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Abstract

In this paper, some modified decomposition schemes for solving structured
variational inequality problems were proposed. The proposed approaches
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1. Introduction

Variational inequality theory, was emerged as an interesting and
fascinating branch of applicable mathematics with a wide range of
applications in taxation, unemployment etc. The ideas and techniques of
variational inequality are being applied in a variety of diverse areas of
sciences and proved to be productive and innovative. It has been shown
that this theory provides that most natural, direct, simple, unified, and
efficient framework for general treatment of a wide class of unrelated

linear and nonlinear problems.

Variational inequality has been extended and generalized in several
directions by using novel and new techniques, and has been solved by a
number of numerical methods including projection method, auxiliary
principle, proximal point method, and decomposition. Historically, in
1964, the variational inequality problem was introduced by Stampacchia
[28].

In 1980, the books by Kinderlehrer and Stampacchia [14], and
Baiocchi and Capelo [6], provide a thorough introduction to the

application of inequalities in infinite-dimensional metric spaces.

The projection method provides important tools for finding the
approximate solution of variational inequalities. This method is due to
Lions and Stampacchia [16]. The main idea in this technique is to
establish the equivalence between the variational inequalities and the
fixed-point problem by using the concept of projection. This alternative
formulation has played a significant part in developing various

projection-type of the variational inequalities.

It is well known that the convergence of the projection methods
requires that the operator must be strongly monotone and Lipschitz
continuous. Unfortunately, these strict conditions rule out many

applications of this method.

This fact motivates the modification of the projection method and the

development of other methods. To implement the projection-splitting
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method, one has to evaluate the projection, which is itself a difficult
problem. These facts motivate the use of the auxiliary principle

technique.

This technique deals with finding the auxiliary variational inequality
and proving that the solution of the auxiliary problem is the solution of

the original problem.

A popular method for solving variational inequality problems is the

proximal point method.

This method is in fact the implicit-type method, which arises in the
context of discretization of the initial value problems. Martinet [18]
considered this method as a regularization technique for the convex
optimization. Rockafellar [27] applied this method for finding a zero of

the maximal monotone operators.
2. Bregman Functions

First recall the notion of Bregman functions called also D-functions
introduced by Bregman ([7], 1967), developed and used in the proximal
theory by ([8, 13, 15, 25, 26] and references therein). Let S be an open

subset of R" and h:S >R be a finite-valued continuously

differentiable function on S and define Dy, by

Dy(x, y) = h(x)-h(y)- (Vh(y), x-y), xe S,yeS. 1)

Definition 1. The function A is called a Bregman function with zone S

or a D-function, if
(a) h is continuously differentiable on S and continuous on S ;
(b) A 1s strictly convex on S;

(0 for every XLe®R, the partial level sets Lij(y, )=
{x €S :Dy(x,y)< X} and Lo(x, ) ={y € S : Dy (x, y) < A} are bounded

forevery y € S and x € S, respectively;
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(d) if {yz} € S is a convergent sequence with limit y*, then

Du(y", yi) = 6;
(e) if {x"*} and {y,} are sequences such that y, — y* € S, {x*} is
bounded and Dy, (x¥, y) ) — 0, then x* — y*.

From the above definition, we have the following:

Lemma 1. Let h be a Bregman function with zone S. Then
(i) Dy(x, x) = 0 and Dy(x,y) >0 for x € S and y € S;
(i) Va,be S and ¢ € S,
Dy(c, a) + Dy(a, b) - Dy(c, b) = (Vh(b) — Vh(a), ¢ — a); 2)
(iii) Va, b € S,
Dy (a, b) + Dy (b, a) < [Vh(a) - Vh(b)| x|a - b]]; ®)
(iv) Vx € S,
h*(Vh(x)) = (x, Vh(x)) — h(x);
) let {x"} e S such that x* — x* € S, then Dy(x*, x¥) > 0 and
Dy, (x¥, x*) > 0.
Remark 1. Some examples

1 1
(1) S = R, hy(x) = §||x||2, then Dy, (x, ) = 5 [l - ¥

n —_—
2) S =R}, he(x) =) x;log(x;) - x;, then for (x, y) e R xR”
i=1

and with 0log 0 = 0,

Dy, (e, 3) = > x; log(ai / ;) + ¥; — .

n
1=1
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Dy, is called the Kullback-Leibler relative entropy distance.

