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Abstract 

In this paper, we consider the problem of minimizing a convex separable 
exponential function over a feasible region defined by a linear equality constraint 
and box constraints (bounds on the variables). Problems of this form are 
interesting from both theoretical and practical point of view because they arise in 
some mathematical optimization problems as well as in various practical 
applications. Algorithms of polynomial computational complexity are proposed for 
solving problems of this form and their convergence is proved. Some examples and 
results of numerical experiments are also presented. 

1. Introduction 

Consider the following convex separable program with an exponential 
objective function, linear equality constraint, and bounded variables: 



STEFAN M. STEFANOV 108

(CSE) 

( ) ( ) ( )



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
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

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−≡≡ −

∈∈
∑∑ 1xmin jjxm
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subject to 

,α=∑
∈

jj
Jj

xd   (2) 

,, Jjbxa jjj ∈≤≤   (3) 

where ( ) ,x,,0,0,0 Jjjjjj xJjdms ∈=∈>>>  and { }.,,1def nJ …=  

Since ( ) ,02 >=′′ − jjxm
jjjj emsxc  then ( ) ,, Jjxc jj ∈  are strictly 

convex functions, and since ( ) 0<−=′ − jjxm
jjjj emsxc  under the 

assumptions, then functions ( ) ,, Jjxc jj ∈  are decreasing. 

Consider also the convex exponential separable program with a linear 
equality constraint and bounded variables, which is similar to problem 
(CSE) defined by (1)-(3), 

(CESP) 

( ) ( )
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
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
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≡≡ ∑∑
∈∈

jjxk

Jj
jj

Jj
excc xmin   (4) 

subject to 

,α=∑
∈

jj
Jj

xd   (5) 

,, Jjbxa jjj ∈≤≤   (6) 

where .,0,0 Jjdk jj ∈>>  Since ( ) ,02 >=′′ jjxk
jjj ekxc  then ( )jj xc  

are strictly convex functions, and since ( ) 0>=′ jjxk
jjj ekxc  under the 

assumptions, then functions ( ) ,, Jjxc jj ∈  are increasing. 
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Problems (CSE) and (CESP) are convex separable programming 
problems because the objective functions and constraint functions are 
convex and separable. 

Problems (CSE) and (CESP), defined by (1)-(3) and (4)-(6), 
respectively, arise in production planning and scheduling, in allocation of 
resources, in the theory of search, in subgradient optimization, in facility 
location ([1, 4, 5, 7, 9, 17, 19, 20]), etc. 

Problems like (CSE) and (CESP) and related to them are subject of 
intensive study. Related problems and methods for them are considered 
in [1-20]. 

Algorithms for resource allocation problems are proposed in [1, 4, 5, 17, 20], 
and algorithms for facility location problems are suggested in [7, 9], etc. 
Singly constrained quadratic programs with bounded variables are 
considered in [2, 3, 12, 13], etc., and some separable programs are 
considered and methods for solving them are suggested in [8, 9], etc. 

Feasible regions (2)-(3) and (5)-(6) of problems (CSE) and (CESP), 
respectively, are known as the knapsack polytope. Valid inequalities, 
cutting planes, and integrality of the knapsack polytopes are considered 
in [6, 18], etc. Methods for solving variational inequalities over feasible 
regions defined by knapsack polytopes are proposed in [10, 16], etc. 

This paper is devoted to the development of new efficient polynomial 
algorithms for solving problems (CSE) and (CESP). The paper is 
organized as follows. In Section 2, characterization theorems (necessary 
and sufficient conditions) for the optimal solutions to the considered 
problems are proved. In Section 3, new algorithms of polynomial 
complexity are suggested and their convergence is proved. In Section 4, 
we consider some theoretical and numerical aspects of implementation of 
the algorithms and give some extensions of both characterization 
theorems and algorithms. In Section 5, we present results of some 
numerical experiments. 
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2. Characterization Theorems 

2.1. Problem (CSE) 

First consider problem (CSE), defined by (1)-(3). 

Suppose that the following assumptions are satisfied. 

(1.a) jj ba ≤  for all .Jj ∈  If kk ba =  for some ,Jk ∈  then the value 

kkk bax ==:  is determined in advance. 

(1.b) .jj
Jj

jj
Jj

bdad ∑∑
∈∈

≤α≤  Otherwise, the constraints (2)-(3) are 

inconsistent and ,0/=X  where X is defined by (2)-(3). 

The Lagrangian for problem (CSE) is 

( ) ( ) 












α−λ+−=λ ∑∑

∈

−

∈
jj

Jj

xm
j

Jj
xdesL jj 1,vu,x,  

( ) ( ),jjj
Jj

jjj
Jj

bxvxau −+−+ ∑∑
∈∈

 

where ,vu,;1 nRR ∈∈λ  and nR  consists of all vectors with n real 

components. 

The Karush-Kuhn-Tucker (KKT) necessary and sufficient optimality 

conditions for the minimum solution ( ) Jjjx ∈
∗∗ =x  of problem (CSE) are 

,,0 Jjvudems jjj
xm

jj
jj ∈=+−λ+−
∗−   (7) 

( ) ,,0 Jjxau jjj ∈=− ∗  (8) 

( ) ,,0 Jjbxv jjj ∈=−∗   (9) 

,α=∗

∈
∑ jj

Jj
xd   (10) 
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,, Jjbxa jjj ∈≤≤ ∗   (11) 

,,, 11 Jjvu jj ∈∈∈ ++ RR   (12) 

where ,,,, Jjvu jj ∈λ  are the Lagrange multipliers associated with the 

constraints (2), ,,, Jjbxxa jjjj ∈≤≤  respectively. If ∞−=ja  or 

+∞=jb  for some j, we do not consider the corresponding condition (8) 

[condition (9)] and Lagrange multiplier ju  [Lagrange multiplier ,jv  

respectively]. 

