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Abstract 

In this paper, we study the stability properties of the perturbed family 

[ ] ,: xCBAx ∆+=∑∆
�  when ( ) ( ) AqlLCBA ql ,,,,, ,,2


+∈∈ ZR  is a Hurwitz-

stable matrix, 0,0 ≠≠ CB  are given matrices specifying the structure of the 

perturbation, ql×∈∆ R  represents the uncertainty of the perturbation; applying a 
theorem proved by Barabanov (see [1]). We obtain the explicit expressions for the so 
called auxiliary Barabanov’s systems. We also state a way in order to find the 
stability radius of the perturbed matrix A. 
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1. Introduction 

Consider a family of systems of differential equations, namely, let 

( ) ( ) ,:,, ,,
nqlnnn

qlnLCBA ××× ××=∈ RRRR  where A is a Hurwitz-stable 

matrix, i.e., the spectrum of A is contained in the open left complex semi-
plane. 00 ≠≠ CB ,  are given matrices specifying the structure of the 

perturbation, ., 
+∈ Zql  We consider for each matrix ,ql×∈∆ R  the 

system 

[ ] ,: xCBAx ∆+=∑∆ �  

and consider for each positive number r, the differential inclusion 

( ) {[ ] },,::: rxCBAxFx ql
rr ≤∆∈∆∆+=∈∑ ×R�   (1.1) 

where ⋅  is some norm on the matrix space .ql×R  

Following ([6], [7], [4]), we define the real stability radius of the 
matrix A for linear time-varying perturbations of structure ( )CB,  as 

( ) { }.stableallyasymptoticnotis:0inf,,, rt rCBAr ∑>=−
R   (1.2) 

An upper bound for the time-varying stability radius (1.2) is the 
number 

( ) { ( ) },0,:inf,, /≠∆+σ∈∆∆= +
×− CRR ∩CBACBAr ql   (1.3) 

where ( ){ }0: ≥λ∈λ=+ eℜCC  and ( )Mσ  denotes the spectrum of the 

matrix M. 

In the paper [8], it is presented a formula for the calculation of the 
number 

( ) ( ) ( ),,,,,, ,, RR qlnLCBACBAr ∈−  
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in the case when the perturbations ∆  are measured with the spectral 

norm. Interesting results concerning stability radii ( )CBAr t ,,,
−
R  and 

( )CBAr ,,−
R  are obtained in the papers [2], [3], [4], [5], [9], [10]. In this 

work, our final goal is to study the stability properties of the family (1.1) 

when ( ) ( ) ,,,,, ,,2

+∈∈ ZR qlLCBA ql  via the number ( ),,,, CBAr t

−
R  

using a theorem obtained by Barabanov (see [1]) about the stability of a 
differential inclusion. 

The present note is organized as follows. In Section 2, the 
Barabanov’s theorem is presented, then in Section 3, this theorem is 
applied to the differential inclusion (1.1). We assign to each triple 
( )CBA ,,  two systems, which are in some sense extremes for the 

differential inclusion (1.1). These systems will be called auxiliary 
Barabanov’s systems. In Section 4, we give the expressions of the 
auxiliary Barabanov’s systems as explicit function of the data ( )CBA ,,  

and the positive parameter r. Section 5 presents some examples for which 
we calculate the explicit forms of the auxiliary Barabanov’s systems. 

2. The Barabanov’s Theorem 

In this section, because of the importance for our work, we present a 
result obtained by Barabanov and published in [1]. 

To each vector ,2R∈z  we associate a convex, closed, and bounded 

set ( )zF  of vectors of ,2R  so that ( )zF  depends continuously of 

( )zFz ∈/0,  for ( ) { }.00,0 =≠ Fz  

If ,0≠z  we denote by ( )zP +  the closed half plane with boundary 

line { }R∈αα= zL  and such that it contains the counterclockwise 

rotations of the radius vector Oz with angle less than .π  Also, let be 

( )zP −  the closure of ( ).\2 zP +R  

We introduce the following notations: 
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( ) ( ) ( ) { ( ) },, 2 ∅≠∈== ++++ zFzDzPzFzF R∩  