2

@ S=1-1L1", )=~ S a7,
=1

then

) S =Ry, hyw) = Y i~

=1
then
n

Dy, (x, ) = Zﬁ(@ ~
=1 i

(5) S =R", hy(x) = = (x, Ax),

N

then

%(x -y, Alx - y)),

1 2
Dy, (x, y) = §||x -4 =
where A € R is symmetric positive definite.

(6) Let g : " — R be a strictly convex function such that

g e C3(R") and lim 8l) _ +o0,

EE= .

then g is a Bregman function.

47

(7) If h is a Bregman function, then A(x)+c'x +d for any ¢ € R",

d € R, also is a Bregman function.
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Remark 2. Dy, (., .) cannot be considered as a distance because of the
lack of the triangle inequality and the symmetry property. Dy(.,.) is

usually called an entropy distance.

Definition 2. A Bregman function A with zone S is said to be zone

coercive, if the image of S° under VA is equal to R".

We close this section, by recalling some basic results about Bregman

functions and distances.
Proposition 1. For any a, b, c € X and c € X,
Dy(c, a) — Dy(c, b) — Dy(b, a) = (Vv(b) - Vi(a), c - b). (4)
Proof. Using the definition of Bregman distances, we get
Dy(c, a) — Dy(c, b) — Dy(b, a)
= ¥(e) - v(@) — (V¥(a), ¢ - a) - v(c) + ¥(b)
+(Vp(b), ¢ — b) —v(b) + v(a) + (Vu(a), b — a)
= (Vy(b) - V¥(a), c - b). O

Proposition 2. If the function h is strongly convex of coefficient «.,

then
VZhral, (5)
where I is the identity matrix, and the notation VZh = ol means that
(V2h — a.I) is positive semi-definite.
We use this proposition to prove the following:

Proposition 3. If h: X —> R is a strongly convex of coefficient a

Bregman function, and Dy, is the Bregman distance, then

Dy, (x, y) = %”x —y||2, vx, y e X < R".
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Proof. Since
Dp(x, y) = h(x) = h(y) = (VA(y), x = y).
Using Taylor development,
h(x) = h(y) + (VA(y), x — y) + (V2h(y)(x -y, x—y)+....
Using Proposition 2, we get
h(x) = h(y) + (VA(y), & = 3) 2 (VZh(y) (x = 3), & = ) 2 Z | — o,
which implies that

Dy (x, y) = h(x) - h(y) + (VA(y), x — y) = %"x - y||2. O

3. Modified Proximal Techniques for VIPs

In this paper, we consider the following monotone variational

inequality problem denoted by (VIP):
Find x* € R", such that
(x —x*, f(x*)) 20, VxeC, (6)
where
C={x e R"| g(x) =0},

i1s a given nonempty closed convex set, g is a concave function, and

f:Co>R", g:R* > R™ are given monotone functions.

It is straightforward to see that the above VIP model can be

rephrased as:

Find «* € Q, such that

(u-u*, F(u")) 20, VYueQ, (7N
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x f(x) - Vg(x)y
u:{ J, F(u):[ j, ©)
y 8(x)

and Q = CxR7. From now on, Equation (7)-(8) will be denoted by
VIP(Q).

where

To develop our new approach, we will use a version of the auxiliary
principle (see Marcotte and Zhu [17], Noor [21], and He et al. in
[10, 11, 12] and references therein). The method generates the new pair

u = (x,5) from u = (x, y) as follows:

(x' =%, r(X —x)+ f(X)-Vg(X)y) 20, vx'eC, 9)
and

(' =5, )+ VA(Y) - VA(y)) 2 0, Vy' e RY, (10)

where h is a Bregman function, and the first algorithm can be summed

up as follows:

Algorithm 1

Step 0. Choose a zone coercive Bregman function Ay, with zone c?,

select a constant p > 0 and define A : R" - R,
hx) = ho(x) + &, (an

and choose an initial point (xo, yo) eQ,0>0,8>0r>0 and let
k =0.