Since ,,0,0 Jjvu jj ∈≥≥  and since the complementary conditions 

(8)-(9) must be satisfied, in order to find ,, Jjx j ∈∗  from systems (7)-(12), 

we have to consider all possible cases for :, jj vu  all jj vu ,  equal to 0; all 

jj vu ,  different from 0; some of them equal to 0; and some of them 

different from 0. The number of these cases is ,22n  where 2n is the 
number of all ,,, Jjvu jj ∈  where .nJ =  This is an enormous number 

of cases, especially for large-scale problems. For example, when 

,1500=n  we have to consider 9003000 102 ≈  cases. Moreover, in each 
case, we have to solve a large-scale system of nonlinear equations in 

.,,,, Jjvux jjj ∈λ∗  Therefore, the direct application of the KKT 

theorem, by using explicit enumeration of all possible cases, for solving 
large-scale problems of the considered form would not give a result and 
we need efficient methods for solving problems under consideration. 

The following Theorem 1 gives a characterization of the optimal 
solution to problem (CSE). Its proof is based on the KKT theorem. As we 
will see in Section 5, by using Theorem 1, we can solve problem (CSE) 
with 1500=n  variables for a ten-thousandth of a second on a personal 
computer. 

Theorem 1 (Characterization of the optimal solution to problem 

(CSE)). A feasible solution ( ) ,x Xx Jjj ∈= ∈
∗∗  where X is defined by      
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(2)-(3), is the optimal solution to problem (CSE) if and only if there exists 

some 1R∈λ  such that 

,:, def
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
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JjJjbx
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( ) ( )
.:,

lnln def





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





<λ<∈=∈
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=
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j

am
jj

j
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jj

j

jjj
j d

ems
d
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JjJjm
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x
jjjj

 

(15) 

Remark. We will show below that ,0>λ  so that the expressions of 

,, λ∗ ∈ Jjx j  in (15) (especially expressions under the logarithm sign) are 

correct. 

Proof. Necessity. Let ( ) Jjjx ∈
∗∗ =x  be the optimal solution to 

problem (CSE). Then, there exist constants ,,,, Jjvu jj ∈λ  such that 

KKT conditions (7)-(12) are satisfied. 

Consider all possible cases. 

(a) If ,jj ax =∗  then 0≥ju  according to (12) and 0=jv  according to (9). 

Therefore (7) implies .jjj
xm

jj dduems jj λ−≥λ−=−
∗−  Since ,,0 Jjdj ∈>  

then 

.
j

am
jj

j

xm
jj

d
ems

d
ems jjjj −−

≡≥λ

∗

 

(b) If ,jj bx =∗  then 0=ju  according to (8) and 0≥jv  according to 

(12). Therefore (7) implies .jjj
xm

jj ddvems jj λ−≤λ−−=−
∗−  Hence 
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.
j

bm
jj
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xm
jj
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(c) If ,jjj bxa << ∗  then 0== jj vu  according to (8) and (9). 

Therefore (7) implies .j
xm

jj dems jj λ=
∗−  Hence ,

j

xm
jj
d
ems jj

∗−

=λ  and 

( ) ( )
.

lnln
j

jjj
j m

dms
x

λ−
=∗  Since ,,0,0,0 Jjdms jjj ∈>>>  by the 

assumption and ,, jjjj axxb >> ∗∗  it follows that 
j

xm
jj
d
ems jj

∗−

=λ  

,,
j

bm
jj

j

xm
jj

j

am
jj

d
ems

d
ems

d
ems jjjjjj −−−

>=λ<

∗

 that is, 

.
j

am
jj

j

bm
jj

d
ems

d
ems jjjj −−

<λ<  

In particular, if we assume that ,0=λ  since ,0,0,0 >>> jjj dms  

then obviously 000 /== =λ=λ JJa  and .0=λ= bJJ  Similarly, if we assume 

that ,0<λ  since ,0,0,0 >>> jjj dms  then 000 /== =λ=λ JJa  and 

.0=λ= bJJ  

In order to describe the cases (a), (b), (c), it is convenient to introduce the 

index sets ,,, λλλ JJJ ba  defined by (13), (14), and (15), respectively. It is 

obvious that .JJJJ ba =λλλ ∪∪  The “necessity” part is proved. 

Sufficiency. Conversely, let X∈∗x  and components of ∗x  satisfy 

(13), (14), and (15), where .1R∈λ  

 



STEFAN M. STEFANOV 114

Set 

j

xm
jj
d
ems jj

∗−

=λ  obtained from jj
Jj

jj
Jj

bdad

ba

∑∑
λλ ∈∈

+  

( ) ( )
;

lnln
α=

λ−
+ ∑

λ∈
j

jjj
j

Jj
m

dms
d  

;for0 λ∈== Jjvu jj  

( 0≥λ+−= −
j

am
jjj demsu jj  according to the definition of ) 0, =λ

ja vJ  

for ;λ∈ aJj  

( 0,0 ≥λ−== −
j

bm
jjjj demsvu jj  according to the definition of )λ

bJ  for 

.λ∈ bJj  

By using these expressions, it is easy to check that conditions (7), (8), (9), 
and (12) are satisfied; and conditions (10) and (11) are also satisfied 

according to the assumption .x X∈∗  

We have proved that ,,,,, Jjvux jjj ∈λ∗  satisfy KKT conditions   

(7)-(12), which are necessary and sufficient conditions for a feasible solution 
to be an optimal solution to a convex minimization problem. Therefore, 
∗x  is an optimal solution to problem (CSE), and since ( )xc  is a strictly 

convex function, then this optimal solution is unique.  
  

