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Abstract

In this work, we consider the sequences of right and left neighbours of indefinite
binary quadratic forms F = F(x, y) = ax? + bxy + ¢y’ of discriminant A = b2 — 4ac.
In the first section, we give some definitions and notations from binary
quadratic forms and their neighbours. In the second section, we try to determine
the sequences of right and left neighbours of some specific indefinite quadratic

forms and in the last section, we formulate the set of proper automorphisms of
them.
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1. Introduction

A real binary quadratic form F'is a polynomial in two variables x and

y of the type
F = F(x, y) = ax? + bxy + ¢)2, (1.1)

with real coefficients a, b, c. We denote F shortly by F = (a, b, ¢). The
discriminant of F is defined by the formula b? — 4ac and is denoted by
A = A(F). F is an integral form if and only if a, b, ¢c € Z, and is
indefinite if and only if A(F)> 0. An indefinite quadratic form

F = (a, b, ¢) of discriminant A is said to be reduced, if
|\/Z - 2|a|| < b < vA. (1.2)

There is a strong connection between binary quadratic forms and the
extended modular group I (see [7]). Gauss (1777-1855) defined the

group action of T on the set of forms as follows:

gF(x, y) = (ar? + brs + es® )x% + (2art + bru + bts + 2csu)xy

+ (at? + btu + cu? )y?,

for g = [’" SJ e T, thatis, gF = F(rx +ty, sx + uy). Let F; and Fy, be
t u
two forms. If there exists a g € T' such that gF, = Fy, then F; and F,
are called equivalent. If det g =1, then F; and F, are called properly
equivalent and if det g = -1, then F; and Fy are called improperly
equivalent. An element g e I is said to be an automorphism of F, if
gF =F. If detg =1, then g is called proper automorphism and if
det g = -1, then g is called improper automorphism. The set of proper
automorphisms of F is denoted by Aut™(F) and the set of improper

automorphisms of F'is denoted by Aut™ (F). A quadratic form F is said to

be ambiguous, if it is improperly equivalent to itself.
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Let p(F) denotes the normalization (it means that replacing F by its
normalization, for further details, see [1]) of (c, — b, a). To be more

explicit, we set

p(F) = (¢, —b+2cs, cs® —bs + a), (1.3)
where
. b
sign(c) L—J, for || > VA,
s =s(F) = 2d (1.4)
sign(c){b ;lgl/zJ, for || < VA.

Note that, if F is reduced, then p(F) is also reduced. In fact, p is a

permutation of the set of all reduced indefinite forms. Set
YF)=(-¢c,b-a), 7(F)=(-a, b, —c), and u(F) = (a, - b, c). (1.5)
Then
t(p(F)) = p(t)F = (- ¢, — b + 2cs, —a + bs — ¢s?).

If F is reduced, then +(F) is also reduced. If y(F)=F, i.e,
F =(a,b,—a), then F 1is called symmetricc. We assume that

F = (a, b, c¢) is indefinite and integral throughout the paper.

The cycle of F is the sequence ((Tp)i(G)) for i e Z, where

G = (k, I, m) is a reduced form with & > 0, which is equivalent to F.

Similarly, the proper cycle of F is the sequence (p'(G)) for i € Z, where

G is a reduced form, which is properly equivalent to F. The cycle and the
proper cycle of F are invariants of the equivalence class of F. We

represent the cycle or proper cycle of F' by its period Fy ~ F} ~ -+ ~ Fj_;

of length /. The cycle and proper cycle of F'is given below:
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Lemma 1. Let F = (a, b, ¢) be a reduced indefinite binary quadratic

form of discriminant A. Let Fy = F = (ag, by, ¢g),

bi+\/XJ

s; = [s(F;)| { %] (1.6)

and let
Fiip = (@i, bt ci1) = (leil, = b + 2sleil, = (a; + bis; + ¢is7)), (LD
for 1<i<1—-2. Then the cycle of F'is Fy ~F, ~ Fy ~---~ Fj_{ of
length 1. Moreover,
(1) If Lis odd, then the proper cycle of F is
Fy ~1(F) ~ Fy ~ -~ 1(Fj_p) ~ Fiq ~ 7(Fy) ~ Fy ~ -~ 7(F ),

of length 2l. In this case, the equivalence class of F is equal to the proper
equivalence class of F.