Step 1. Find x**! € R”, such that

(x' - L (R — xRy b f(a R - vg(ak ! )yk) >0, Vvx'eC. (12
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Step 2. Find y**! ¢ Y = ®”, such that

(v = ¥, ag(x® 1)+ s(VA(y*) - VA(y®))) 2 0, Wy e R (1)

Remark 3. The above algorithm is a classical Usawa method for
solving VIPs, but we just mix it with the quadratic proximal point
approach with respect to the variable x and a non-quadratic proximal
point approach, known as Bregman prox with respect to the variable y. Of
course, one may modify again this algorithmic scheme by changing the
added proximal terms. We mean that we can present (and may be in the
literature it was already done) the following schemes, after assuming that

all the initializations are done:

Algorithm 2
Step 1. Find x**1 e R", such that
(x = P (VR (o) = VA (27) + F(&F) = Ve(xm 1 )y*) > 0, v e C.
(14)
Step 2. Find y**! € Y = ®”, such that
(y - R ag(x ) + s(Vhg(vF) = Vhy (y* ) =0, Vy eRP (15)
Algorithm 3
Step 1. Find x**! € R", such that
(x = P (VR (1) = VA (27)) + f(aF 1) = Ve(x" 1 )y*Y 2 0, wa' e C.
(16)
Step 2. Find y**' ¢ Y = R, such that

(5 = y** ag(a® 1y + s(y* — yF)) 20, vy e R 17)
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Algorithm 4

Step 1. Find x**' € R”, such that
(x' = (R = k) b AR - vg(aktT )yk) >0, Vx'eC. (18)
Step 2. Find y**! ¢ Y = ®”, such that

(5= 9" ag(x®* )+ s(y* - yF)) 2 0, vy e RTE. (19)
Also, we can propose to replace the proximal term (the Bregman one or

the classical quadratic one) by the ¢-divergent prox-like term as it was

done by Auslender et al. [5] and recently by other authors, for instance,
see the work of Han and Sun [9] and the reader may see the references
therein. In the next section, we give the convergence analysis of
Algorithm 1. To avoid the repetition of almost similar approaches, in this
work, we present only the convergence of Algorithm 1 in detail. Minor
modifications are needed to prove the convergence of Algorithms 2, 3,
and 4.

4. Convergence Analysis

Definition 3. F = (F}, Fy) is partially co-coercive on Q, if there

exists o > 0 such that
(F(u)- F(v), u—v) 2 o|Fo(u) - F2(v)||2, Yu, v e Q.

Lemma 2. For any w,v € ", and a, b are positive constants, we

have
abl]® + alv, w) > -%uwu?. (20)

Proof. Easy and can be omitted.
We make the following assumptions:

(A1) C is a nonempty closed convex set, F = (F}, Fy) is partially

co-coercive on Q.
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(A2) The optimal solution set of VIP(Q, F) denotes Q", is nonempty.

Lemma 3. For any u* = (x*, ") e Q", and {(x*, yk)}k be the

sequence generated Algorithm 1, it holds
W= (=, (P = Vg )yt = (F(x") = Ve ")), @)
where
W = (F(xF*1) - vg(aFH )k, oFH _ k).