In view of the discussion above, the importance of Theorem 1 consists 
in the fact that it describes components of the optimal solution to problem 
(CSE) only through the Lagrange multiplier ,λ  associated with the 
equality constraint (2). 

Since we do not know the optimal value of λ  from Theorem 1, we 
define an iterative process with respect to the Lagrange multiplier λ  and 
we prove convergence of this process in Section 3 “The Algorithms”. 
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From 0,0,0 >>> jjj msd  and ,, Jjba jj ∈≤  it follows that 

,,defdef Jjlad
ems

d
ems

ub j
j

am
jj

j

bm
jj

j

jjjj
∈=≤=

−−

 

for the expressions by which index sets λλλ JJJ ba ,,  are defined. 

The problem how to ensure a feasible solution to problem (CSE), 
which is an assumption of Theorem 1, is discussed in Subsection 3.3. 

2.2. Problem (CESP) 

Consider the convex exponential separable program with a linear 
equality constraint and box constraints (CESP) (4)-(6). 

Assumptions: 

(2.a) jj ba ≤  for all .Jj ∈  

(2.b) .jj
Jj

jj
Jj

bdad ∑∑
∈∈

≤α≤  Otherwise, the constraints (5)-(6) are 

inconsistent and the feasible region X, defined by (5)-(6), is empty. 

The KKT conditions for problem (CESP) are 

,,0 Jjvudek jjj
xk

j
jj ∈=+−λ+
∗

 

( ) ,,0 Jjxau jjj ∈=− ∗  

( ) ,,0 Jjbxv jjj ∈=−∗  

,α=∗

∈
∑ jj

Jj
xd  

,, Jjbxa jjj ∈≤≤ ∗  

.,, 11 Jjvu jj ∈∈∈ ++ RR  

In this case, the following Theorem 2, which is similar to Theorem 1, 
holds true. 
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Theorem 2 (Characterization of the optimal solution to problem 

(CESP)). A feasible solution ( ) ,x Xx Jjj ∈= ∈
∗∗  where X is defined by   

(5)-(6), is the optimal solution to problem (CESP) if and only if there exists 

some 1R∈λ  such that 

,:, def













−≥λ∈=∈= λ∗

j
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j

ajj d
ek

JjJjax
jj

  (16) 

,:, def













−≤λ∈=∈= λ∗

j
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j

bjj d
ek

JjJjbx
jj

  (17) 

.:,ln1 def













−<λ<−∈=∈






 λ
−= λ∗

j

ak
j

j

bk
j

j

j

j
j d

ek
d
ek

JjJjk
d

kx
jjjj

 

(18) 

Remark. As we will show below, ,0<λ  so that the expressions of 

,, λ∗ ∈ Jjx j  in (18) (especially expressions under the logarithm sign) are 

correct. 

The proof of Theorem 2 is omitted because it is similar to the proof of 
Theorem 1. 

3. The Algorithms 

3.1. Analysis of the optimal solution to problem (CSE) 

Before the formal statement of the algorithm for problem (CSE), we 
discuss some properties of the optimal solution to this problem, which 
turn out to be useful. 

Using (13), (14), and (15), the KKT condition (10) can be written as 
follows: 
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( ) ( )
.

lnln
α=

λ−
++ ∑∑∑

λλλ ∈∈∈
j

jjj
j

Jj
jj

Jj
jj

Jj
m

dms
dbdad

ba

   ( )01 ′  

Since the optimal solution ∗x  to problem (CSE) depends on ,λ  

components of ∗x  can be considered as functions of λ  for different 

:1R∈λ  

( )
( ) ( )















∈
λ−

∈

∈

=λ=

λ

λ

λ

∗

.,
lnln

,,

,,

Jjm
dms

Jjb

Jja

xx

j

jjj

bj

aj

jj  (19) 

Functions ( ) ,, Jjx j ∈λ  are piecewise, monotone nonincreasing, 

piecewise differentiable functions of λ  with two breakpoints at  

j

am
jj
d
ems jj−

=λ  and .
j

bm
jj
d
ems jj−

=λ  

Let 

( )
( ) ( )

.
lnlndef α−

λ−
++=λδ ∑∑∑

λλλ ∈∈∈
j

jjj
j

Jj
jj

Jj
jj

Jj
m

dms
dbdad

ba

 (20) 

If we differentiate ( )λδ  with respect to ,λ  we get 

( ) ,01 <
λ

−≡λδ′ ∑
λ∈

j

j

Jj
m
d

  (21) 

according to the remark (after statement of Theorem 1) that ,0>λ  when 

,0/≠λJ  and ( ) 0=λδ′  when .0/=λJ  Hence ( )λδ  is a monotone 

nonincreasing function of .1R∈λ  

From the equation ( ) ,0=λδ  where ( )λδ  is defined by (20), we are 

able to obtain a closed form expression for :λ  
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,lnexp