(2) If L is even, then the proper cycle of F is

Fy ~1(F) ~ Fy ~ -~ F_g ~ 7(Fj_),

of length 1. In this case, the equivalence class of F is the disjoint union of

the proper equivalence class of F and the proper equivalence class of T(F')
[1].

The right neighbour of F = (a, b, ¢) is denoted by R(F) is the form
(A, B, C) determined by the following three conditions:

(i A=c
(ii) b+ B = 0 (mod 24) and VA — 2/4| < B < VA,

(iii) B? - 4AC = A.

It is clear from definition that

0o -1
R(F)=(A, B, C) = [ ](a, b, c), (1.8)
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where

b+ B

6:
2c

1.9

For some forms F, we have R"(F)= F for some integer n > 1, but for

some forms F, we get R"(F)= R™(F) # F for integers m < n. The left
neighbour L(F') of F'is defined as

0 1

L(F) = L(a, b, ¢) = [ JR(C, b, a). (1.10)

1 0

So F' is properly equivalent to its right and left neighbour (for further
details on binary quadratic forms and their neighbours, see also [2, 3, 4,
5, 6]).

2. Sequence of Right and Left Neighbours of
Some Specific Quadratic Forms

In [8, 9], the first author considered the proper cycles of indefinite
quadratic forms and their right neighbours. He proved the following
theorem:

Theorem 1 ([8], Theorem 2.1). Let Fy ~ F; ~ --- ~ F;_1 be the cycle
of F of length | and Ri(FO) be the consecutive right neighbours of Fy for
i > 0. Then

(1) If 1 is odd, then the proper cycle of F is Fy ~ RY(Fy) ~ - ~

R?=%(F,) ~ R?"\(F,) of length 2I.
(2) If 1 is even, then the proper cycle of F is Fy ~ Rl(FO) ~ e~
RZ_Z(FO) ~ Rl_l(FO) of length 1.

Later, Tekcan et al. able to prove the following two theorems on the

left neighbours of indefinite forms:
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Theorem 2 ([10], Theorem 4). Let Fy ~ F; ~ --- ~ F;_; be the cycle of
F of length | and Li(FO) be the consecutive left neighbours of F, for
i 2 0. Then

(1) If 1 is odd, then the proper cycle of F is F, ~ L2l*1(F0) ~ e~

I*(Fy) ~ IN(Fy) of length 2.

(2) If I is even, then the proper cycle of F is Fy ~ Ll_l(FO) ~ e~

I3(Fy) ~ LN(Fy) of length L.
Theorem 3 ([10], Theorem 7). Let [ be the length of the cycle of F.
(1) If L is odd, then L!(Fy) = R (Fy) for 1 <i <2l -1.
(2) If Lis even, then L'(Fy) = R"'(Fy) for 1 <i<1[-1.

In the present paper, we will consider the sequences of right and left
neighbours of some specific indefinite binary quadratic forms F. For this

reason, let

Rp = {R'(F), R*(F), -, R*(F)} and L = {L'(F), L*(F), ---, L"(F)},
denote the sequences of right and left neighbours of F, respectively, for
some positive integers n and m. Here our main problems are:

(1) We want to determine which indefinite quadratic forms F have
one right and one left neighbour and they are same, that is, Rl(F )=
INF).

(2) Which indefinite quadratic forms F have infinitely many right and
left neighbours for which R'(F) = R’(F) for j > i and LF(F)= L™(F)
for m > k and again they are same.

(3) Is there any connection between indefinite quadratic forms F for
which RY(F) = L}(F) and R'(F) = R/(F) for j > i and LF(F) = L"(F)

for m > k?



