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Abstract

We consider the equation Agu = p(x)ua(sfl) +q(x)uB(371) on RN(N > 3),
where p, ¢ are nonnegative continuous functions and 0 < o < . We establish

conditions sufficient to ensure the existence and nonexistence of nonnegative

entire large solutions of the equation.

1. Introduction

We consider the problem

a(s-1)

Agu = p(x)u +q(x) PV, x e RN(N > 3), (1)

ux) > o, || > o, (&)
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where the nonnegative functions p and q are locally Hélder continuous on
RY, have the property that minp(x), g(x) is c-positive RN (.e., if
minp(x), q(x) vanishes at any point x(, then there is an open set Q in
RN containing x; such that it is positive for all x on the boundary of Q),
and 0 < a < B. We call positive solutions to (1) that satisfy (2) positive

entire large solutions (PELS) of (1). Such problems arise in Riemannian
geometry when studying conformal deformation of a metric with
prescribed scalar curvature [5] and in the study of large solutions of
elliptic systems [6]. Our purpose here is to establish conditions on p and g,
which ensure the existence or nonexistence of PELS of (1). The vast
majority of papers studying nonnegative entire large solutions for

quasilinear equations consider equations of the form
Agu = p(x)f(u), ®3)

where f is nondecreasing. (See, for example, [7, 8] and references therein.)
The existence and nonexistence of PELS for (3) when f(s) = a® (a > 0)

can be fairly easily characterized. Indeed, for the quasilinear case
(a > 1), Equation (3) has a PELS [7] if p satisfies

J' :rl/s—l(Mp(r))l/sfldr <, ()

where M ,(r) = maxy_, p(x). On the other hand, it will not generally

have a solution if
[ty @) ar = 5)
0

where m,(r) = miny_, p(x). The purpose of this paper is to establish

similar results for (1). Our primary interest is in the mixed case, which

0 < a £1 < B with p satisfying (5), while g satisfies

[, e ar < e ®)
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where M, (r) = max|y_, g(x). In this case, there is no PELS in general,
as we shown in the proposition in next section. In particular, we show
that the equation

Agu = u + o 1y Bls=1) B> 2), (7)
has no PELS. This is somewhat surprising since both A;u = u and
Agu = e PP have PELS. We then show (Theorem 1) that if the

coefficient on P decays at a much faster rate as |x| > o, then a

nonnegative entire large solution does exist. Next, we show that if

Agu = e PPE=D) (8 5 1) has no PELS.

2. Text

We begin by showing that no PELS exist for (7) demonstrating that
the existence of a PELS for both A = p(x)u®®™ and Au =

q(x)uﬁ(s_l) does not necessarily mean that (1) will have one.

Theorem 1. Equation (7) has no PELS.

Proof. Suppose (7) does indeed have a solution v. In such case, it has
a spherically symmetric (or radial) solution u, which will satisfy the

integral equation

r 1=-N ex N-1 3 B(s-1)
ur) = ug + [ [y T () ¢ D)y, @)

where 0 < ug < v(0). Indeed, if (8) did not have a positive solution u,

since it is an increasing function, would blow up at some R > 0 so that u

would be a positive radial large solution of (7) on the ball |x| < R and
would, of necessity, satisfy v < u on |x| < R, contradicting the fact that

u(0) < v(0). Therefore, since u satisfies (8), we have

r 1=-N sx N-1
u(r) > uy + j x 51| ystu(y)dydx.
0 0
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Substituting u(r) > u( into the right-hand side, we get

r 1-N px N-1
u(r) = ug +J x st J y 51 ugdydx
0 0

|
N
o
—~~
—
+

rz
= u(r) > u0(1+@)

We now substitute this expression into the right-hand side as before to
get

7‘4

+ ).
2055+ 22(4F (45 +3)

u(r) > up(1 +

Continuing this process, we get

u(r) > uoi r

k _ _ _ .
2t (A + 1) (2 +3) - (B + 1+ 2k - 2)

2k

The expression on the right-hand side can be rewritten to produce

N-1 0
1 1 r \2k
S— z — -Y
ulr) = ugh(==5— ) ——x5——— (5 )" = cor "L, 1),
k=0 k1 ( —3*12 + k)

