,; 12

From the above estimations, we obtain:

Theorem. Assume u be the solution of (4)-(6), and Uinj be the

characteristic difference solution of (7)-(8), then for the suitable small At

and A, the following estimation founds:

JU™ = u(t, )], < c(h? + At).
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