SEQUENCES OF RIGHT AND LEFT NEIGHBOURS ... 7

(4) We want to determine the proper automorphisms of indefinite
forms F for which R'(F)= L'(F) and R!(F)= R/(F) for j>i and
[¥(F) = L"(F) for m > k.

In this section, we try to answer these problems. The following three
forms and the next three forms (which are the application to p the

previous ones) are the forms what we are looking for.

Let a,t >1 be two integers. Then, we set the indefinite quadratic

forms as
F, = (a, at, —a), Fy =(a,at,—at), and F3 = (at, at, — a). (2.1)
Then, we can give the following theorem:

Theorem 4. Fj, Fy, and F3 have one right and one left neighbour

and they are same, that is,
R}’E = LlF1 ={(-a, at, a)},
Rllg,2 = LlF2 ={(-at, at, a)},
R}"s = LIF3 ={(- a, at, at)}.

Proof. We start with Fj. For i = 0, we get from (1.8), 65 = —¢ and

hence the first right neighbour of Fj is
RY(F)) = ((1) _tl] (a, at, —a) = (- a, at, a).
For i =1, we get 8; = ¢ and hence
RY(F)) = ((1) :ltj (- a, at, a) = (a, at, —a) = Fj.

So Fj has one right neighbour. The left neighbours of F; are hence

1

IN(F) = [(1) Oj R a, at, )= (a, at, a);
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L3(F) = ((1) éj R(a, at, — a) = (a, at, —a) = F;.

So R},l = LlF1 ={(-a, at, a)}.
With the same method, we find that
RY(Fy) = (- at, at, a), R%*(F,) = (a, at, — at) = Fy,
INFy) = (- at, at, a), I*(Fy) =(a, at, —at) = Fy,
RYF3) = (- a, at, at), R2(Fy) = (at, at, —a) = Fy,
INF3) = (—a, at, at), I*(F3) = (at, at, —a) = Fj.
Therefore, R},z = Lle = {(- at, at, a)} and R}% = Lﬁ":a ={(~a,at,at);. O

For our second and third questions, let u(F') be the transformation in

(1.5). Note that

So u(a,b,c)=(a,-b,c), that is, the form (a, b, ¢) is improperly
equivalent to (a, — b, ¢). For the forms Fj, Fy, and F3 in (2.1), we set

p’(F]_) = (a7 - at, - a) = F]_*,
wFy) = (a, —at, —at) = Fy, (2.2)
w(Fs) = (at, —at, —a) = F5.

So, the answer of our third question is that the form F; is improperly

equivalent to F;" for i =1, 2, 3. In the following theorem, we will see

that
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R*(F')=RNF), RYF')=R*F),
LX(F}) = INF), LNF})=IL*F),
and they are same for i =1, 2, 3.

Theorem 5. For F, Fy, and F5, we have

RFf = LFl* ={(-q, at, a), (a, at, — a)},

RF2* = LF2* = {(_ atv at: a)7 (a’ at7 - at)}a

RFgf = LFgf ={(- a, at, at), (at, at, — a)}.

Proof. As in Theorem 4, we find that the right and left neighbours of

F' are
RYF)=(-a, at,a), R%(F')=(a, at, - a),
R*(F') = (-a, at,a) = R(F), R*F')=(a, at, -a) = R*(F'),
INMF) = (-a, at,a), L*F)-=a,at, -a),

L3(F) = (-a, at, a) = INF), LYF')=(a, at, - a) = L*(F).