N-1 o q N-1 g
where ¢y = uOF(S_T), y = 8_12 -1, and I, is the modified

Bessel function with index y. For large r, it is well known that there is a

positive constant 3 such that

L(r)> & /A,
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so that u(r) > csr_y_l/ Ze" for large r, where ¢ = 8¢g. Thus, there exist

¢ > 0 small such that u(r) > (1 + e(l_e)r) for all r > 0. We will assume

that ¢ > 0 so small that B(s —1) —

T 1 > 1. Now, let v, be a nonnegative
—€

solution to the problem (¢ = B(s —1) — 1%, a= el/(l‘f))
Agu = av® on |x| < k,

which is an impossibility since this equation has no such solution [7, 8].
To show that u < v, we show that u <vp on x| <k for all k. Thus

suppose there is a k, such that maxpc;(u(x)~ vz(x)) > 0. Since this

maximum cannot occur on |x| = k, there must be an x; such that

|xg| < k, where it does occur. At this point, we have
0>A4(u-v,)>2u+ e TxolyBls-1) _ 0vae = u + e 10l C av,%

> u + e 1%0l(e(1 + o079l ))1/(1_€)u,§ >u+aut - av,% > 0,

which is a contradiction. Thus u < v, for all £ and hence ©z < v on RN,

so we obtain our contradiction. This proves the theorem.

We now show more generally that if the coefficient on uPGD) ip @)

were to decay much more rapidly to zero as |x| — o, then a large solution

would, in fact, exist.

Theorem 2. Suppose 0 < o <1 < B and p satisfies
o 1 _1
j U IMT()dr = )
Suppose furthermore that q satisfies
o0 L 1
[ eyeiar <, 10)
0

where
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£(r) = M (r)expf B=DC D)

r 1
3 IO tM ,(t)s-1dt}. (11)

Then equation (1) has a nonnegative entire large solution.
Lemma 1. Suppose B > 1, q satisfies (10) and p satisfies (9). Then the
equation

Agz = M p,(|x])z + My (|| )P, (12)

has a positive radial entire large solution.
Proof. Since p satisfies (9), we have that the equation

Agh = M, (r)h,

has a positive radial entire large solution [8], ~, which satisfies

r 1-N

x N-1
hr)y=1+ j x 51 J y 57 M, (y)h(y)dydx.
0 0

From [2], it is clear that

s—1

h(r)£1+N_S

I; yM p(y)h(y)dy.

Applying Gronwall’s inequality and elementary analysis, we get

yM () (s —1)

(k(y) = —F—— )

"R(C)d r "R(C)d "k(C)d
[, @) cdy _ 1+I _iefy © f;dy _ ejo ©) 3
0

hr) <1+ J K %

(13)
Now, let w be a positive radial entire large solution of
Agw = gl )wP,

where g comes from (11). Thus w satisfies



LARGE SOLUTIONS OF QUASILINEAR ELLIPTIC ... 47

= sy Bs-1)
w(r) = wo + [ [y ) ) Ny (a4

for some positive wg. We note that w exists [7] since g satisfies (10). We
now show that (12) has a PELS by proving that the integral equation

1-N

r x N-1 1
o) =20+ [ o [y T (M (020) + My(0) ) )dydx, (15)

has for an appropriately chosen positive value for zy, a positive solution
valid for all nonnegative r. If we can do this, then the solution z will of

necessity be large since [6]

r 1-N sx N-1
x 571 .7 s (M p(v)2(y))dydx

z(r) > zg +J

0

r 1=-N ex N-1
> zp + ZOI x 571 J y 5 M p(y)dydx — oo,
0 0

as r — . To show that (15) has a solution valid for all r > 0, we let
z9 € (0, wy ), where wy comes from (14). Then, it is clear that a solution

to (15) exist on some, perhaps quite small, interval. We show that this
interval is, in fact, [0, o). To do this, we shall show that z(r) < A(r)w(r)

for all r > 0. Thus, we define R as
R = supny € (0, )|2(r) < A(r)u(r)}, (16
forall r € [0, ry]. If R = o, we are done. Thus suppose R < . Then

1-N ox N-1
AR) =20 + [ [TV (M (0elo) + My ) dvde

<wg [T o, ()

+ My ()P (y)wPE Y (y)) dydx
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R 1-N px N-1
— W + jo ol ons‘l (w(y)M ,()h(»)

+ h(y)My (»RPDED ()P (y)) dydx.

