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Abstract

Let f(2), g(z) be two nonconstant meromorphic functions, and let n, & be two

positive integers with n > 3k + 7. If (fn)(k) and (g")(k) share zCM; f(z)

and g(z) share oIM, then (1) f(z)=1tg(z) for k>2; (2) either
2 2

f(z) = c1e , g(2) = cge™ % or f(z) =tg(z) for k=1, where c, cg, and c are

three nonzero constants satisfying 4n® (cre9 )nc2 = -1 and ¢ is a constant such

that ¢ =1.
1. Introduction and Main Results

In this paper, a meromorphic function will mean meromorphic in the

whole complex plane. Let f(z) be a nonconstant meromorphic function.

We use the following standard notation of value distribution theory:
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— 1
T(r, f), m(r, f), N(. f), N, f), N(r, 7),

(see Hayman [4] and Yang [6]). We denote by S(r, f) any function
satisfying

S(r, f) = ofT'(r, )},
as r—> oo, possibly outside of a set with finite measure.

Let a be a finite complex number and %k be a positive integer. We

denote by N k(r 1 ) the counting function for zeros of f(z) — @ with

multiplicity at least & and N(k(r 1 ) the corresponding one for

1
f-a

L) = NGO )

which multiplicity is not counted. Set N(r, 7

~ 1 = 1
+ Na(r, a )+ oo+ Np(r, T4

a

).

Let f(z) and g(z) be two nonconstant meromorphic functions and a
be a complex number. If f(z)—a and g(z)— a assume the same zeros,
then we say that f(z) and g(z) share the value a IM. If f(z)-a and

g(z) — a assume the same zeros with the same multiplicities, then we say

)
the counting function for a-point of both f(z) and g(z) about which f(z)

that f(z) and g(z) share the value a CM. We denote by N (r,

has larger multiplicity than g(z), with multiplicity not be counted.

Similarly, we have the notation N7 (r, 2 i " ).

Fang and Hua [1] and Yang and Hua [7] obtained the following
unicity theorem:
Theorem A. Let f(z), g(z) be two nonconstant meromorphic (entire)

functions, and let n >11(> 6) be a positive integer. If f"f and g"g’
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share 1 CM, then either f(z) = c;e®, g(z) = cge” %, where ¢, ¢y, and ¢
are three nonzero constants satisfying (cice )" e? = -1 or f(z) = tg(2)
for a constant t such that =1

In 2000, Fang and Qiu [2] proved the following result:

Theorem B. Let f(z), g(z) be two nonconstant meromorphic
functions, and let n > 11 be a positive integer. If f"f and g"g' share
zCM, then either f(z) = cleczz, g(z) = cze_czg, where ¢y, cg, and ¢ are
three nonzero constants satisfying 4(cic9)"'e? = -1 or f(z) = tg(2) fora
constant t such that "™ = 1.

In 2002, Fang [3] proved the following result:

Theorem C. Let f(z), g(z) be two nonconstant entire functions, and
let n, k be two positive integers with n > 2k + 4. If (f" )(k) and (g" )(k)
share 1 CM, then either f(z) = c;e®, g(z) = cge”*, where ¢, ¢y, and ¢
are three nonzero constants satisfying (- 1)¥(cicg )" (ne)?* =1 or f(2) = tg(z)
for a constant t such that t" = 1.

Recently, Xu et al. [5] proved the following theorem:

Theorem D. Let f(z), g(z) be two nonconstant meromorphic

functions, and let n, k be two positive integers with n > 3k +11. If

(" )(k) and (g" )(k) share z CM; f(z) and g(z) share o IM, then either

2 2
f(z) = ;% , g(z) = coe™* , where cy, cy, and c are three nonzero

constants satisfying 4n%(cicq)"c® = -1 or f(z) = tg(z) for a constant t
such that t"* = 1.

In this paper, we improve Theorem D as follows:

Theorem 1. Let f(z), g(z) be two nonconstant meromorphic functions,

and let n, k be two positive integers with n > 3k+17. If (f" )(k) and
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(g" )(k) share z CM; f(z) and g(z) share « IM, then (1) f(z) = tg(z) for

k > 2; (2) either f(z) = cleczz, g(z) = 026_622 or f(z) = tg(z) for k=1,

where ¢, ¢y, and ¢ are three nonzero constants satisfying

4n?(cie9)"c® = -1 and t is a constant such that t* = 1.

2. Some Lemmas

In order to prove our results, we need the following lemmas:
Lemma 1 ([8]). Let f(z) be a nonconstant meromorphic function

satisfying f(k)(z) £ 0, and let k be a positive integer. Then

1 1 =
N[r, WJ < N(r, 7) +EkN(r, f)+ S(r, f).