So RF{‘ = LF{‘ ={(-qa, at, a), (a, at, — a)}.
Similarly, we find that
RY(Fy) = (-at, at, a), R2%(Fy)=(a, at, - at),
R3(F3) = (- at, at, a) = RY(Fy), R*(Fy)=(a, at, - at) = R%(Fy),
INFY) = (- at, at, @), L*(Fy)=(a, at, — at),

L3(Fy) = (- at, at, a) = INFy), LYFy) = (a, at, — at) = L*(Fy),
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and
RYF§)=(-a, at, at), R*(F§)=(at, at, - a),
R3(F§)=(-a,at,at)= RY(Fy), RY(F5)=(at,at,—a)=RYF3),
[NF) = (-a,at, at), I*(F3)=(at, at, - a),
L3(F3) = (- a, at, at) = LN(Fy), LYF3) = (at, at, — a) = L*(Fy).
So

RF2* :LF2* ={(-at,at,a),(a,at,-at)}, RF§" =LF§ ={(~a,at,at),(at,at,-a)},

as we wanted. O

3. Automorphisms

In this section, we will consider the proper automorphism of the

forms Fj, Fy, F5 and Fy', Fy, F5. Let & be the integer in (1.9). Set

T(3) = (j é) 3.1)

Note that T'(5) € T. Let R'(F) be the consecutive right neighbours of F
for 0 <i < N. Set

Tr,N =T(8)T(1) - T(3y-1). (3.2)
Then we can give the following two theorems:

Theorem 6 ([3], Theorem 9.4). Let F be an integral form of positive

nonsquare discriminant. Let N > 0 be the smallest positive integer such

that RN (F) = F. Then

(1) 7 N is an element of Aut®(F) of infinite order.

(2) Aut™(F) = {+(tp,n)" : m e Z}.
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Theorem 7 ([3], Corollary 9.5). Let F be an integral form of positive
nonsquare discriminant such that RN (F) = RM(F) for smallest integers
N > M. Then

Aut+(F)= {i(TF’NT},*l’M)m m EZ}

By virtue of above two theorems, we can give the following theorem

related to proper automorphisms of the forms Fj, Fy, F3 and F, Fy,

Theorem 8. For the forms Fy, Fy, F3 and F', F5, F5, we have the

followings:
1)
. m 21 t
Aut™(Fy)={+(1p 2)" : m e L}, where 1 5 = ,
’ ’ t -1
and
(TF1,2)11 (TF1,2)12
(TFl,Z )m = ’
(TF1,2)21 (TF1,2)22
where

m .
2m —1 ;
(tp,2)1 = (- ™ E ( j (2m2
e 2m — 21

R (2m =1 =i gm_1_g;
(TR ,2he = (1) Z t ,
=0

2m —-1-2i

2m —-1-2i

ma o (2m =1 - om—1-2i
(tp,2)21 = (=1) E t ,
i=0

m-1 .
m [2’” -2-1 jt2m—2—2i

=(-1
(TF1,2)22 (-1) - o — 9 — 9

1=
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for m > 1.
—t-1
@ Aut'(F) = (£ (rp, )" i e B where 15 [,
and
(TF2,2)11 (TF2,2)12
(T, 2)" = )
(TF2,2)21 (TF2,2)22
where
m .
m—l
(TRy2) = (D" Z[zm 21] ;
( ) ( 1)m+1r§ 2m-1-1 tm—l—i
T =\~ ’
B2 112 &a\2m —1-2i
om-1-i ;
(-1 m+1 tm_l,
rhaln =0 (]
I 2m -2 :
— (-1 m e l—z’
i) I
for m > 1.
-t-1
(3) Aut™(F3)={+(tp, 2)" : m e L}, where 1, 5 = ( )
and
. (TF3,2)11 (TF3,2)12
(Try,2)" = ,
(TF3,2)21 (TF3,2)22
where

(T2 = (= 1)m2[2m 2;) ™
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m-1 .
2m —-1-1 :
— (— 1 m+1 tmil,
) AR
m-—1 .
2m-1-1 ;
— (-1 m+1 ( tm—l—t’
(TF3,2)21 (-1) ; om —1— %

2m -2 -2

m-1 .
2m -2 -1 1
(r 2l = 1" Y Jim
=0

for m > 1.