Using the estimate (13) in the term A 71)(371), we get

AB) <wo + [0 [ F35T M (A) + ) @)D )dyas

17)
However, we note that since the derivatives A’ and w' are nonnegative,

we get

Ag(hw) > wAh + hAgw + —— h'w

N-1.,,,
r(s 1)

> U)Ash + hASw = prh + hng(S*l),

which, in radial form, produces (r¥~! (hw)’ )’ > rN_l(prh + hgwb=1) ).
We can now integrate this using A(0) =1, A'(0) = w'(0) =0, and
w(0) = wy to get (for all r > 0)

rtr) = wy + [ (M (9A) + KOS ()P e

Combining this with (17), we get z(R) < A(R)w(R). Thus, there exists
¢ > 0 such that z(r) < A(r)w(r) on [0, R + €], contradicting definition R
given in (16). Thus z < hw for all r and hence (12) has a positive entire

large solution. This completes the proof.

Proof of Theorem 2. From the preceding lemma, we get know that
Agz = M y(r)z + M, (r)ePs=1),

has a positive radial entire large solution. Furthermore, for each natural

number n, the problem
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Aglty = p(x)ug(s_l) + q(x)ug(s_l), |x| <n,

lim\x\—)n Uy (x) = oo,

has a nonnegative solution. We note that this is easily proven by using

the upper/lower solution method since the methods of [1] can be used to

show that the equations Aaw = (M, + Mq)(w“(sfl) + wPe1) and

A = mqu(S_l) have nonnegative large solutions on |x| < n with w < v.

The desired solution u, then lies between v and w. We now show that
z<u,+1 on |x| <n. To do this, we use a typical maximum principle
argument. We first note that clearly z < u, +1 for |x| = n, and suppose

maxiy<, (2(x) - u,(x) 1) > 0. This maximum will necessary occur at

some point xy for which |x0| < n and at that point, we have (note that

z2(xg) > 2%(xg)) since z(xg) > u,(xg)+1 >1
0> Ay(z —u, —1) 2 (Myz + My2Pe™) — (puge™) 4 qufisD))
> Mp(za(s_l) - ug(s_l)) + M, (zﬁ(s_l) - u,ﬁl(s_l)) > 0,

a contradiction. Hence z < u,,; on |x| < n. Since u, is a nonnegative

decreasing sequence, it converges to a nonnegative function u and

z -1 < u. Thus lim‘x‘ o U(x) = 0 since z is large. A standard regularity

will show that u is a classical solution of (1). This completes the proof. To

complete our work for the case B > 1, we give two nonexistence results.
Theorem 3. Suppose the equation
AU = q(x)vB(s_l), B>1, (18)
has no PELS. Then Equation (1) has no PELS.

Proof. Suppose (1) has a PELS, u. Let v, be a nonnegative solution
of

Agvp, = Q(x)v,g(s‘l), for |x| < £, 1im‘x‘_)k vp(x) = oo
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Then the sequence vy, is decreasing and u < vy, on |x| < k for all £ € N.

Thus v}, convergence to a function, v, on RY and u <v on RY. Since u
is nonnegative and wu(x) > © as |x| > o, the function v has same

properties. A standard regularity argument can be used to show that the
function v is a nonnegative entire large solution of (18) which, by

hypothesis, has none. This completes the proof.
Theorem 4. Suppose 0 <a <P <1, h(r)= M,(r)+ My(r)—my(r)

—my(r), and

j :rslTlh(r)w(r)dr <, (19)

where y(r) = exp]if;_lljgy(mp(y) + mg(y))dy. Then Equation (1) has a

PELS, if and only if
J.:rslj(mp(r) +mg(r))dr = . (20)