1
































α−++
















=λ ∑∑∑∑

λλλλ ∈∈∈

−

∈
j

jj

j

j

Jj
jj

Jj
jj

Jj
j

j

Jj
d
ms

m
d

bdadm
d

ba

 

(22) 

because ( ) 0<λδ′  according to (21) when 0/≠λJ  (it is important that 
( ) 0≠λδ′ ). This expression of λ  shows that ,0>λ  and it is used in the 

algorithm suggested for solving problem (CSE). It turns out that without 
loss of generality, we can assume that ( ) ,0≠λδ′  that is, ( )λδ  depends on 

,λ  which means that .0/≠λJ  

At iteration k of the implementation of the algorithms, denote by ( )kλ  
the value of the Lagrange multiplier associated with constraint (2) 
[constraint (5), respectively], by ( )kα  the right-hand side of (2) [of (5), 

respectively]; by ( ) ( ) ( ) ( )kk
b

k
a

k JJJJ λλλ ,,,  the current sets ,,,, λλλ JJJJ ba  

respectively. 

3.2. Algorithm 1 (for problem (CSE)) 

The following algorithm for solving problem (CSE) is based on 
Theorem 1: 

Algorithm 1 (for problem (CSE)) 

1 (Initialization) { } ( ) ( ) ( ) ,:,:,:,0:,,,1: 000 JJnnknJ ==α=α== …  

.0:,0: /=/= λλ
ba JJ   

If ,jj
Jj

jj
Jj

bdad ∑∑
∈∈

≤α≤  go to 2, else go to 9. 

2 ( ) ( ).: kk JJ =λ  Calculate ( )kλ  by using the explicit expression (22) of 
.λ  Go to 3. 

3 Construct the sets ( ) ( ) ( )kk
b

k
a JJJ λλλ ,,  through (13), (14), (15) (with 

( )kJj ∈  instead of Jj ∈ ) and find their cardinal numbers ( ) ,k
aJ λ  

( ) ( ) ,, kk
b JJ λλ  respectively. Go to 4. 
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4 Calculate 

( ( ) )
( ) ( ) ( )

( ) ( ) ( ).
lnln

: k
j

jjj
j

Jj
jj

Jj
jj

Jj

k
m

dms
dbdad

kk
b

k
a

α−
λ−

++=λδ ∑∑∑
λλλ ∈∈∈

 

Go to 5. 

5 If ( ( ) ) 0=λδ k  or ( ) ,0/=λ kJ  then ( ) ( ),:,: k
aaa

k JJJ λλλ =λ=λ ∪  
( ) ( ),:,: kk

bbb JJJJJ λλλλλ == ∪  go to 8,  

else if ( ( ) ) 0>λδ k  go to 6,  

else if ( ( ) )kλδ  0<  go to 7. 

6 ( ) ( ) ( )

( )
,:,for: 1

jj
Jj

kkk
ajj adJjax

k
a

∑
λ∈

+λ∗ −α=α∈=  

( ) ( ) ( ),\:1 k
a

kk JJJ λ+ =  

( ) ( ) ( ) ( ) .1:,:,:1 +==−= λλλλ+ kkJJJJnn k
aaa

k
a

kk ∪  Go to 2. 

7 ( ) ( ) ( )

( )
,:,for: 1

jj
Jj

kkk
bjj bdJjbx

k
b

∑
λ∈

+λ∗ −α=α∈=  

( ) ( ) ( ) ,\:1 k
b

kk JJJ λ+ =  

( ) ( ) ( ) ( ) .1:,:,:1 +==−= λλλλ+ kkJJJJnn k
bbb

k
b

kk ∪  Go to 2. 

8 jj ax =∗ :  for jja bxJj =∈ ∗λ :;  for 
( ) ( )

j

jjj
jb m

dms
xJj

λ−
=∈ ∗λ lnln
:;  

for .λ∈ Jj  Go to 10. 

9 Problem (CSE) has no optimal solution because the feasible set X, 
defined by (2)-(3), is empty. 

10 End.  
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3.3. Convergence and complexity of Algorithm 1 

The following Theorem 3 states convergence of Algorithm 1. 

Theorem 3. Let ( )kλ  be the sequence generated by Algorithm 1. Then 

(i) if ( ( ) ) ,0>λδ k  then ( ) ( );1+λ≤λ kk  

(ii) if ( ( ) ) ,0<λδ k  then ( ) ( ).1+λ≥λ kk  

Proof. Denote by ( )k
jx  the components of ( ) ( ) ( )kJjj

k x ∈=x  at 

iteration k of implementation of Algorithm 1. 

(i) Let ( ( ) ) .0>λδ k  Using Step 6 of Algorithm 1 (which is performed 

when ( ( ) ) ),0>λδ k  we get 

( )

( )

( )

( )

( ) ( )

( ) ( )

( )

( ).
\11

k
jj

Jj

kk
jj

JJj

k
jj

Jj

k
jj

Jj

xdxdxdxd
k

a
k

a
kkk

∑∑∑∑
λλ++λ ∈∈∈∈

−α==≡  

(23) 

Let ( ).k
aJj λ∈  According to definition (13) of ( ),k

aJ λ  we have 

( )

( )

.
j

xm
jjk

j

am
jj

d
ems

d
ems

k
jjjj −−

=λ≤  

Multiplying this inequality by ,0>
− jjam

jj

j

ems

d
 we obtain 

( )

jj

k
jj

am

xm

e
e
−

−

≤1  

( ( ) )
.

k
jjj xam

e
−

≡  Therefore, ( )
j

k
j ax ≤  because 0>jm  and according to 

properties of the exponential function. 