(4) Aut*(F") = {i (towoth Y':ime Z},

F173 Fl*,].
where
1 -1 t
.3 R t —2-1)
and
m (TF13F1)1 (TF3F1)2
(TF1*93TF ) ’
1 (TF13F1)21 (TF3F1)2
where
m
2m 2 2 2-9
1 m 13
(TF 37 F 1 =" Z(2m 2 21] ’
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for m > 1.
+ *\ -1 m .
(5) Aut™(Fy ) = {i (TF5,3TF2*,1) tm e Z},
where
1 -1 1
T % oT = ,
F,3 51 ¢ —t-1
and
-1 -1
( )m ~ (TFg’STFg,l)ll (TF2*,3TF2*71)12
FZ 3 F -1 -1
2> (TF2*73TF2*,1)21 (TF;N?’TF;,].)QZ
where
Y om -2
1 m m-1-i
4 )
(Trg 57, LZ( —2—2zj
2m-1-1 :
-1 m+1 m—-1-1
5 = \- t 5
(TF2’3TF2*,1)12 1) Z(Qm 1- 21]
(T ) _ ( 1)m+1z m-1-1i tm—i
Fy 3 F 1 21 2m -1 - 21 ’
m-1 )
— 1 m m*l,
(TFz 3" Fy 1)22 1) Z(Zm 21)
for m > 1.

(6) Aut*(Fs ) = {i ('rF 57 F3 )m tm e Z},

where

-1 -1 t
T % T = )
F3,3 Ry 1 -t-1
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and
-1 -1
( 1 )m (TFg,STFé“,l)ll (TFg,STF.;’l)]'Z
T oT =
F3,3 F¥1 -1 -1 ’
3 3, (TF§,3TF§‘,1)21 (TF§<53TF§‘,1)22
where
m-1 .
2m -2 —1 ;
-1 m m-1-1
T o oT =(-1 t ,
(F3,3 F§,1)11 1) i=0(2m—2—2ij
m-1 .
2m -1 -1 ;
-1 m+1 m—i
(TF3,3TF§,1)12 (=1) ey (2m—1—2ij
m-1 .
2m —-1-1 ;
-1 m+1 m-1-1
T o T =(-1 Z t ,
(F3,3 F§,1)21 -1 izo(2m—1—2i)
m .
2m —1 :
-1 m m-—i
(TFP,,3TF§“,1)22 1) i=0(2m—2ij
for m > 1.

Proof. (1) We see in Theorem 4 that for the form F, = (a, at, — a),
we get 5g = — t and 3; = ¢. So from (3.2),

2 -1 t
Tr,2 = T(8)T(3;) =
t -1
Let m =1, then we obtain
—2 -1 t
(TF1,2) = = TF]_,2'
t -t

So it is true for m = 1. Let us assume that this relation is satisfied for

m — 1, that is,
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A B
(TF1,2)m_l = { ]’

C D
where
ol 2m -2 —1 :
A=(-1 m-1 t2m—2—2l,
=1 Z (Zm -2- 2i)
1=0
72 .
B = (_ 1)mm 2m -3 - l. t2m—1—2i,
2m -3 - 21
1=0
3 2m-3-i ,
C=(-1 m+1 t2m—172z,
(=1) Z 2m -3 - 21
1=0
m-2(2m -4 —1 ]
D= (_ 1)m—l Z t2m—4—21'
i=0\2m -4 -2
Then
2 -1 t (Tr, 201 (TR, 2 )12
m-—1
(tp,2)" " =
m m
t —t (TR,2)21 (TR, 2)22
Here
) 1m—l 2m -2 —1 om_9_9;
(R = (2 =) )Y (R
i=0\2m — 2 - 2i

m-2(2m -3 -1 )
it (_ 1)m Z t2m—3—21
i=0\2m -3 - 21

[(2m -2 2m -3
m th—2(_ tZ _1)+ m t2m—4(_ t2 _1)
2m - 2 2m -4

AP @Z i gjﬂm-ﬁ(— 2 1) 4 (’thz(— 2 _1)
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(2’” —3jt2m3 -t+(2m —4jt2m4 e
L 2m -3 2m -5

