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Abstract

Probability distribution function of the inner product of random vectors

uniformly distributed on the standard unit sphere S™ is derived. The pdf

(probability density function) of the inner product is useful for analyzing the
autocorrelation of time series.

1. Introduction

A pair of vectors randomly chosen from a high dimensional Euclidean
space are, with high probability, almost orthogonal. We derive the pdf
(probability density function) of the inner product of random vectors on
the standard unit n-sphere. We also derive a general formula for the

moments of the inner product of these vectors.

The correlation coefficient of random variables X and Y is the cosine
of the angle between X — E(X) and Y — E(Y), i.e., the inner product of

the unit vectors representing X — E(X) and Y - E(Y). Here, E(X) is
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the expected value (mean) of X. The results in this paper are applicable
for studying the autocorrelation of time series [4] and the hypothesis

testing of correlatedness [3] between random variables. The common

practice of using [ as the 95% confidence interval for the acf

2 2
U
(autocorrelation function) of a time series of length n as of a white
Gaussian noise 1s only approximately correct. We give precise numerical

values for the confidence interval.

2. Inner Product of Random Vectors on S”

Let U and V be random vectors uniformly distributed on the standard

unit n-sphere S™ = {x ¢ E"™! : |x| = 1}. The inner product Z = (U, V)

is a random variable on the S™ x 8" with values in [-1, 1]. We will use

the following facts to derive the pdf of Z and its moments:

r(3)=r M

; i)
% (cost) (sint)’dt = —2 2, 2
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where vol(S]') is the volume of the n-sphere with radius r.

Lemma 1. The volume of the sublevel set R, = {v e S" : v, < z}

n
vol(R,) = & : (1-x2 )nig dx. (4)
r(&)Jd-1
2
Proof.
_ z n-1 dx
vol(R,) = j_lvol(Sm)—l = )
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Substitution of (3) yields

N

n-2
(1- x2 ) 2 dx q.e.d. (6)
AT

vol(R,) =

Theorem 1. The pdf of Z

C 1 )
ful )_G M)

-2
(1—22)nT for -1 <z<1

=0 elsewhere, @)
where n =1, 2, 3, ....
Proof. Let u,veS" We may assume (after a rotation)

u=0(0,..,0,1) so that (u, v)=uv,,;. The cumulative distribution

F,(z) = P(Z < z) is given as

_ vol(R,) g
F,(z) = vol(ST)’ ®)
Substitution of (4) into (8) yields
z F(nTJrl) 9\=2
F,(2) = j_lwa—x V5 d, )
and
—1 _
fu(2) = 7—%(1 - 22)"72 q.e.d.. (10)

Remark. Applying the identity I'(x + 1) = xI'(x) to the Equation (7)

and simplifying yield

1
f(z):—’
! wi - 22

fo(z) = %, the uniform pdf on [-1, 1],
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and
1 k-1 2j L3
_ L _ L2\
fzkl(z>—ﬂ[. zj_l]u ),
j=1
1 b 2j+1 k
_ 1 _ 2\k-1
j=1
for k=2, 3,4, ....

Theorem 2. The moments of Z

m
2j -1
Bz = [[-251

j=
E(z*™ 1) =0,

where m =1, 2, 3, ....

Proof. Odd order moments of Z vanish as f,, is an even function. By

definition,

E(Z*™) = _[_11 fo(2)22"dz

B 1 F(nTH) 2n—22
_J‘—leF%F% V1l-z z°"dz,

change of variable z = sin x yields

) o3

2 n-1/_. 2m
t)" " (sint)“" dt
o J._ (cos
rlz)r) -5

rfy)
) ee)

(11

(12)

13)

(14)
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expanding and simplifying I' gives
Tro2j -1
- HJ—‘ qe.d.. (15)

n+2j-1

Remarks. (1) First four moments, for example, E(Z) =0, E(Z?)

=1/(n+1), E(Z%)=0, and E(Z*) =3/ (n+1)(n + 3).

(2) Obviously, f, is not Gaussian as it has a compact support [-1, 1].
Its kurtosis By = 3(n +1)/(n + 3) is less than 3, i.e., f,, has a flatter top

(platykurtic).

A common practice of using + 2/+n for the 95% confidence interval

of Z =0 1s problematic for small values of n. The confidence interval

should be narrower. Even for large n, the interval [- 2 2 ] covers

n n
more than 95% as the following numerical estimation shows. The table

gives the values of

2
p= [ fua)as
Ta

n 4 5 6 7 8 9 1000

p 1.0000 | 0.98391 | 0.97496 | 0.96998 0.96688 0.96469 0.95455

References

[1] M. Abramowitz and I. A. Stegun (Eds.), Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables, 9th Printing, Dover, New York,
(1972), 255-258.

[2] A. Papoulis, Probability, Random Variables, and Stochastic Processes, 2nd Edition,
McGraw-Hill, New York, (1984), 145-149.

[8] W. H. Press, B. P. Flannery, S. A. Teukolsky and W. T. Vetterling, Linear
Correlation, 4.5 in Numerical Recipes in FORTRAN: The Art of Scientific
Computing, 2nd Edition, Cambridge University Press, Cambridge, England, (1992),
630-633.



68 EUNGCHUN CHO

[4] R. H. Shumway and D. S. Stoffer, Time Series Analysis and its Applications, with R
Examples, 2nd Edition, Springer-Verlag, New York, 2000.

[6] Eric W. Weisstein, MathWorld-A Wolfram Web Resource.

http://mathworld.wolfram.com/TimeSeriesAnalysis.html