From (23), by using that ( ) ( ),,,0 k
a

k
jjj Jjxad λ∈≥>  and Step 6, we 

get 

( )

( ) ( )

( )

( ) ( )

( )

( )

( )

( ).11

11

+

∈

+

∈∈∈
∑∑∑∑

+λλλ+λ

=α=−α≥−α= k
jj

Jj

k
jj

Jj

kk
jj

Jj

kk
jj

Jj

xdadxdxd
kk

a
k

a
k
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Since ,,0 Jjdj ∈>  then there exists at least one ( )1
0

+λ∈ kJj  such that 

( ) ( ).1
00
+≥ k

j
k
j xx  Then 

( )

( ) ( )

( ).1

0

1
00

00

0

00
00 +

−−

λ=≤=λ

+

k
j

xm
jj

j

xm
jjk

d
ems

d
ems

k
jj

k
jj

 

We have used that the relationship between ( )kλ  and ( )k
jx  is given by (15) 

for ( )kJj λ∈  according to Step 2 of Algorithm 1, and ,0,0 >> jj sd  

.,0 Jjmj ∈>  

The proof of part (ii) of Theorem 3 is omitted because it is similar to 
the proof of part (i).  
 

Consider the feasibility of ( ) ,x Jjjx ∈
∗∗ =  generated by Algorithm 1. 

Components ,, λ∗ ∈= ajj Jjax  and ,, λ∗ ∈= bjj Jjbx  obviously satisfy 

(3). From 

,, λ
−−−

∈<≡λ<

∗

Jjd
ems

d
ems

d
ems

j

am
jj

j

xm
jj

j

bm
jj

jjjjjj
 

and ,,0,0,0 Jjmsd jjj ∈>>>  it follows that jjj bxa << ∗  for 

.λ∈ Jj  Hence, all ,, Jjx j ∈∗  satisfy (3). 

Since at each iteration ( )kλ  is determined from the current equality 
constraint (2) (Step 2 of Algorithm 1) and since ,, Jjx j ∈  are determined 

in accordance with ( )kλ  at each iteration (Steps 5, 6, 7, and 8 of Algorithm 1), 

then ∗x  satisfies (2) as well. 

Therefore, Algorithm 1 generates ,x∗  which is feasible for problem 

(CSE), which is an assumption of Theorem 1. 
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Remark. Theorem 3, definitions of ( ) ( ),14,13 λλ
ba JJ  and ( ),15λJ  and 

Steps 6, 7 and 8 of Algorithm 1 allow us to state that ( ) ( ),1+λλ ⊆ k
a

k
a JJ  

( ) ( ),1+λλ ⊆ k
b

k
b JJ  and ( ) ( ).1+λλ ⊇ kk JJ  This means that if j belongs to 

current index set ( ),k
aJ λ  then j belongs to the next index set ( )1+λ k

aJ  and, 

continuing in the same manner, j belongs to the optimal index set ;λaJ  

the same holds true about the sets ( )k
bJ λ  and .λbJ  Therefore, ( )kλ  

converges to the optimal value of λ  of Theorem 1, and ( ) ( ) ( )kk
b

k
a JJJ λλλ ,,  

“converge” to the optimal index sets ,,, λλλ JJJ ba  respectively. This 

means that calculation of ,λ  operations ( )k
ajj Jjax λ∗ ∈= ,:  (Step 6), 

( )k
bjj Jjbx λ∗ ∈= ,:  (Step 7), and the construction of λλλ JJJ ba ,,  are in 

accordance with Theorem 1. 

At each iteration of Algorithm 1, we determine the value of at least 
one variable (Steps 6, 7, 8) and at each iteration, we solve a problem of the 
form (CSE) but of less dimension (Steps 2-7). Therefore, Algorithm 1 is 
finite and it converges with at most Jn =  iterations, that is, the 

iteration complexity of Algorithm 1 is ( ).nO  

Step 1 (initialization and checking whether the feasible set X is 

empty) takes time ( ).nO  The calculation of ( )kλ  requires constant time 

(Step 2). Step 3 takes ( )nO  time because of the construction of ( ),k
aJ λ  

( ) ( )., kk
b JJ λλ  Step 4 also requires ( )nO  time and Step 5 requires constant 

time. Each of Steps 6, 7, and 8 takes time which is bounded by ( )nO  

because at these steps, we assign some of jx ’s the final value, and since 

the number of all jx ’s is n, then Steps 6, 7, and 8 take time ( ).nO  Hence, 

Algorithm 1 has ( )2nO  running time and it belongs to the class of 

strongly polynomially bounded algorithms. 
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As the computational experiments show, the number of iterations of 
the algorithm performance is not only at most n but it is much, much less 
than n for large values of n. In fact, the number of iterations of algorithm 
performance does not depend on n but only on the three index sets 
defined by (13), (14), and (15). In practice, Algorithm 1 has ( )nO  running 

time. 

3.4. Algorithm 2 (for problem (CESP)) and its convergence 

After analysis of the optimal solution to problem (CESP), similar to 
that problem (CSE), we suggest the following algorithm for solving 
problem (CESP): 

Algorithm 2 (for problem (CESP)) 

1 (Initialization) { } ( ) ( ) ,:,:,0:,,,1: 00 nnknJ =α=α== …  

( ) .0:,0:,:0 /=/== λλ
ba JJJJ  

If ,jj
Jj

jj
Jj

bdad ∑∑
∈∈

≤α≤  go to 2, else go to 9. 

