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Abstract
In this paper, we give two characterizations of regular po-I'- semigroups in
terms of left (resp., right, quasi-, bi-) ideals. The results generalize the results

presented in [9].

1. Introduction and Preliminaries

Regular semigroups and their generalizations have been widely

studied (see [4-9]). A semigroup S with a relation, denoted by <, is called
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a partially ordered semigroup (po-semigroup), if for x, y, z € S,
x <y implies xz < yz and zx < zy. A po-semigroup S is said to be
regular, if for any a € S, there exists x € S such that a < axa. In 1999,

the author [9] characterized regular po-semigroups by using some type of
ideals. Indeed,;

Theorem 1.1 [Theorem 1, p. 689]. A po-semigroup S is regular, if and
only if

BNINEQ c (BIQ],
for all bi-ideal B, for all ideal I, and for all quasi-ideal @ of S.

Theorem 1.2 [Theorem 2, p. 690]. A po-semigroup S is regular, if and
only if

RNQNL c (RQL],
for all quasi-ideal Q, for all left ideal L, and for all right ideal R of S.

The purpose of this paper is to generalize Theorems 1.1 and 1.2 by
using the concept of po-T'-semigroup introduced by Sen and Saha [10].

Definition 1.3. Let S and I" be two nonempty sets. Then S is called a

I -semigroup, if there is a mapping S xI'x S — S, written as (x, y, ¥)

> xvy, such that (xyy)Bz = xy(yBz) for all x, y, z € S and all y, B e T.

Let S be a semigroup and I' be a nonempty set. For x, y € S and

vy € I, define xyy = xy. Then Sis a I'-semigroup.
Let S be a I'-semigroup. For A, B < S, let
ATB ={aybla e A,be B,y eT}.
For x € S, let Al'x = AI'{x} and xT'A = {x|T'A.

Definition 1.4. A T -semigroup S is called a partially ordered
I'-semigroup (po-I'-semigroup), if there is a relation < on S such that

x <y implies xyz < yyz and zyx < zyy for any x, y,z € S and all

vy eI
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Let Sbe a po-I'-semigroup. For A < S, let
(A]={x € S| x < a forsome a € A}.

Let A, Bc S. The following are well-known: (1) A < (4], (2) If
A c B, then (A] c (B], and (3) (A]T'(B] < (ATB].

Definition 1.5. Let S be a po-T"-semigroup. A nonempty subset A of
S is called a left (resp., right) ideal of S, if

(i) STA c A (resp., ATS c A).

(1) If x € A and y € S such that y < x, then y € A.

If A is both left and right ideals of S, then A is called an ideal of S.

Definition 1.6. Let S be a po-I"- semigroup. A nonempty subset  of S

is called a quasi-ideal of S, if
() (@TS]N(Sre] c Q.
(11) For x € @ and y € S such that y < x implies y € Q.

Definition 1.7. Let S be a po-T"- semigroup. A nonempty subset B of S
is called a bi-ideal of S, if

(1) BTSTB ¢ B.
(i1) For x € B and y € S such that y < x implies y € B.

If A and B are left (resp., right, quasi-, bi-) ideal of a po-I'"- semigroup S,
then A = (A] and (A N B] = (A]N (B].

Let Sbe a po-I'-semigroup and a € S. The right (resp., left) ideal of S
generated by a, denoted by R(a) (resp., L(a)) is of the form

R(a) = (a U ar'S] (resp., L(a) = (a U STa]).
The ideal of S generated by a is
(@USTaUarS Uy Srars].
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In [1-3], the authors proved that the quasi-(resp., bi-) ideal of S
generated by a, denoted by Q(a) (resp., B(a)) is of the form

Q(a) = (a U ((ar'S]N (STa])] = ((er'S]N (STa]]U (]
(resp., B(a) = (@ U al'a U al'STa]).

Definition 1.8. A po-I'-semigroup S is said to be regular, if
a € (al'STa] for all a € S.

Equivalent definition. A po-T'-semigroup S is said to be regular, if
a < aoxfa,

for some x € S and for some a, f € T.
2. Regular po-T'-Semigroups

Theorem 2.1. A po-T"-semigroup S is regular, if and only if
BNINQ c (BTITQ],

for all bi-ideal B, for all ideal I, and for all quasi-ideal @ of S.

Proof. Assume that S is regular. Let ¢ € B(1 1) @. By assumption,

there exist x € S and «, p € I" such that a < aaxBa. Consider

a < aoxPa

IN

(aoxBa)axP(aoxpa)

(aoxBa)a(xBacx)Ba.

Thus, a € (BTITQ]. Therefore, BN I NQ < (BrireQ].

Conversely, assume that
BNINQ c (BriTq],

for all bi-ideal B, for all ideal I, and for all quasi-ideal @ of S. Let a € S.
Using B(a), I(a), and @(a) of S, we obtain
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a

m

B(a)N I(a) N Q(a)
(B(a)rI(a)r Q(a)]
c ((@UaraUarSra]r'Sr(a U ((aI'S]N (STa])]]

N

c (ar'STal.

Hence S is regular. O

For any po-T'-semigroup, we note by the Definitions 1.5-1.7 that:

Every left (resp., right) ideal is a quasi-ideal, and every qausi-ideal is a

bi-ideal.
Corollary 2.2. A po-TI'-semigroup S is regular, if and only if
BNINRc (BTITR],
for all bi-ideal B, for all ideal I, and for all right ideal R of S.
Theorem 2.3. A po-T'-semigroup S is regular, if and only if
RNQNL c (RTQTL],
for all quasi-ideal Q, for all left ideal L, and for all right ideal R of S.
Proof. Assume that S is regular. Let a € R(1 @ (1 L. Then, there

exist x € S and o, B € I' such that a < aoxBa. Consider

A

a < aaxfa

IN

(aoxBa)axB(aaxfa)

(aox)Baa(xBacxpa).

Thus, a € (RTQT'L]. Hence, RNQ N L c (RTQTL].
Conversely, assume that
RNQNL c (RTQrL],

for all quasi-ideal @, for all left ideal L, and for all right ideal R of S. To
show that S is regular, let a € S. Using Q(a), L(a), and R(a) of S by

assumption, we have
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R(a) N Q(a) N L(a)

a

m

(R(a)rQ(a)rL(a)]

N

(R(a)r'STL(a)]

N

(R(a)rL(a)]

N

((a U ar'S](a U STal]]

N

c (ara U al'Sral.

There are two cases to consider: If a < aya for some y € T, then

a < aya < ay(aya)ya € aI'STa.

If a < ayxBa for some x € S and for some a, f € I', then a € aI'STa.

Both of the cases we obtain a € (aI'STa]. O

Corollary 2.4. A po-I'-semigroup S is regular, if and only if

RNL c (RTL],

for all left ideal L and for all right ideal R of S.
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