Proof. The proof is similar to that for Agu = p(x)f(x), where
supgs1 f(s)/s < « [5], and therefore, we merely highlight the differences

in the two proofs. The proof hinges on an upper and lower solution
argument and a key part of the proof is to show (see [6], Lemma 1) that

the equations

A = My (o) M (o,
Agw = my (e )™ 4 m (| )wPED), @1)

have PELS for which v < w. Completion of the proof is then virtually
identical to [4] and need not be repeated here. To show that Equations

(21) have PELS for which v < w, we show that there exists a number

b > 1 such that the integral equations
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r 1=N N-1
u(r) =1+ J. y 571 J.yx s-1 (Mp(x)v“(s_l)(x) + M, (x)vB(s_l)(x))dxdy,
0 0

(22)

r 1=N N-1
w(r)=0b+ J. y sl Jyx s-1 (mp(x)wa(s_l)(x) +my (x)wﬁ(s_l)(x))dxdy,
0 0

(23)

have positive solutions valid for all » > 0 with v < w. We note that the
condition (20) means that these entire solutions will be PELS. To
establish that both integral equations have positive solutions for all
r > 0, we note that the proof is again quite similar to that of [5]. Indeed,
we let vy = 1 and define the sequence v,, iteratively by

r 1=N sy N-1
vp(r) =1+ -[0 y sl IO x 571 (Mp(x)v“(s_l)(x) + Mq(x)vﬁ(s_l)(x))dxdy.

(24)
The sequence v;, is monotonically increasing and v, > 1 for all & so that,
we have

r 1=N sy N-1
vy (r) <1+ j e j T (M () 4 M ()0 (). (25)

As in [8], it is now easy to show that

v(ry<eM, foro<r<R, k=>1,
where M = ]s\f;_llmaxogrSR r[M,(r) + M,(r)]. Thus, the sequence v}, is

increasing and locally bounded and therefore converges RN, Furthermore,
its limit v is a solution to (22). A similar argument shows that (23) has a

solution, w. The only thing left is to show the existence of b > 1 such that

v<won RY. In fact, we choose
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b>1+

e [ TR,

where

s—1 (*° L
k = exp N1 Jo x5 1h(x)dx,

and show that this works. To do this, we define

R, =sup R > Ov(r) < w(r), forall r e0, R],

and show that R, = o. Thus suppose R, <« and note that since

v<w on [0, R,], we use the fact that v > 1 and the definition of A to

get

1

o(R.) =1+ 0R°° ys__flvj;x%[(Mp () - mp (1) ()

+ (Mg (%) - mg(x))oPC D (x)]dady

R, 1-N oy N-1
s-1 s-1 as-1)
o R T MO C

+ my (x)vﬁ(s_l)(x)]dxdy

R, 1=N oy N-1
<1+ J. y -1 J. x 571 h(x)v(x)dxdy
0 0

R, 1-N oy N-1
s—1 s—1 a(s-1)
+ -[0 y Jo x 57 [my, (x)v (x)

+my (x)0PE D (%) dady

R, 1-N oy N-1
<1+ J. y sl J. x 571 h(x)v(x)dxdy
0 0

R, 1-N oy N-1
* 51 s-1 a(s—1)
e[ Ty e )
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+ my (x)wﬁ(s_l)(x)]dxdy. (26)

Following the proof in [5], it can be shown that the inequality

r 1=N sy N-1
oir)=| ys! I x s71 [Mp(x)va(s_l)(x) + M, (x)vﬁ(s_l)(x)]dxdy
0 0

<1+ ;7;_11 J.Orx[Mp(x) + M (x)]v(x)dx,

produces the estimate
u(r) < ku(r).

Replacing v in (26) with this expression and using inequality (13) from [6]
(valid for arbitrary y and g) gives

k

v(ROO)S1+N_1

R,
J xh(x)v(x)dx
0

R, 1=N oy N-1
+I

oy o1 Io xﬁ[mp(x)wa(s—l)(x)

+ mq(x)wﬁ(s_l)(x)]dxdy;
R, 1-N oy N-1
b+ Io y sl IO L ()™ (x)

+ mq(x)wf’(s*l)(x)]dxdy = w(R,).

Thus, there must exist R > R,, such that v < w on [0, R], contradicting

of R,. Therefore, we must have R, = ©» and hence v < w on RMN. This

completes the proof.
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