Proof. Since x” is a solution of VIP(Q, F) and "1 e C, from (7),

we have
(" =27, f(x*) - Va(x")y") 2 0,
implies
— (2™ — &, () - ve(x* )yt < 0.
Set
W = <f(xk+1)_vg(xk+1 )yk, xk+1 _xk>,
hence

W>W- (xk+1 —x", f(x") - Veg(x")y")
> (M = x®, M) - Vg (MR - (F(x*) - Via(a™)y)),
and then the lemma follows:

Lemma 4. For any u* € Q°, let (xk, yk ), be the sequence generated

in Algorithm 1

G > (yF —y*, g(xF 1) - g(x")), (22)

where

G = <yk+1 _y*, g(xk+1 ))



54 EMAN H. AL-SHEMAS and ABDELOUAHED HAMDI

Proof. Since y* € R, then

(M = 5", g(x®)) 2 0,

implies that

—(yM -y, g(a") <0,
set

G = (yF*1 — 3", g(xhHh)).
Therefore,

G2 G- (Y"1 -y, g(x®) 2 (yM -y, () - (™)),

and then the lemma follows.

The following theorem will be used to prove the fundamental result in
the convergence analysis of Algorithm 1, it is the main theorem of this

section.

*

Theorem 1. Let u” = (x",y")e Q" be a solution point of

VIP(Q, F). Then

d> ”xk+1 _ xk"2 +5_§"yk+1 _ yk"2)
ra
2 * *
2[5MT -y, gt - ga"))

+ (M xR - V(P TR - () - Vet '), (@9)

where

2 * * * *
d =2 ADy(5", )= Dy, O (o - 2P~ -2 ).

Proof. Let G = [x**1 — 2% + %Dh(ykﬂ, »*), and let

_i * gk k_ *2_i * R+l Rl k2
d_rsoth(y’y )+ =% =7l rsaDh(y’y ) =[x x|,
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So d can be written as follows:

2 ) v b
d = E(Dh(y*’ y}’)_Dh(y*’ y}”rl))_i_ "x}’ _x*||2 _"xk+1 _x*"2.

Applying Proposition 1 with a = y*, b = y**1, and ¢ = y*, using
"x* _ xk"2 _ "x* _ xk+1 "2 n 2(36* _ xk+1’ xk+1 _ xk) I "xk _ xk+1”2’
one obtains

2 \
d=— [DR(y*2, y%) + (VR(y) = VR(yR), y* — YR

" 2(.’)6* _xk+1’ xk+1 _xk> n "xk _ xk+1"2.

Now, using the fact that Dj(a, b) > 0.5¢|a — b|>, where & is the

strong convexity coefficient for the Bregman function A, and denote
B k+1p2 & kR R4+1)2
Ty = it~ bR Sk e,
then one has

d> T +%{(Vh(yk+1)—Vh(yk), y* _ yk+1>}+ 2(9(3* _xk+1, xk+1 _xk>.

Now, if we use x' = x* in Step 1 of Algorithm 1, we can write
<x* _xk+1, f(xk+1)_ vg(xk+1 )yk n r(xk+1 _ xk )) > 0,
which implies

<x* _ xk+1’ r_(xk+1 _xk )> > <xk+1 _x*, f(xk+1)_ Vg(xk+1)yk),

multiplying both sides by %, we get

* 2 *
2<x _xk+l, (xk+1 _xk» > 7<xk+1 — Xt f(xk+1)—Vg(xk+1)yk),
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then by Lemma 1, we get

2<x* _ xk+1, xk+1 _ xk) >

~ Do

<xk+1 _ x*, f(xk+1)— vg(xk+1 )yk

= (f(x") = Ve(x™ ™)), 24)
and using y' = y* in Step 2 of Algorithm 1, we obtain
(" = y**, sag(x™™) + s(VR(y*™) = VR(y*))) 2 0,

and according to Lemma 2, we get

2 s R4l k+1y k 2 k4l x R+ly (%
g YT VARG ) = VAGYT)) = = (y v, 8(x") - g(x")),
(25)

which completes the proof.