Lemma 2. Let f(z), g(z) be two nonconstant meromorphic functions.
If f(z) and g(2) share 1 CM; f(z) and g(z) share « IM, then one of the

following cases must occur:

@) 70 f)+ 70, 8) < 2N(r, £ )+ No(r. 2 )} + 4N )+ 2N (1. /)
+ Np(r, €)} + S )+ S(r, 2):

(i) either f(2)g(z) = 1 or f(2) = g(2).

Proof. Set

@)

Now, we consider two cases.

Case 1. H(z) # 0. It follows from the logarithmic derivative lemma

that

m(r, H) = S(r, f)+ S(r, g).
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Let zy be a common simple 1-point of f(z) and g(z). By simple

computing, we see that z( is a zero of H(z). Thus, we get

1
Nofr i) = o

<T(r, H)+OQ) < N(r, H)+ S(r, f)+ S(r, g)

1_1)£N(r,%)

< Nig(r. )+ Nig(r. )+ Ny (o )+ Ny (o 8)
# No(r. 55) + No(r, 5 )+ (. /) + S g) @

where Ny(r, % ) is the counting function, which only counts those points

such that f' =0, but f(f —1) # 0. By the second fundamental theorem,

we have

TG £)< N )+ N )+ N 25 ) = Nolr )+ 86 ). )

and

T(r, g) < N(r, g) + N(r, —)+N(r )= No(r, ')+S(r, 8. @
Obviously,

N(r. 1)+N(r l)zzﬁ(r,gl_l)

gNl)( = 1)+N(r gll)

< Nl)(r, ; L 1) +T(r, 8)+ S(r, )+ S(r, 2).5)

By Equations (2)-(5), we have

T(r, f) < No(r, % )+ Ny(r, § )+ 2N(r, )+ Ni(r, f)
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+ Nz (r, g) + S(r, f)+ S(r, g). (6)

Similarly, we have

T(r, g) < No(r, % )+ Ny(r, é )+ 2N(r, g) + N.(r, f)

+ N (r, &)+ S(r, )+ S(r, 2). @
From Equations (6) and (7), we get (1) of Lemma 2.

Case 2. H(z) = 0. It follows from (1) that

1 A

f-1 g-1

+ B, (8)

where A # 0 and B are constants. By rewriting (8), we get

_(B+1)g+A-B-1

f Bg+A-B

©)

Next, we consider three subcases.

Case 2.1. B = 0. From Equation (9), we obtain that

_8 A-1
F=a*—a
If A=1, then f = g. If A #1, by the second fundamental theorem, we

have

1
_ A1
f=43

)+ 8(r, f)

T(r, f) < N(r, )+ N(r, % )+ N(r,

< N f)+ NG )+ N )+ (. ).
which reveals (i) of Lemma 2.
Case 2.2. B = —1. From Equation (9), we obtain that

A
f_—g+A+1'
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If A=-1, then f(z)g(z) =1. If A = -1, by the second fundamental

theorem, we have

T(, f) < N(r, f) + N(r, % )+ N(r, )+ S(r, f)

1
A+1)f-A
< NG, )+ N(r, % )+ N(r, é )+ S(r, f),

which reveals (i) of Lemma 2.

Case 2.3. B # 0, — 1. From Equation (9), we obtain that
(Bf(z)-B-1)(Bg(z)+ A- B) = - A.
By the second fundamental theorem, we have

1

T(r, f) < N(r, )+ N(r, % )+ N(r, Bopoq) 8

< NG f)+ N )+ NG g)+ S(r. ).
which reveals (i) of Lemma 2. Hence the proof of the Lemma 2 is
complete.
Lemma 3 ([6]). Let f, g¢ be two nonconstant meromorphic functions.
If (f" )(k) =(g" )(k) and n > 2k + 2, then f(z) = tg(z) for a constant t

such that t" = 1.
3. Proof of Theorem 1

) Gg®
Proof of Theorem 1. Set F = ", G = g". Thus . and

(%) (%)
share 1 CM; FT and G

2 share « IM. We suppose that

(k) a®) _ g
)+ T(r, =) < 2{N2(r, ﬁw Noy(r, ﬁ)} +4N(r, =—)

T(r, .
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o pw g
+2{NL(;~, E e N, & )}

+8(r, )+ S(r, g). (10)

We note that

1 1 1 1 Nis(r, ==

1 1 ~ 1
+N(r,w)—(N(3(F,W)—2N(3(F,W)j.
(11)