2 ( ) ( ).: kk JJ =λ  Calculate ( )kλ  by using the explicit expression 

( )

( )

( )

( )
( ).0lnexp

1

<































−α
















−=λ ∑∑

λλ ∈

−

∈
j

j

j

j

Jj

k
j

j

Jj

k
k
d

k
d

k
d

kk
 

Go to 3. 

3 Construct the sets ( ) ( ) ( )kk
b

k
a JJJ λλλ ,,  through (16), (17), (18) 

(with ( )kJj ∈  instead of Jj ∈ ) and find their cardinal numbers 

( ) ( ) ( ) .,, kk
b

k
a JJJ λλλ  Go to 4. 

4 Calculate 
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( ( ) )
( ) ( )

( )
( ) j

j

Jj
jj

Jj
jj

Jj

k
k
d

bdad
kk

b
k

a

∑∑∑
λλλ ∈∈∈

λ−++=λδ ln:  

( )

( ) ( ).
lnln k

j

jj

Jj
k

kdjd

k
α−

−
+ ∑

λ∈

 

Go to 5. 

5 If ( ( ) ) 0=λδ k  or ( ) ,0/=λ kJ  then ( ) ( ),:,: k
aaa

k JJJ λλλ =λ=λ ∪  

( ) ( ),:,: kk
bbb JJJJJ λλλλλ == ∪   go to 8, 

else if ( ( ) ) 0>λδ k  go to 6, 

else if ( ( ) ) 0<λδ k  go to 7. 

6 ( ) ( ) ( )

( )
,:,for: 1

jj
Jj

kkk
ajj adJjax

k
a

∑
λ∈

+λ∗ −α=α∈=  

( ) ( ) ( ),\:1 k
a

kk JJJ λ+ =  

( ) ( ) ( ) ( ) .1:,:,:1 +==−= λλλλ+ kkJJJJnn k
aaa

k
a

kk ∪  Go to 2. 

7 ( ) ( ) ( )

( )
,:,for: 1

jj
Jj

kkk
bjj bdJjbx

k
b

∑
λ∈

+λ∗ −α=α∈=  

( ) ( ) ( ),\:1 k
b

kk JJJ λ+ =  

( ) ( ) ( ) ( ) .1:,:,:1 +==−= λλλλ+ kkJJJJnn k
bbb

k
b

kk ∪  Go to 2. 

8 jj ax =∗ :  for jja bxJj =∈ ∗λ :;  for 






 λ
−=∈ ∗λ

j

j

j
jb k

d
kxJj ln1:;  for  

.λ∈ Jj  Go to 10 

9 Problem (CESP) has no optimal solution because the feasible set X, 

defined by (5)-(6), is empty. 

10 End. 
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To avoid a possible “endless loop” when programming Algorithms 1 
and 2, the criterion of Step 5 to go to Step 8 at iteration k usually is not 

( ( ) ) ,0=λδ k  but ( ( ) ) [ ],, εε−∈λδ k  where 0>ε  is some (given or chosen) 

tolerance value, up to which the equality ( ) 0=λδ ∗  must be satisfied. 

A theorem, analogous to Theorem 3, holds for Algorithm 2, which 

guarantees the “convergence” of ( ) ( ) ( ) ( )k
b

k
a

kk JJJ λλλλ ,,,  to the optimal 

,,,, λλλλ ba JJJ  respectively. 

Theorem 4. Let ( )kλ  be the sequence generated by Algorithm 2. Then 

(i) if ( ( ) ) ,0>λδ k  then ( ) ( );1+λ≤λ kk  

(ii) if ( ( ) ) ,0<λδ k  then ( ) ( ).1+λ≥λ kk  

The proof of Theorem 4 is omitted because it is similar to the proof of 
Theorem 3. 

It can be proved that Algorithm 2 has ( )2nO  running time, and point 

( ) ,x Jjjx ∈
∗∗ =  generated by this algorithm, is feasible for problem 

(CESP), which is an assumption of Theorem 2. 

4. Extensions 

4.1. Theoretical aspects 

Up to now, we have required ,,0 Jjdj ∈>  in constraints (2) and (5) 

of problems (CSE) and (CESP), respectively. However, if it is allowed 
0=jd  for some j in problems (CSE) and (CESP), then for such indices j, 

we cannot construct the expressions 
j

am
jj
d
ems jj−

 and 
j

bm
jj
d
ems jj−

 for 
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problem (CSE), and 
j

ak
j
d
ek jj

−  and 
j

bk
j
d
ek jj

−  for problem (CESP), by 

means of which we define index sets λλλ JJJ ba ,,  for the corresponding 

problem. In such cases, jx ’s are not involved in (2) [in (5), respectively] 

for such indices j. It turns out that we can cope with this difficulty and 
solve problems (CSE) and (CESP) with 0=jd  for some j’s. 

Denote 

{ }.0:0 =∈= jdJjZ  

Here “0” denotes the “computer zero”. In particular, when 0ZJ =  and 
,0=α  then the set X is defined only by (3) (by (6), respectively). 

Theorem 5 (Characterization of the optimal solution to problem 
(CSE): An extended version). Problem (CSE) can be decomposed into two 
subproblems: (CSE1) for 0Zj ∈  and (CSE2) for .0\ ZJj ∈  

The optimal solution to (CSE1) is 

,0, Zjbx jj ∈=∗   (24) 

that is, subproblem (CSE1) itself is decomposed into 00 Zn ≡  

independent problems. 