( ) ( ) ( ) { ( ) }., 2 ∅≠∈== −−−− zFzDzPzFzF R∩   (2.1) 

It is easy to see that 

{ ( ) ( )},,,0 212112
2 zFfffzfzfzD ∈=>−∈=+ R  

{ ( ) ( )}.,,0 212112
2 zFfffzfzfzD ∈=<−∈=− R   (2.2) 

Define on +D  and ,−D  respectively, the applications 

( )
( )

( ) ,,maxarg f
zfzf

zFf +∈

+ =  

( )
( )

( ) ,,maxarg f
zfzf

zFf −∈

− =   (2.3) 

and we consider the differential inclusion 

( ),zFz ∈�   (2.4) 

and the differential equation systems 

( ),zfz +=�  

( ).zfz −=�   (2.5) 

It is assumed that ( )zF  satisfies the following conditions: 

(a) There exists 0>δ  such that, for every 0≠z  and ( ),zFf ∈  there 

exist ,0,0 21 ≥µ≥µ  such that 1
21

−δ<µ+µ<δ  and ( ) zzff 21 µ−µ= +   

or ( ) .21 zzff µ−µ= +  

(b) There exists 0>δ  such that, for every ,0,0 >λ≠z  and 

( ),zFf ∈  can be found R∈µ  and ( ),1 zFf λ∈  such that 1−δ<µ<δ  

and .1 ff λµ=  
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The condition (a) means that the set ( )zF  is contained in the union of 

two closed cones with border rays { ( )} { }zzf λ−λ + ,  and { ( )} { };, zzf λ−λ −  

with .0>λ  The condition (b) is a certain generalization of a positive 
homogeneity property of the function F. When this is true, the global 
asymptotic stability of inclusion (2.4) is equivalent to convergence to the 
origin of coordinates of all solutions. 

Under the conditions imposed on ( )zF  is valid the following result: 

Theorem 1. For global asymptotic stability of inclusion (2.4) is 
necessary and sufficient that the systems (2.5) be globally asymptotically 
stable. 

Proof. For the proof, see [1].  
 

3. Application of the Barabanov’s Theorem 

In the following, we consider for matrices qlM ×∈ R  the Frobenius 
norm, which will be denoted by ,FM  and for vectors m the 2-norm, 

which will be denoted by .m  Furthermore, we will use the notation 

,,, jiii mMM   respectively, for the i-th row, the i-th column, and the 

elements of the matrix M. 

In the work [10], it is presented the following formula for the 

computation of the stability radius ( ),,, CBAr−R  when the size of the 

perturbation is measured by the Frobenius norm, for arbitrary  
( ) ( ),,, ,,2 RqlLCBA ∈  

( ) ,
det4

det2,min,,
242 













µ−+

−
=−

AEE

A
CB

AtrCBAr

FF
F

R   (3.1) 

where ( ) ( ),detdet,
1112

2122 CCBBC
aa
aa

BE TTTT =µ




−

−
=  and so we can 

calculate this bound without difficulties. For the determination of the 
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number ( ),,,, CBAr t
−
R  we must investigate the asymptotic stability of the 

differential inclusion r∑  for ( ( )).,,,0 CBArr −∈ R  From the definition of 

the set ( )xFr  in (1.1), and from the inclusion ( ( )),,,,0 CBArr −∈ R  there 

are deduced immediately, following the ideas of Barabanov, the 
properties for ( )xFr  (see, for example, [6]): 

(1) ( )xFr  is a convex, closed, and bounded subset of the plane for all 

;2R∈x  

(2) ( )xFr  depends linearly on x; 

(3) ( ) ( )xFF rr ∈/= 0,00  if ;0≠x  

(4) ( ) ( ),xFxF rr λ=λ  if ;, 2RR ∈∈λ x  

(5) ( ),xFx r∈/λ  for all 0≠∈ xx ,2R  and .0≥λ  

We now define for each ,2R∈x  the sets of points of 2R  

( ) { ( ) ( ) },0:, 211221 <−∈==+ fxfxxFfffxF r
T

r  

( ) { ( ) ( ) },0:, 211221 >−∈==− fxfxxFfffxF r
T

r  

and consider for each ,2R∈x  the optimization problems 

( )