If z, is a zero of f(z) with multiplicity p, then z, is a zero of (f" )(k)

with multiplicity np — k, we have
Ns(r, —2 )= 2Ng(r, ) > (n—k —2)N(r, 1), (12)
(Y 2 (Y 2 f
Similarly, we have
Nis(r, —— )= 2N3(r, ——) > (n— k - 2)N(r, = ). (13)
B 6 ) (B G0 g
By Equation (10)-(13), we have

1 1 z z
T(ram)‘i‘T(r,W)ST(T‘,W)-FT(T‘,W)-leOgV

(k) (k)
e, C ) 4 210g 1 + 0(1)

zZ

<T(r,

1 1 =
< Z(N(r, 0] )+ N(r, " )j+ 4N(r, f)

Lok + z—n)(N(r, %)+ N(r, é)} 6 log r
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— (k) _ (k)
+ 2{NL(r, E) e N, & )}
+8(r, f)+ S(r, g). (14)
Noting that
nm(r, % ) = m(r, % ) < m(r, ﬁ )+ S(r, f)

1 1
ST(T,W)—N(T',W)‘FS(T,]C). (15)
Similarly, we have
nm(r, L) < T(r, =< ) = N(r, =) + S(r, g) (16)
g’ T el) " g rer

By Equations (14), (15), (16), and Lemma 1, we have

1

n(T(r, f)+T(r, g)) < N(r, =0

1
)+N(’”,%)

+ (2k+4—n)(N(r,%)+N(r,§))+610gr+4ﬁ(r, f)

(k) _ ()
d )+ Np(r, G

< <

+z(m(r, >J+s<r, £)+ S0 )

<ok +2) (N(r, % )+ N(r, é )j 4 (2k + 4N, f)

_ (k) _ (k)
+610gr+2(NL(r,F )+ Np(r, GZ )}

+8S(r, f)+ S(r, g). 17

Noting that (f" )(k) and (g" )(k) share zCM; f(z) and g(z) share o« IM,

we get
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Fk)

_ _ Gk _ _
Z[NL(r, )+ Np(r, )JSN(;“, f)+ N(r, g).

From Equation (17), we have
1 1
n(T(r, f)+T(r, g)) < 2(k + 2)(N(r, 7 )+ N(r, 2 )) +6logr

+(k+3)(N(r, )+ N(r, @)+ S(r, f) + S(r, g).(18)
Next, we consider two cases.

Case 1. Either f(z) or g(z) is a transcendental meromorphic

function. If n > 3% + 8, then it follows from Equation (18) that
T(r,f)+T(r,g)<6logr+S(r, f)+S(r, g),

a contradiction. If n = 3k + 7, by Equation (18), we get that
Na(r, f) = S(r, f),  N(r, ) = S(r, g).

Thus

(k) _ (%)
E =S¢, ). Ny G

N
(7, . ~

)= S(r, 8).

It follows from Equation (17) that
T(r, f)+T(r, g) < 6logr+S(r, f)+ S(r, g),
a contradiction.

Case 2. Both f(z) and g(z) are two nonconstant rational functions.
If f(z) is a polynomial, then g(z) is a polynomial. Thus, it follows from
Equation (17) that

8logr < (k+3)(T(r, f)+T(r, g)) < 6logr + 0(1),

a contradiction. Thus, both f(z) and g(z) are non-polynomial rational

functions. By Equation (18), we have
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ok + z)(m<r, % )+ m(r, g )) +(k+3) (Nl )+ No(r, 8)- No(r, )= Nior, 2)

+ (k+3)(m(r, )+ m(r, g)) < 6logr + O(1). (19)

Set

p2(2) q2(2)
f Z) = ) g Z) = ’
= n@ 9700
where both p;(z), ps(z) and ¢q;(2), ¢9(2) are coprime polynomials. If
deg py > deg p;, then m(r, f) = (deg py — deg p; )log r. It follows from
Equation (19) that

Ns(r, f) =0, Ny(r, g) = 0.
Thus,

Fk)

— (k)
> ) = 0, NL(V, G

NL(r, )= 0.

It follows from Equation (17) that
6logr <T(r, f)+T(r, g)+ (2k + 4)m(r, é )+ (kB +2)(m(r, f)+ m(r, g))

< 6logr+ O(1).

Hence, we have

: (20)

2
aoz” + a1z +a z+b
fle)= 922 Y UERG oy Bizvhy

2—-2 2—21

where a9, q;, ag, by, and by are constants with agb; # 0. From

Equation (20), we have

n P(z) n\(k) Q(z)

e = g\ = :

(") -

where P(z), Q(z) are polynomials with deg P = 2n and deg® = n —1.