The optimal solution to (CSE2) is given by (13), (14), and (15) with 
.0\: ZJJ =  

Proof. Necessity. Let ( ) Jjjx ∈
∗∗ =x  be the optimal solution to (CSE). 

(1) Let ,0Zj ∈  that is, 0=jd  for this j. The KKT conditions are 

,0,0 Zjvuems jj
xm

jj
jj ∈=+−−
∗−  from (7)  ( )7′  

and (8) - (12). 



MINIMIZATION OF A CONVEX SEPARABLE … 127

(a) If ,jj ax =∗  then .0,0 =≥ jj vu  From ( ),7′  it follows that 

,0≥=−
∗−

j
xm

jj uems jj  which is impossible because ,0,0 >> jj ms  and 

.0>
∗− jjxme  

(b) If ,jj bx =∗  then .0,0 ≥= jj vu  Therefore ,0≤−=−
∗−

j
xm

jj vems jj  

which is always satisfied for .0,0 >> jj ms  

(c) If ,jjj bxa << ∗  then .0== jj vu  Therefore ,0=−
∗− jjxm

jj ems  

that is, ,0=jjms  which is impossible according to the assumption 

.0,0 >> jj ms  

As we have observed, only case (b) is possible for ,0Zj ∈  and 

.0, Zjbx jj ∈=∗  

(2) Components of the optimal solution to (CSE2) are obtained by 
using the same approach as that of the proof of “necessity” part of 
Theorem 1, but with the reduced index set .0\: ZJJ =  

Sufficiency. Conversely, let X∈∗x  and components of ∗x  satisfy: 
(24) for ,0Zj ∈  and (13), (14), (15) with .0\: ZJJ =  Set 

( ) .0for0,0 Zjemsvu jjbm
jjjj ∈>== −  

If ,0≠λ  set 

( ) ( )

( )

( ) .0\,for,0,0

;0\,for,0,0

;0\,for,0

;)15(from,0x

ZJjbxdemsvu

ZJjaxvdemsu

ZJjbxavu

d
ems

jjj
bm

jjjj

jjjj
am

jjj

jjjjj

j

xm
jj

jj

jj

jj

∈=≥λ−==

∈==≥λ+−=

∈<<==

>λ==λ

∗−

∗−

∗

∗
− ∗
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As in the proof of Theorem 1, .000 /== =λ=λ JJa  

It can be verified that ,,,,,x Jjvu jj ∈λ∗  satisfy the KKT conditions 

(7)-(12). Then ∗x  with components: (24) for ,0Zj ∈  and (13), (14), (15) 

for 0\: ZJJ =  is the optimal solution to problem ( ) =CSE  

( ) ( ).CSE2CSE1 ∪   
 

Similar result holds for problem (CESP). 

Theorem 6 (Characterization of the optimal solution to problem 
(CESP): An extended version). Problem (CESP) can be decomposed into two 
subproblems: (CESP1) for 0Zj ∈  and (CESP2) for .0\ ZJj ∈  

The optimal solution to (CESP1) is .0, Zjax jj ∈=∗  The optimal 

solution to (CESP2) is given by (16), (17), (18) with .0\: ZJJ =  

The proof of Theorem 6 is omitted because it repeats in part the  
proof of Theorems 1 and 5. 

Thus, with the use of Theorems 5 and 6, we can express components 
of the optimal solutions to problems (CSE) and (CESP) without the 

necessity of constructing the expressions ,,
j

bm
jj

j

am
jj

d
ems

d
ems jjjj −−

 

,
j

ak
j
d
ek jj

−  and 
j

bk
j
d
ek jj

−  with .0=jd  

4.2. Computational aspects 

Algorithms 1 and 2 are also applicable in cases when −∞=ja  for 

some Jj ∈  and/or ∞=jb  for some .Jj ∈  However, if we use the 

computer values of −∞  and +∞  at the first step of the algorithms to 
check whether the corresponding feasible region is empty or nonempty 

and at Step 3 in the expressions 
j

xm
jj
d
ems jj−

 and 
j

xk
j
d
ek jj

−  with 
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−∞=jx  and/or ,+∞=jx  by means of which we construct index sets 

,,, λλλ JJJ ba  this could sometimes lead to arithmetic overflow. If we use 

other values of −∞  and +∞  with smaller absolute values than those of 
the computer values of −∞  and ,+∞  this would lead to inconvenience and 

dependence on the data of the particular problems. To avoid these 
difficulties and to take into account the above discussion, it is convenient 
to do the following: 

Construct the following index sets: 

{ },,:0\ +∞<−∞>∈= jj baZJjSVN  

{ },,:0\1 +∞=−∞>∈= jj baZJjSV   (25) 

{ },,:0\2 +∞<−∞=∈= jj baZJjSV  

{ }.,:0\ +∞=−∞=∈= jj baZJjSV  

It is obvious that ,210 JSVNSVSVSVZ =∪∪∪∪  that is, the set 

0\ ZJ  is partitioned into the four subsets ,,2,1, SVSVSVSVN  defined 

above. 