∈
+

+
=

+ ;:tosubject

,,maximize
2
2

2
1

2211

xFf
ff

xfxf
f
xf

r

  (3.2) 

and 

( )







∈
+

+
=

− .:tosubject

,,maximize
2
2

2
1

2211

xFf
ff

xfxf
f
xf

r

  (3.3) 
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Note that the vector starting in x and directed to the origin of coordinates 

does not belongs to the sets ( )xFr
+  or ( ).xFr

−  

In the following, we denote by ( )xfr+  and ( )xfr−  the solutions of the 

problems (3.2) and (3.3), respectively, and consider the differential 
equation systems 

( ),xfx r
+=�   (3.4) 

( ),xfx r
−=�   (3.5) 

which are defined, respectively, on the regions 

{ },0:2 /≠∈= ++
rr FxD R  

{ }.0:2 /≠∈= −−
rr FxD R  

The properties (1)-(5) mentioned above for ( )xFr  allow us to apply 

the theorem of Barabanov. Due to this result, we can guarantee the 
asymptotic stability for the differential inclusion r∑  if and only if the 

corresponding systems (3.4) and (3.5) are asymptotically stable (a.s.). 

Hence taking into account, the definition of the number ( ),,,, CBAr t
−
R  

and the fact that ( ) ( ),,,,,, CBArCBAr t
−− ≤ RR  we conclude that 

( ) { ( ( )] :,,,0inf,,, CBArrCBAr t
−− ∈= RR  at least one of the (3.6) 

systems (3.4) or (3.5) is not a.s.}. 

In the following, we will refer to the systems (3.4) and (3.5) as 
Barabanov’s auxiliary systems associated with the triple ( ).,, CBA  In 

the next section, our goal is to obtain the explicit expressions of the 
Barabanov’s auxiliary systems in terms of the data ( ).,, CBA  
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4. Expressions for the Barabanov’s  
Auxiliary Systems 

In this section, we solve the optimization problem (3.2) in order to 
obtain the explicit expression of the Barabanov’s system (3.4). By 
analogy, we obtain also the corresponding expression for the other 
Barabanov’s system (3.5). 

For a given ,2R∈x  let ( ) ( )., 21 xFfff r
T +∈=  Then according to 

(1.1), we have that 













∆+=

∆+=

∑

∑

=

=

,

,

1
222

1
111

ii

q

i

ii

q

i

xCBxAf

xCBxAf





  (4.1) 

i.e., ( )xf r
+  has components given by expressions (4.1), with matrix 

,ql×∈∆ R  which is a solution of the extreme problem 

















<−

≤δ=∆

+

+
=

∑∑
==

.0

,:tosubject

,,maximize

2112

22

11

2

2
2

2
1

2211

fxfx

r

ff

xfxf
f
xf

ij

q

j

l

i
F   (4.2) 

Lemma 2. Let ( ) ( ) ,:,, 2222
,,2

××× ××=∈ ql
qlLCBA RRRR  where A 

is a stable matrix, ( ( ))CBArrCB ,,,0,, −∈≠≠ R00  and .+∈ rDx  For 

the optimization problem (4.2), there exists an optimal solution l .l q×∆ ∈R  
Furthermore, 0=∆  is not an optimal solution for this problem. 

Proof. Let ( ) ( )xFfff r∈= 21
~,~~  such that .0~~

2112 =− fxfx  Then, it is 

easy to see that the angle (positive) from vector x to vector ,~f  that we 
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denote by ( ),~, fx∠  is .π  On the other hand, we can write, for each vector 