Proposition 4. For any u* € Q*, and let (x*, y* ), be the sequence

generated in Algorithm 1. Then, we have

d > ”xk+1 _ x*"2 +%"ykﬂ _ yk”2

2 * 2 * *
+ 20 g(eh ) - gl + 2 (M -y, g(6h ) - gla")), (26)
where
2 * % * *
d = E{Dh(y L VF) = Dy(y*, M )}+ (lek — P ol - ||2).

k+1

Proof. Let us denote u = (x"*", yk), u* = (x*, y"), thus, we have

Fu) = (f(="1) - V("1 )y", g(x*11)),

and F(u") = (f(x*)-Vg(x™)y*, g(x*)). Since F is partially co-coercive
with coefficient o, then
(Fu)- F(u"), u-u") > alg(x"") - g(x*)?,

and using y**1 — y* = y**1 — 9% 4+ 9% _ y* then the proof follows.
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To finalize the convergence analysis, we need the following

proposition:

*

Proposition 5. Let u* = (x*, y") e Q" be a solution point of

VIP(Q, F). Then
2s x k ko #2 5 28 + kel R+l _ %2
2o D7 )+ e =TT 2 2 D (v, )+ 7 -2

i "xk+1 _ xk"2

s& 1 k+1 k2
e - . 27
+( 50 ) 1Y y @7

ra

Proof. Using Lemma 4 with a = %, b=o,v = g(karl )— g(x"), and
w =y — y* then = = L, and ab = 22 Thus, we directly obtain
4b  2ro r

2 * 2 * *
g gl )P+ (M - g (™) - g(x")

_L R+l # 2
2 -5 =ly v (28)

From Theorem 1, we get

R+l ky2  (S& 1 \y kel Rp2
d > [t - (52 R k2,

where
d = |x* - x*|? +EDh(y R = (- 2P +EDh(y , y¥ ). (29)

Thus, the proposition is established.

Before we prove the following theorem, we assume that

s& 1
ro  2roc

) > 0, or alternatively o > 4s&c to ensure that d > 0.
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Theorem 2. Let u” = (x*, y*) € Q* be a solution of VIP(Q, F) and

{uk } be the sequence generated Algorithm 1, then
lim |u® - u*| = 0.

k—o

Proof. Since |.| 20 and o > 4s&c, then d > 0 and by taking the

sum of d in (29), we obtain
k 2s 2s
Dol =P+ 2D ) = (" = 2P+ 22 D", ) 2 0,
~ ro ro
then
25 (5", 30) + 120 - "2 - 22 Dy (v, yh) -t - 2P
ro ’ ro ’
+ 2Dy (y" v+t - ") -2 Dy y2)+ 2% - x|
ro ’ ro ’
_ﬁ * RY IR %2 >
b B Dt ) -t P 2 0,
implies
D (y*, ¥°) + |6 = x| = Dy, ¥F) + " - 2"

Thus, the sequence {(x”, y” )}, is bounded.

Now, by taking the sum in (27), we get

ko 2s ¢ tox2 (28 | t+41*p2
S B Dy el - P - (E Dy, )« [ - )

k t+1 k2 i _ L t+1 12
N e R e IEaE X
implies that

Du(y", ¥%) +[x° - "7 = Du(y", %) = |* - 27|

k 2 s 1 2
> tho("le _xt” + (%_%)"ytﬂ _ yt" ),
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then we have
o 2 sC 1 2
OOZtZ(;("le_xt” +(E_2rc )"yt+1_yt" )

If B - o, we have

lim |x**1 - 2% = 0,
k—w®

and

: k+1 _ Ry 2 _
Lim 5™ - 7" = 0.

And since (x*, y* i = (u® ) is bounded, then any accumulation point
7 = (x, y) € Q is a solution to VIP(F, Q), and by taking u”*, we get the
convergence of the whole sequence to the solution u* of (7)-(8).

As we mentioned prior the convergence analysis section, the above
study can be applied under certain modifications to Algorithms 2, 3,
and 4.
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