When programming the algorithms, we use computer values of −∞  
and +∞  for constructing the sets .,2,1, SVSVSVSVN  

In order to construct the sets λλλ JJJ ba ,,  without the necessity of 

calculating the values 
j

xm
jj
d
ems jj−

 (for problem (CSE)) with −∞=jx  or 

,+∞  except for the sets ,,2,1,,0, SVNSVSVSVZJ  we need some 

subsidiary sets, defined as follows: 

For SVN: 

,:












<λ<∈=
−−

λ

j

am
jj

j

bm
jjSVN

d
ems

d
ems

SVNjJ
jjjj
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,:












≥λ∈=
−

λ

j

am
jjSVN

a d
ems

SVNjJ
jj

 

;:












≤λ∈=
−

λ

j

bm
jjSVN

b d
ems

SVNjJ
jj

 

for SV1: 

,:11













<λ∈=
−

λ

j

am
jjSV
d
ems

SVjJ
jj

 (26) 

;:11













≥λ∈=
−

λ

j

am
jjSV

a d
ems

SVjJ
jj

 

for SV2: 

,:22













>λ∈=
−

λ

j

bm
jjSV
d
ems

SVjJ
jj

 

;:22













≤λ∈=
−

λ

j

bm
jjSV

b d
ems

SVjJ
jj

 

for SV: 

.SVJ SV =λ  

Then 

,: 21 SVSVSVSVN JJJJJ λλλλλ = ∪∪∪  

,: 1SV
a

SVN
aa JJJ λλλ = ∪  (27) 

.: 2SV
b

SVN
bb JJJ λλλ = ∪  

We use the sets λλλ
ba JJJ ,,  (27) as the corresponding sets with the 

same names in Algorithms 1 and 2. 
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With the use of results of this section, Steps 1 and 3 of Algorithm 1 
can be modified as follows, respectively: 

About Algorithm 1. 

Step 11. (Initialization) { } ( ) ( ) ,:,:,0:,,,1: 00 nnknJ =α=α== …  

( ) .0:,0:,:0 /=/== λλ
ba JJJJ  

Construct the set .0Z  If ,0Zj ∈  then .: jj bx =∗  

Set ( ) ( ) .0:,:,0\: 00 ZnnJJZJJ −===  

Construct the sets .,2,1, SVSVSVSVN  

If ,JSVN =  then 

if ,jj
Jj

jj
Jj

bdad ∑∑
∈∈

≤α≤  then go to Step 2 

else go to Step 9 (feasible region X is empty) 

else if ,1 JSVNSV =∪  then 

if ,α≤∑
∈

jj
Jj

ad  then go to Step 2 

else go to Step 9 (feasible region X is empty) 

else if ,2 JSVNSV =∪  then 

if ,jj
Jj

bd∑
∈

≤α  then go to Step 2 

else go to Step 9 (feasible region X is empty) 

else if ,0/≠SV  then go to Step 2 (feasible region is always nonempty). 

Step 31. Construct the sets ,,,,, 11 SV
a

SVSVN
b

SVN
a

SVN JJJJJ λλλλλ  

SVSV
b

SV JJJ λλλ ,, 22  (with ( )kJ  instead of J). 
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Construct the sets ( ) ( ) ( )kk
b

k
a JJJ λλλ ,,  by using (27) and find their 

cardinal numbers ( ) ( ) ( ) ,,, kk
b

k
a JJJ λλλ  respectively. 

Go to Step 4. 

Similarly, we can define subsidiary index sets of the form (26) for 
problem (CESP) as well and modify Steps 1 and 3 of Algorithm 2. 

Modifications of the algorithms, connected with theoretical and 
computational aspects, do not influence upon their computational 
complexity, discussed in Section 3, because these modifications do not 
affect the “iterative” steps of algorithms. 

5. Computational Experiments 

In this section, we present results of some numerical experiments 
obtained by applying algorithms suggested in this paper to problems 
under consideration. The computations were performed on an Intel 
Pentium (R) Dual-Core CPU E5800 3.20GHz/2.00GB using RZTools 
interactive system. Each problem was run 30 times. Coefficients ,0>js  

,,0,0 Jjdm jj ∈>>  for problem (CSE) and ,,0,0 Jjdk jj ∈>>  for 

problem (CESP) were randomly generated. 

Problem (CSE) (CESP) 

Number of variables N = 1200   n = 1500 n = 1200    n = 1500 

Average number of iterations 3.03            3.13 2.07            5.10 

Average run time (in seconds) 0.000096   0.00011 0.00001      0.000101 

The effectiveness of algorithms for problems (CSE) and (CESP) has 
been tested by many other examples. As we can observe, the (average) 
number of iterations is much less than the number of variables n for large 
values of n. 
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We provide below the solution of two simple particular problems of 
the form (CSE) and (CESP), respectively, obtained by using the approach 
suggested in this paper. The results are rounded to the fourth digit. 

Example 1. 

( ) ( ) ( ){ }112xmin 21 2 −+−= −− xx eec  

subject to 

,103 21 =+ xx  

,31 1 ≤≤ x  

.41 2 ≤≤ x  

The optimal solution, obtained by Algorithm 1, is 

( ) ( ),3333.2,0000.3,x 21 == ∗∗∗ xx  

( ) .8910.2xmin −== ∗cc  

Number of iterations: 2. 

Example 2. 

( ){ }212xmin xx eec +=  

subject to 

,102 21 =+ xx  

,51 1 ≤≤ x  

.71 2 ≤≤ x  

The optimal solution, obtained by Algorithm 2, is 

( ) ( ),2773.4,4455.1,x 21 == ∗∗∗ xx  

( ) .0534.90xmin == ∗cc  

Number of iterations: 1. 
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