( ),xFf r
+∈  

,cos,
θ= xf

xf  

( ) .0,, π≤θ≤∠=θ fx  

From above, we have 

,~
,~,
f

xf
f
xf

≥  

for all ( ).xFf r
+∈  This proves that we can substitute the second 

restriction of the problem (4.2) by the inequality ,02112 ≤− fxfx  

obtaining no change in the solution of the problem, since we consider 

0≠x  with ( ) ;0/≠+ xFr  and by the geometric meaning of the solution of 

problem (4.2) that vector cannot be directed to the origin. Then by the 
continuity of the objective function and the compacity of the restriction 
set, we conclude that for the problem (4.2), there exists an optimal 

solution l .l q×∆ ∈R  

Derivating the objective function and evaluating for ,0=∆  it is 

obtained that 

[ ( )].,
2112 xAbxAbxCsignf

xfsign iij
ij

 −−=
δ∂
∂

=∆ 0
 

Thus for ,+∈ rDx  there exist { } { },,1,,1 qjli ∈∈  such that 

,0,
≠

δ∂
∂

=∆ 0f
xf

ij
 

because the point +∈ rDx  cannot belong to all the lines ,0=xC j  

,,1 qj =  and .,1,02112 lixAbxAb ii ==−   Hence the matrix ,0=∆  
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which is in the interior of the restriction set, does not satisfy the 
necessary condition of extremum and so it is not a solution of the problem 

(4.2). 
 

The problem (4.2) is a non-linear programming problem with 

variables { } { }.,1,,1, qjliij ∈∈δ  The corresponding auxiliary Lagrange 

function is 

( ) .,, 22

112
2

2
1

2211
00 













−δλ+

+

+
λ=λλ∆ ∑∑

==

r
ff

xfxf
ij

q

j

l

i
L  

Let +∈ rDx  and let be l l( ) { } { }1, , 1,ij i l j q∈ ∈
∆ = δ  a maximum point of the 

problem (4.2). Then, there exist Lagrange factors ,,0 λλ  not both zero, 

such that 

(i) ;0,00 ≥λ≤λ  

(ii) l( )0, , 0;∆ ∆ λ λ =L  

(iii) l 22

1 1
0.

ql

ij
i j

r
= =

 
 λ δ − =
 
 
∑∑  

Writing (ii) in an explicit way, we obtain 

( )
( ) ( ) ,0221122112232

2
2

1
0 =λδ+−−

+
λ ijii

j fbfbfxfx
ff

xC    (4.3) 

,,1,,1 qjli ==  

so, l , 1, , 1, ,ij i l j qδ = =  is a solution of the system (4.3). 

Note that if ,00 =λ  then l 0, 1, , 1, ,ij i l j qδ = = =  is the unique 

solution of the system (4.3), which according to Lemma 2 is not a solution 
of the problem (4.2). So in the following, we can take .10 −=λ  
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Note also that we can consider that the elements of the first row of 
the matrix C are not all equal to zero. If this row is null, then we can 
eliminate it of C and also the first column of the disturbance matrix ∆  
without changes in the expression of 1f  and .2f  

Let ( ) { } { }qjliij ,1,,1 ∈∈δ=∆  be a solution of the system (4.2), then we 

have that 

,
11 xC

xC j

i

ij



=
δ
δ

 

for { } { },,1,,1 qjli ∈∈  and x not belonging to the line .01 =xC   Hence 

,,,1,1
1

qjxC
xC j

j …=∆=∆ 



   (4.4) 

for x out of the line ,01 =xC   and so the solution ∆  of the system (4.3) 

has the form 

.,,, 1
1

1
1
2

1 







∆∆∆=∆ 









 xC

xC
xC
xC q…   (4.5) 

The expression (4.5) shows that in order to calculate the solution ∆  of 
the system (4.3), it is sufficient to solve the subsystem of (4.3) with 
respect to the components of the first column ,1∆  which can be written 

as 

,,1,012112 lifbfb iii ==δΛ+−   (4.6) 

where 

( )
( ) .2

21121

232
2

2
1

fxfxxC
ff
−

+λ−
=Λ


  (4.7) 

On the other hand, according to (4.1) and (4.5), the vector 

( )xCBAf ∆+=  ( )xFr
+∈  takes the form 
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( ) ,1∆ϕ+= BxAxf   (4.8) 

where 

( ) .
1

2

xC
Cxx


=ϕ   (4.9) 