-1
+ (mjtm e (m jt’"‘l -t
3 1

(Zm - 2) (62 4 2m2) (2’” - 3jt2m2

2m — 2 2m — 3
= (1" + @m - 2} (£2m—4 q2m=6y @m - ?jt‘?m“* + oo
m — m —

+ (Zj (t* +12)+ (’gjtm” + (ml_ 1)tm

t2m + t2m72 + t2m72 + (2m _ 3) (t2m72 + t2m74)
+(@m—ayzms  @m =@M =3) om-a  om6)
=(-1)" _ B
CU%) | @m=5)@Em=6) om-a )

+ th” + (2 +1)+ (m - 1)t

.+w

2m — 3 m+1
+ 2m6 oy 2 +1
2m — 6 2
_ mm 2m -1 2m-—2i
- )"y
o 2m — 21

The other cases (Tp o), (TR, 2)51, and (Tg o)y can be proved
similarly.

(2) and (3) can be proved similarly.
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(4) For the form F = (a, —at, —a), we obtain the following table:

i 0 1 2 3
a; a - a a -a
b; —-at at at at
c; -a a -a a
5; 0 t -t

Here R3(Fy') = RY(F'). So N = 3 and M = 1. Therefore,
—t -1 0 Nt (0 -1
F.3 *
! t? +1 t AL | 0 1 0

So

-1 ¢

-1
T oT =
Fl 73 Fl*’l ¢ —t2 _1

by Theorem 7. Again, it can be proved by induction on m that

-1 m (TFI*’3T;‘]1;<,1)11 (TF1*73T;‘1*,1)12
(TgsTpe,) = 1 1
v (TFF,3TF1*,1 o1 (TF1*,3TF1*,1 Joz
where
m-1 .
(TFI*:3T;'},1 h = 1)m2[22n21—_22—_2lijt2m_2_2i’
=

m-1 .
( 2m—1-1 jth—l—Zi

-1 m+1
% =(-1
(TFl,2)>T1f71*,1)12 (-1) ; 2m-1-2i

—

m—

2m -1 -1 ;
-1 m+1 2m-1-2i

X =(-1 t R
(TFI ,3TF1*,1 Jor = (=1) z [Zm -1- ZJ

1=
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m .

2m —1 ;

-1 m 2m—2i

« = |- ]_ t )
(TFl 3T Joz = (= 1) ;(Zm - ZiJ

for m > 1.

(1]

(2]

(3]
(4]

(5]

(6]

(7

(8]

(9]

(10]

(5) and (6) can be proved similarly. O

References

J. Buchmann and U. Vollmer, Binary Quadratic Forms: An Algorithmic Approach,
Springer-Verlag, Berlin, Heidelberg, 2007.

D. A. Buell, Binary Quadratic Forms, Classical Theory and Modern Computations,
Springer-Verlag, New York, 1989.

D. E. Flath, Introduction to Number Theory, Wiley, 1989.

R. A. Mollin, Quadratics, CRC Press Series on Discrete Mathematics and its
Applications, CRC Press, Boca Raton, FL, 1996.

R. A. Mollin, Fundamental Number Theory with Applications, Second Edition,
Discrete Mathematics and its Applications (Boca Raton), Chapman & Hall/CRC,
Boca Raton, FL, 2008.

R. A. Mollin, Advanced Number Theory with Applications, CRC Press, Taylor and
Francis Group, Boca Raton, London, New York, 2009.

A. Tekcan and O. Bizim, The connection between quadratic forms and the extended
modular group, Mathematica Bohemica 128(3) (2003), 225-236.

A. Tekcan, Proper cycle of indefinite quadratic forms and their right neighbours,
Appl. Math. 52(5) (2007), 407-415.

A. Tekcan, A second approach to the proper cycles of indefinite quadratic forms and
their right neighbours, Int. Journal of Contemporary Math. Sci. 2(6) (2007),
249-260.

A. Tekcan, A. Ozko¢ and I. N. Cangiil, Indefinite quadratic forms and their
neighbours, AIP Conf. Proc. Numerical Analysis and Applied Mathematics 1281
(2010), 1102-1105.

|



