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Abstract

In this paper,we study the truncation error bounds in a new method -

local averages. The uniform bounds error by local average is estimated

for f € By and satisfying the following decay condition:

|f(t)|s|t|%y,t¢0. 1)

associated with the Shannon sampling representations.

1. Introduction and the Main Result

The Shannon sampling theorem plays an important role in signal
analysis as it provides a foundation for digital signal processing. It says

that any bandlimited function f, having its frequencies bounded by =nQ,

can be recovered from its sampled values taken at instances k/Q, i.e.,
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+00 k )
ft) = flo |sinc(Qt - k), @)
2 /(a)

where sin c(t) = sin nt/(nt), t # 0, and sin ¢(0) = 1.

Equation (2) requires values of a signal f that are measured on a
discrete set. However, due to its physical limitation, say the inertia, a
measuring apparatus may not be able to obtain exact values of f at epoch

tp, for k =0,1, 2, ---. Instead, what a measuring apparatus often gives
us is local averages of f near t;, for each k. The sampled values defined as

local averages may be formulated by the following equation
M) = (£ ) = [ FOw @), ®)

where u; for each k € Z is a weight function characterizing the inertia
of measuring apparatus. Particularly, in an ideal case, the function is
given by Dirac §-function, uj = 8(- —t;), because A,(f)=(f, up )=
f(t3) is the exact value of t;. The local averaging method in sampling
was studied by a number of papers [4, 6, 8, 11, 12, 13, 14, 15] from 1994
to 2007.

The associated truncation error of (2) is defined by
Xk
Tn() = f)- > f (—) sin ¢(Qt — k). (4)
pin \Q

At present, many authors are studying the truncation error bounds,
which can be commonly seen in the literature, 1.e., [1-3, 5, 7, 9, 16], but
these error bounds are almost not uniform. In 1998 Xin Min Li [10] gave

the following result.

Proposition 1.1 (Xin Min Li [10]). Let f € Bnq satisfy a decay
condition of form

A
|t|1+y ’

| ()] < =0 (5)

for some choice of A > 0 and vy > 0, then
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2\/§e.(n+lnN) N>8

r+1
Ty(@)] < A- 2oy 2R IR

(6

For a continuous function f we denote by o(f, ) the modulus of

continuity

off, o) = sup IFC+h) = () e (7)

where o can be any positive number. We will say that a function f belongs
to the class Byq for some Q > 0, provided that fis an entire function (on

C) of exponential type nQ that belongs to L, (R) when restricted to R.

Now we assume that the functionals 2, are given by (3) in terms of

the weight functions u;, and u;, satisfy the following properties:

(i) sup uk[%— o}, é+ 0%}, where o/4 <o), 6}, < /2,6 are

positive constants;

(1) uy(t) = 0, Juk(t)dt =1
i) @ = inf{ay), where oy, = J' w, (1) dt.
keZ k/Q-c/4
Our main result is the following theorem.

Theorem 1.2. Let Q > 2, 6 <1/Q, vy € (0, 1] and f € Bjq satisfy (1).
Suppose that c/4 < 6}, 6}, < 6/2, then we have

1= 3 [[0 st sineia -

‘ N
k=-N

SK.Q(HY).Z@e_(rHlnN),NZS’ ®)
e NIty

where K = {ZA{(LGGJ(HY) +(1- Ot)(%j(lw)) + ¥ 2- G)}.

15
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2. Proof of the Main Result

Let us introduce two lemmas first.

Lemma 2.1. For 1 < ¢ < 2,1/p+1/q =1, and Q > 0, we have

> |sinc@ k)7 <2+ 242 1 ©)
W= n m q-1

Proof. We use the periodicity of the sum to write

o0

sup Z| sin c(Qt — k) |?

0<t<1/Q &=

IA

D I sinc(Qt - k)|
k=—o0

0

IA

sup { | sin ¢(Qt)[? +|sin c(Q¢ —1)7 +
0<t<1/Q

umna_mw]

Koo mllt-k|

<2+ sup 1
osts1/0 654 79| - k7

00 -1
1 1 1
<24+ =
SR ey

k=2 k—o0

o0
<o+L 2+2ZL
T k:2kq

£2+E+E-L.
n m q-1

Lemma 2.2. For f e C(R),|f()| < “Ll’ ye(0,1], p = 2/y and

+Y

N > 4, we have

1/17 1/
[1-p(+y)] \/P
E E/Q) P < 21/PAQ(1+Y) N _
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< 91/p poq(+v) y[1-p(+v)/p]

Proof. In fact, we have

Up © —(1+y) Yp
(ZH(k/Q)IPj SA[sz (£) yp]

|k [>N

NPl P
< gU/p gy NP
p+7y)-1

< 91/P A(+Y) N1-+v)pl/p

Proof of Theorem 1.2. From (2), we have

N k/Q+c} .
ft) - k=Z—:N |:-[k/Q—c5': up(t)f(¢)dt | sin c(Qt — k)‘

) - i U ‘fuk(t)f(t)dt sin c(Qt - k)

k=—x

o0

+ Z “k ) uk(t)f(t)dt} sin ¢(Qt — k)

k=—w

[ j u () f(t)dt} sin ¢(Qt — k)
Py Y K0S _

£) - Z [ I k// Qj, uk(t)f(t)dt} sin (Ot - k)

[Q-c,

k/Q+c},
U ' uk(t)f(t)dt} sin c¢(Qt — k)|.
N k/Q

k2|
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Using the Holder’s inequality, we obtain

0 Z Lo

. uk(t)f(t)dt} sin ¢(Qt — k)

-y /) - j 'uk(t)f(t)dt sin ¢(Qt — k)

k=—o L
X f’/Q +0}, i 1/q
S| 3| 1/0)- [ a0 } (Z|smc<m—k)|ﬂ
= k
1/q
< \f(k/m [/ b (00 } [ |smc<m—k>|ﬂ
l/P 1/q
k/Q+c}, p S B q
[k>N“k/Q—G’k uk(t)f(t)dt‘] [kzol sin e(Q k)|J (12)
and
U Mk o) f(t)dt}sin Q1 - )
KN | k/Q-cY,
1/p 1/q
k/Q+c}, p . PN
< P jk oo uy, () f(t)dt p N|‘s1nc(Qt k)|
1/p 1/q
k/Q+c}, p & . q
< 2. jk/gdk w, (1) f(t)dt k;! sinc@ - k)| ., (13

where 1/p +1/q = 1.