If we put now in the system (4.6) the components 1f  and 2f  of the vector 

f given by the expression (4.8), we obtain 

( ) .0111
1

111
1

22112 =δΛ+











δ−δϕ+− ∑∑

==
ikk

l

k
ikk

l

k
iii bbbbxxAbxAb    (4.10) 

The following notations: 

( )

( ) ( ( ) ( ))

( ) ( [ ])











===

−=γγ=γ

=−=γ

,,1,,,det:~~

,:,,

,,1,:

12211

2112

ljiBBbB

xBAxBAxxx

lixAbxAbx

jiij

TTT
l

iii







…   (4.11) 

allow us to write the system (4.10) in the form 

( )[ ] ( ).~
1 xBxIl γ−=∆ϕ−Λ    (4.12) 

It is clear that ( ) 0=γ x  only if 0=x  or on the straight line −TxBA  21  

,12 0=TxBA   and the last case may take place only if ( ) .1=Brk  For the 

rest of points of the phase plane is ( ) .0>γ x  

Note that Λ  given by (4.7) is a real function of the entries ijδ  of the 

matrix ∆  and of the Lagrange multiplier .0≥λ  So to find the solutions 
of the system (4.12) for all ,0≥λ  we can consider Λ  as a number (no 

depending on ijδ  and λ ) equal to zero or of the same sign than the 

number .1 xC   

From the application of the necessary condition to the optimization 
problem (4.2) given above, we conclude that the following lemma holds: 
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Lemma 3. Let ( ) ( ),,, ,,2 RqlLCBA ∈  where A is a stable matrix, 

( ( ))CBArrCB ,,,0,, −∈≠≠ R00  and .+∈ rDx  If l∆  is a point of 

maximum of the problem (4.2), then it is given by expression (4.5), where 
l 1∆  is a solution of the system (4.12) for some number Λ  such that 0=Λ  
or sign .1 xsignC =Λ  If ,0≠Λ  then 

l 2 2.F r∆ =  

Furthermore, the vector ( l ) ( )rf A B C x F x+= + ∆ ∈  is obtained substituting 

l 1∆  in expression (4.8). 

In the following, we state some auxiliary lemmas in order to 
investigate the algebraic linear system (4.12) for 0=Λ  and Λ  such that 

.signsign 1 xC =Λ  

Lemma 4. Let ( ) ( ),,, ,,2 RqlLCBA ∈  where A is a stable matrix. With 

the notations (4.9) and (4.11), it is true that 

(1) ;~
1

2 TT BBB µ−=  

(2) ( ) ( );~
1

2 xxB γµ−=γ  

(3) ;
01
10~

1 




−

µ=TBBB  

(4) ( )[ ] [ ( )],~det 2
1

22 xBxI l
l ϕµ+ΛΛ=ϕ−Λ −  

where 

( ).det~2

1,,1
1

T
ji

l

j
ji

li
BBb ==µ ∑∑

=
<

= …
  (4.13) 

Proof. The assertions are a direct consequence of the definitions and 
straightforward calculations, which had been done in [10]. 
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Lemma 5. Let ( ) ( ),,, ,,2 RqlLCBA ∈  where A is a stable matrix, 

+∈ rDx  and ( ( )).,,,0 CBArr −∈ R  The system (4.12) with unknown 1∆  

in the case 0=Λ  is compatible if and only if 01 ≠µ  and then the 

solution set is 

( ) ( ) .~ker:~1
00

1
1 






 ∈γγ+γ

ϕµ
−=∆= BxBxS   (4.14) 

Furthermore, 

( ),,, CBArF
−≥∆ R   (4.15) 

for all ∆  given by expression (4.5) with .1 S∈∆  

Proof. In this case, the linear system (4.12) is 

( ) ( ),~
1 xBx γ=∆ϕ    (4.16) 

and matrix ( )Bx ~ϕ  has, according to the assertion (4) of Lemma 4, 

determinant equal zero. 