Thus (f" )(k) -z has 2n zeros (computing multiplicity), but (g” )(k) -z
has only n+k+1 zeros (computing multiplicity). This contradicts

(" )(k) and (g" )(k) share z CM.
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Thus deg py < deg p;. If deg py < deg p;, then m(r, % ) = (deg p; —

deg py )log r. It follows from Equation (19) that

2k + 2)m(r, % ) < 6log r + O(1),

and
N(Z(ra f)=0, N(g(?‘, g)=0.
Thus,
_ Fk) _ (k)
N E—) =0, Nl GZ )= 0.

It follows from Equation (17) that

8logr <T(r, f)+T(r, g)+ 2(k + 2)m(r, % )< 6logr+0(),

a contradiction. Thus deg py > deg p;. Hence, deg py = deg p;. Similarly,
we can get that deg g9 = deg q;. Thus by Equation (19), we have

(k +3)(Na(r, )+ N(o(r, g)— Nio(r, f) — Nio(r, ) < 6log r + O(1). (21)

If f(z) has a pole with multiplicity at least 3, then by Equation (21), we

have

8logr < 2(k + 3)logr < 6logr + 0(1),
a contradiction. If f(z) has two multiple poles, then by (21), we have
8logr < 2(k + 3)logr < 6logr + O(1),

a contradiction. Thus f(z) has at most one multiple pole and its
multiplicity is 2. Similarly, we can get that g(z) has at most one multiple
pole and its multiplicity is 2. If both f(z) and g(z) have one multiple
pole, then by Equation (21), we have
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8logr < 2(k+3)logr < 6logr + 0(1),

a contradiction. If f(z) has single multiple pole and g(z) has only simple

poles, then we have

atzt + 0;,5,12’:_1 +...+tag
f(Z) = 2 ’
(z-21)(z-22)...(2 —21)
bt_lzt_1 +...+ by
B = ez m) e -a )
where z;(I =1, 2, ..., t —1) are distinct complex numbers and q; (i = 0,

1,..,t),b:(j=0,1,...,t —1) are constants with a;b,_; # 0. From

Equation (22), we have

() = Pi(z) ,
(2 ~ 7 )2n+k(2 ~ 2y )n+k (Z —z )n+k
and
(gn )(k) _ Ql(z)

(z=2)" Mz -2)"F (e 2 )"

where P,(z), @ (z) are polynomials with deg P, < nt + kt — 2k —1 and
deg @ < nt + kt —n— 2k —1. Thus (f”)(k) — 2z has nt + kt — k +1 zeros
(computing multiplicity), but (g” )(k) —z has only nt+kt-n-k+1

zeros (computing multiplicity). This contradicts (f" )(k) and (g" )(k) share
z CM. Similarly, if g(z) has single pole and f(z) has only simple poles,
we can get a contradiction. Therefore, both f(z) and g(z) have only

simple poles, then we have

nyk) _ M(2) nk) _ ha(2)
(") = Bi) (g") = 5,0
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where both h;(z), Py(z) and hg(2), Py(z) are coprime polynomials with
max {deg h;, deg hy } < deg P,. Since (f" )(k) and (g" )(k) share zCM,

hy(2) = hy(2). Thus, (/")) = (g™)®.

Therefore, by Lemma 2, we get that either (f" )(k) =(g" )(k) or
(Mg =22 1t (7)™ =(g"™, by Lemma 3, we get
f(z) = tg(z), where ¢ is a constant such that ¢" = 1. If (f")*)(g")*) =
22, then f(z) and g(z) are two entire functions and have no zeros. Set

f(z) = e*, g(z) = eP, where o, B are entire functions, we have

(FB = Al + Py (@)]e™, (&™) = BIEY + Qs (8)]e™,

where A, B are nonzero constants, P,_;(a'), @,_1(B’) are differential
polynomials in o' and B’ of degree at most k — 1, respectively. Thus, we

get

AB[(o)* + Py (a)][(B)" + Qg (B)]e™ D) = 22, (23)

We deduce o + B = C, where C is a constant. Hence from Equation (23),

we get
A (@)?F = 2% + By (o), (24)

where A; 1is a nonzero constant and ﬁgk_l(a’) is a differential

polynomials in o' of degree at most 2k — 1. Thus, we obtain
T(r,a') < 2logr+S(r, o).

Therefore, o' is a polynomial. If & > 2, then from Equation (24), we

obtain a contradiction. If k2 =1, from Equation (24), we get that

o = %z + b. Thus,

£(z) = et g(z) = cpe = b2,
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and

—e'n(2cz + b)chn(2cz + b) = 22
We deduce b = 0 and 4n2(cicy )" ¢? = -1, thus

2 2
f(z) = e, glz) = cpe™™ .

The proof of Theorem 1 is complete.
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