Thus, using (11),(12),(13) we obtain

N

/Q+c}
- { [ kk/s_c:uk(t)f(t)dt} sin e(Qt k)

k=—N
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1
k/Q+c) fa

J 4 Vp 0 )
< {kZN‘ f(k/Q) - Ik/g_g,k uy, (t)f(t)dt ‘ j Lzol sin c(Qt - k) |QJ

1/q

1/p "
(kN‘ [ ://(?*“k (t)f(t)dt‘} (k;isinc(Qt—kﬂq} a4

By virtue of Lemma 2.1 we have

k=—w

0 Vq 1
(z|sinc(gt_k)|qJ g[m&ELj/q. (15)

Let N be a positive integer such that N > 4. Then we have
N > 46Q. It follows that
le/p

I el up(t)[f(k/Q) - f(t)]ldt

k/Q-ay,

N
[EZ‘KWQ).[ “uoroa

{i

N
k/Q+
k[Q-

of uanvwﬂn—ﬂmm

uk(t) [f(k/Q) - f(£)]dt

le/p

N o ]

: ( Z U k/4Uk(t+k/Q)oa(f, G/2)dt+j /;4uk(t+k/g)w(f, o/4)dt
k=—NI"7C s

pJup

< (2+1/4)PNYP (2 - a)o(f, 5/4)

+ J.Gk up(t + k/Q)o(f, o/2)dt
c/4

< 2N +D)YP @2 - a)olf, 5/4)

<15NY2(2 - o)olf, 5/4), (16)
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where we use the inequality o(f, /2) < 20(f, 6/4) in the second step.

Let p > 2 with py > 2. From Lemma 2.2 we know that

/p B 1/p
[1-p@+y)]
/)P | < 2P| N T
[kzzlvf(/ )| J P

< J2.400+7) N -p(+y)/p] an
Now, if | k| > N +1, N > 46Q and ¢ € [- 6/4, /4], we have

L3
Q

15 |
> 1771

> oot 18)

> _m_,_
- 16Q

t+ 2 L2
Q Q

(o)
> -2 4
4

If|k| 2 N+1, N 2 406Q and x € [-6/2, — 6/4]U [6/4, c/4], we have

k | |
t+ — —_ 2—8—Q+

k Rl k|
4 a2 a9

Q| 8Q°

(¢
> -2+
2

Thus, using (10),(18) and (19) we obtain
k/Q+c}, p /e
[ fwerod
PN k/Q-c),

1
VP

<A J-k/Q-%—cs';'2 uk(t)dt
- k/Q—o), t0+7)

| k>N

(1+v) (1+y)
16 8 k
SPFE R J[EN\E

15j(1+y) +(1-a) (%(HY)J U; (é)-(1+y)pdtJ1/p

(1+7) 1-(1+yp) \I/P
8 | N
) e e

~(1+y)p ]1/ P

IN
[\
N
)
N
=
&

pd+y)-1

IA
[\
T
~
il
N
Q
R
| =
o5
NE
P
+
I
|
Q
I
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(1+v) (1+7)
< ﬁA[a(%j "y (1_(1)(%) ! JQ(Hv) NO-nplp (90

Suppose o(f, 6/4) < min{64™!, Q7!} and Q > 2, let

N = \_[m(f, 0/4)_1/(1+Y)Q]J > 8, @1)
In N
p:lnN,qzm, (22)

where [¢| stands for the smallest integer that is greater than or equal to

a given real number ¢. Then we see from (21) and (22) that

olf, o/4) < N~ 11+ ©9)
NYp - y@/InN) _ 24
1/ 1-(1/In N)
(2+z+g, 1 ) q=(2+zlnN) SE(TE+1HN), (25)
T T q-— 1 - -

So we have

N k| Q+c7 p l/p
> ‘f(k/sz)— IHQ “up ) f()dt < 2 o2 - )N 11)Q(+1) | (96)
Py ¥ k/Q-c), 2

1/p 1/
[1-p(L+y)] \'/P
E £/Q) P < 21/2AQ(1+Y) N—

< V2eAQ1HY) N-(147) @7

and

\ 1/p
[ > |t ot \p]

| KN 1P R Q0%

A+y) 1+v)
< ﬁeAQ(lJ'Y)(a(%) " +(1-a)(§j " JN‘(“Y). (28)

Combining (14), (26), (27) and (28), we get
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N o}, -
‘ £(t) - k;N ( [ wore k/Q)dt) sin ¢(Qf - k)‘

Al 01

32

+_(2_G)]Q(1+y) _ 2+/2e¢ (r+InN)
4

e NIty

which completes the proof of Theorem 1.2.

Remark 1. If we assume that

S 3v2(2 - o)
8{1 B a(%)(lﬂ) - (%j(lﬂ)}

in Theorem 1.2 ,then our result will be better than Li’s in [10].

Remark 2. If we suppose

1 ’ n
up(t) = o [t), — ok, tp + o}],

where y denotes the characteristic function, then the error bound can be

X {A[S(%)ﬂﬂ) B (%j(lﬂ)] N %}
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