If ,01 =µ  then by definition (4.13) is 0=B~  and the system (4.16) is 

incompatible because is ( ) 0≠γ x  for .+∈ rDx  

If ,01 ≠µ  then applying the assertion (2) of Lemma 4, we obtain 

( ) ( )[ ] ( ) ( ) ( ) ( ),~~~
1

2 xxxBxxBBx γϕµ−=γϕ=γϕ  

and so the system (4.16) is compatible because 

( ) ( ),~1
1

1 xBx γ
ϕµ

−=∆  

it is a particular solution, which implies that the solution set of this 
system is given by (4.14). 

On the other hand, if we put S∈∆ 1  in expression (4.8) and taking 

into account (4.5), we obtain 
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( ) ( )
( ) ,

~
0

1








γ+

ϕµ
γ−ϕ+= x

xBBxAxf   (4.17) 

consequently, when we calculate 2
F∆  as 

( )

( ) ( )
( )
( ) .

~
2

0

2

12
1

2
2

12
1

2

1

2













γ+
ϕµ
γ=∆=∆ ∑

=
x
xB

xC
Cx

xC

xCj
q

j
F






   (4.18) 

But from assertion (1) of Lemma 4, it follows that BBB 1
2~ µ−=  and so, 

as ,~ker0 B∈γ  it is obtained that 

,0~1
0

2
1

0 =γ
µ

−=γ BBB   (4.19) 

and 

( ) [ ] .~~~~
12211221
TTTT BBxBABBxBAxBAxBABBxBB  −=−=γ  

Hence, by making use of assertion (3) of the Lemma 4, it is obtained 

( ) .
1

0

0

1~
12111 AxxAxAxBB µ=















−
µ−














µ=γ    (4.20) 

The substitution of the expressions (4.19) and (4.20) in (4.17) give us 

.0=f   (4.21) 

The equality (4.21) implies that for the matrix ∆  given by expression 
(4.5) with 

( ) ( ) ,~1
0

1
1 γ+γ

ϕµ
−=∆ xBx  

the corresponding system 

( ) ,yCBAy ∆+=�  

is not a.s. and so by the definition (1.3) is ( ),,, CBArF
−≥∆ R  which 

proves the statement (4.15) of the lemma. 
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From the above lemma, the case 0=Λ  does not give us a possible 
solution ∆  of the extreme problem (4.2). However, we can use it to obtain 
an inequality, valid in general for each triple ( ) ( ).,, ,,2 RqlLCBA ∈  

Corollary 6. For each triple ( ) ( ) ( ( ))CBArrLCBA ql ,,,0,,, ,,2
−∈∈ RR   

and each x such that ( ) ,0≠γ x  we have that 

( ) .02
1

22 >µ−γ Cxrx  

Proof. If ( ) ,1=Brk  then 01 =µ  and the inequality to prove is 

evident. If ( ) 2=Brk  is .01 ≠µ  Let ∆  be the solution of the system 

(4.16). If we use the expression (4.18) for 00 =γ  and the inequality 

(4.15), taking into account the assertion (1) of Lemma 4, the definition 

(4.9) of ( ),xϕ  and the expression (4.11) for matrix ,~B  we obtain 

( )
( ) ( )

( )
( ) ( )

2
1

22
1

2

2
1

2
2

~

Cx
xx

x
xBx

xC
Cx TT

F
µ

γγ
=

ϕµ

γγ=∆


 

[ ( )] ,,, 22 rCBAr >≥ −
R  

which proves the statement of the corollary. 
 

Lemma 7. Let ( ) ( ),,, ,,2 RqlLCBA ∈  where A is a stable matrix, 

( ( )).,,,0,,, CBArrDxCB r
−+ ∈∈≠≠ R00  For each number ,Λ  such 

that ,1 xsignCsign =Λ  the system (4.12) has a unique solution 

( )[ ] ( )
( )

,
~
2

1
21

x
xBxIl

ϕµ+Λ

γϕ+Λ
−=∆   (4.22) 

which gives according to the expression (4.5), a matrix ∆  that satisfies the 
stationary condition of the optimization problem (4.2). For such matrix ,∆  

it holds that 

,22 rF =∆   (4.23) 
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only in the case when 

( ) .2
1

22
1

CxrxxrC
Cx

µ−γ=Λ


  (4.24) 

Proof. As ,0≠Λ  the assertion (4) of Lemma 4 shows that 

( )[ ] ,0~det ≠ϕ−Λ BxIl  

and so the solution of the system (4.12) is unique. 

On the other hand, we have 

( )[ ] ( )[ ] ( ) ( )[ ] ( )xBxIxBxIBxI lll γϕ−Λ=γϕ+Λϕ−Λ 222 ~~~  

[ ( )] ( ),2
1

2 xx γϕµ+Λ=  

equality that shows that the solution 1∆  of the system (4.12) is given by 

expression (4.22). 

If we put this expression of 1∆  in (4.5), we obtain a matrix ∆  such 

that 

( )

( )
2

12
1

2

1

2




 ∆=∆ ∑
= xC

xCj
q

j
F  

( )
( ) ( )[ ] ( )[ ] ( )

[ ( )]22
1

22
1

2 ~~

x
xBxIBxIx

xC
Cx ll

T

ϕµ+Λ

γϕ+Λϕ−Λγ
=



 

( )
( ) ( )

( )
,2

1
22

1

2

x
xx

xC
Cx T

ϕµ+Λ

γγ
=



 

from what, taking into account the statements of the Corollary 6, it 
follows that the matrix ∆  satisfies (4.23) if and only if Λ  is given by the 

expression (4.24). 
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Theorem 8. Let ( ) ( ),,, ,,2 RqlLCBA ∈  where A is a stable matrix, 

( ( )).,,,0,, CBArrCB −∈≠≠ R00  For each point +∈ rDx  such that 

( ) ,0≠γ x  the vector ( ),xfr+  which corresponds to the maximum point of 

the problem (4.2) has the expression 

( )
( )

( ) ( )[ ],,2
1

2

2
xBrxAx

x
xfr γα−

ϕµ+Λ

Λ=+   (4.25) 

where 

( ) ( )

( )
,,

2
1

22 Cxrx

Cxrxrx
µ−γ

=
Λ

ϕ=α   (4.26) 

and Λ  is given by (4.24). 

Proof. Lemmas 5 and 7 show that there is a unique value of Λ  given 
by (4.24) such that the corresponding system (4.12) has a solution that 
satisfies the restrictions of the problem (4.2). For such ,Λ  the solution 

1∆  of the system (4.12) is unique (it is given by (4.22)) and so according 

to Lemma 3, there is a unique possible point of maximum for the problem 
(4.2). But Lemma 2 states that the problem (4.2) has a maximum point 

and so the unique maximum point l∆  is obtained putting in (4.5) the 
solution 1∆  of (4.12). Only rest to put 1∆  in the expression of f given by 

(4.8) to obtain the sought vector ( ).xfr+  
 

By analogy, we obtain the expression of the function ( ).xfr−  It is given 

in the theorem below: 

Theorem 9. Let ( ) ( ),,, ,,2 RqlLCBA ∈  where A is a stable matrix, 

( ( )).,,,0,, CBArrCB −∈≠≠ R00  For each point −∈ rDx  such that 

( ) ,0≠γ x  the vector ( ),xfr−  which gives the solution of the problem (4.2), 

in the case when ( ) ( ),, 21 xFfff r
T −∈=  has the expression 
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( )
( )

( ) ( )[ ],,2
1

2

2
xBrxAx

x
xfr γα+

ϕµ+Λ

Λ=−   (4.27) 

where ( )rx,α  is given by (4.26) and Λ  by (4.24). 

The expressions (4.25) and (4.27) have sense for all 

( ( ))CBArr ,,,0 −∈ R  in each point of the phase plane, although +∈ rDx  

or .−∈ rDx  

Now, we define the vector functions 

( ) ( ) ( ),, xBrxAxxgr γα−=+   (4.28) 

( ) ( ) ( ),, xBrxAxxgr γα+=−   (4.29) 

and consider the systems 

( ),xgx r
+=�   (4.30) 

( ).xgx r
−=�   (4.31) 

From the expressions (3.6), (4.25), and (4.27) and the definitions 

(4.28), (4.29) of the functions ( )xgr
+  and ( ),xgr

−  taking into account that 

the systems (3.4) and (3.5) are a.s. if and only if the systems (4.30) and 
(4.31) have this property, we conclude that 

( ) { ( ( )] theofoneleastat:,,,0inf,,, CBArrCBAr t
−− ∈= RR  

systems (4.30) or (4.31) is not a.s.}.  (4.32) 

Remark. In order to study the stability properties of the family of 

systems of differential equations (1.1), via the number ( )CBAr t ,,,
−
R  

defined by (4.32), it is sufficient to study the stability properties of the 
systems (4.30) and (4.31), and we can obtain the analytic expressions for 
these systems: the Barabanov’s auxiliary systems. 
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5. Examples 

In this section, we give some triples ( ) ( ),,, ,,2 RqlLCBA ∈  and for 

them, we obtain the corresponding Barabanov’s auxiliary systems. 

Example 10.  

.

10

01

12

;
001

210
;

02

25





















−

=












 −
=













 −−
= CBA  

For this triple ;51 =µ  the vector ( ) [ ];2 2121 xxxxCx T −+=  the vector 

function ( ) [ ].4225 1121 xxxxxT −−−=γ  

The vector ( )( ) [ ].2520 211 xxxxB T −−−=γ  So, the corresponding 
Barabanov’s auxiliary systems (4.30) and (4.31), respectively, are 

( )
( ) ( )

;
,22,5
25,10

2

1

2

1












α+α
−−α

=





x
x

rxrx
rx

x
x
�
�

 

( )
( ) ( )

;
,22,5

25,10
2

1

2

1












α−+α−
−−α−

=





x
x

rxrx
rx

x
x
�
�

 

with ( )
( )

.
245542020

245, 2
221

2
1

22
221

2
1

2
221

2
1

xxxxrxxxx
xxxxrrx

++−++

++
=α  

Example 11. 

.

01

11

11

;
30

01
;

23

02





















−−=













=















−−

−
= CBA  

For this triple ;91 =µ  the vector ( ) [ ];12121 xxxxxCx T −−+=  the 

vector function ( ) [ ];623 121 xxxxT −+=γ  the vector ( )( ) [ 13xxB T =γ  
].182 12 xx −+  So, the corresponding Barabanov’s auxiliary systems 

(4.30) and (4.31), respectively, are 
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( ) ( )
( )

;
23,18

,32,3
2

1

2

1












−−α
α−−α−

=





x
x

rx
rxrx

x
x
�
�

 

( ) ( )
( )

;
23,18
,32,3

2

1

2

1












−−α−
α−α

=





x
x

rx
rxrx

x
x
�
�

 

with ( )
( )

.
243941245

243, 2
221

2
1

22
221

2
1

2
221

2
1

xxxxrxxxx
xxxxrrx

++−++

++
=α  

Example 12. 

.
2

0

0

1
;

1

0

1

1

0

1
;

1

0

1

1














=















−

−
=















−

−
= CBA  

For this triple ;31 =µ  the vector ( ) [ ];2 21 xxCx T =  the vector function 

( ) [ ];1221 xxxxxT −+−=γ  the vector ( )( ) [ ].2 2121 xxxxxB T −−+−=γ  

So, the corresponding Barabanov’s auxiliary systems (4.30) and (4.31), 
respectively, are 

( ) ( )
( ) ( )

;
1,1,

,21,
2

1

2

1












−α+α
α−−α

=





x
x

rxrx
rxrx

x
x
�
�

 

( ) ( )
( ) ( )

;
1,1,

,21,
2

1

2

1












−α−+α−
α−α−

=





x
x

rxrx
rxrx

x
x
�
�

 

with ( )
( )

.
43222

4, 2
2

2
1

22
221

2
1

2
2

2
1

xxrxxxx
xxrrx

+−+−

+
=α  

Conclusion: In each of the above examples, once we have found the 
expressions for the Barabanov’s auxiliary systems, we note that those 
systems are not linear and that we must study the stability properties of 

the solution of each in order to obtain the number ( )CBAr t ,,,
−
R  and with 

it a full characterization of the family of systems (1.1) in the case when 

2=n  and 
+∈ Zql,  are arbitrary. 
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