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Abstract 

In this paper,we study the truncation error bounds in a new method -
local averages. The uniform bounds error by local average is estimated 

for ∞
Ωπ∈ Bf  and satisfying the following decay condition: 

( ) .0,1 ≠≤
γ+

t
t

Atf  (1) 

associated with the Shannon sampling representations. 

1. Introduction and the Main Result 

The Shannon sampling theorem plays an important role in signal 
analysis as it provides a foundation for digital signal processing. It says 
that any bandlimited function f, having its frequencies bounded by ,Ωπ  
can be recovered from its sampled values taken at instances ,Ωk  i.e., 
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( ) ( )∑
+∞

−∞=
−Ω






Ω

=
k

ktckftf ,sin  (2) 

where ( ) ( ) ,0,sinsin ≠ππ= ttttc  and ( ) .10sin =c  

Equation (2) requires values of a signal f that are measured on a 
discrete set. However, due to its physical limitation, say the inertia, a 
measuring apparatus may not be able to obtain exact values of f at epoch 

kt  for .,2,1,0 "=k  Instead, what a measuring apparatus often gives 

us is local averages of f near kt  for each k. The sampled values defined as 
local averages may be formulated by the following equation 

( ) ( ) ( )∫==λ ,,: dttutfuff kkk  (3) 

where ku  for each Z∈k  is a weight function characterizing the inertia 
of measuring apparatus. Particularly, in an ideal case, the function is 
given by Dirac δ-function, ( ),kk tu −⋅δ=  because ( ) ==λ kk uff ,  

( )ktf  is the exact value of .kt  The local averaging method in sampling 
was studied by a number of papers [4, 6, 8, 11, 12, 13, 14, 15] from 1994 
to 2007. 

The associated truncation error of (2) is defined by 

( ) ( ) ( )∑
−=

−Ω





Ω

−=
N

Nk
N ktckftftT .sin:  (4) 

At present, many authors are studying the truncation error bounds, 
which can be commonly seen in the literature, i.e., [1-3, 5, 7, 9, 16], but 
these error bounds are almost not uniform. In 1998 Xin Min Li [10] gave 
the following result. 

Proposition 1.1 (Xin Min Li [10]). Let ∞
Ωπ∈ Bf  satisfy a decay 

condition of form 

( ) 0,1 ≠≤
γ+

t
t

Atf  (5) 

for some choice of 0>A  and ,0>γ  then 
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( ) ( ) ( ) .8,ln222 1
1 ≥

+π
⋅

π
⋅Ω⋅≤

+
+ N

N
NeAtT r

r
N  (6) 

For a continuous function f we denote by ( )σω ,f  the modulus of 
continuity 

( ) ( ) ( ) ,sup, Ch
fhff ⋅−+⋅=σω

σ≤
 (7) 

where σ can be any positive number. We will say that a function f belongs 

to the class ∞
ΩπB  for some ,0>Ω  provided that f is an entire function (on 

C) of exponential type Ωπ  that belongs to ( )R∞L  when restricted to .R  

Now we assume that the functionals kλ  are given by (3) in terms of 

the weight functions ,ku  and ku  satisfy the following properties: 

(i) ,,sup 



 σ ′′+

Ω
σ′−

Ω kkk
kku  where σσ≤σ ′′σ′≤σ ,2,4 kk  are 

positive constants; 

(ii) ( ) ( )∫ =≥ ;1,0 dttutu kk  

(iii) { },inf kZk
α=α

∈
 where ( )∫

σ+Ω

σ−Ω
=α

4

4
.:

k

k
kk dttu  

Our main result is the following theorem. 

Theorem 1.2. Let ( ]1,0,1,2 ∈γΩ<σ≥Ω  and ∞
Ωπ∈ Bf  satisfy (1). 

Suppose that ,2,4 σ≤σ ′′σ′≤σ kk  then we have 

( ) ( ) ( ) ( )kcdttftuf
N

Nk

k

k
k

k

k
−⋅Ω








−⋅ ∑ ∫

−=

σ′′+Ω

σ′−Ω
sin   

( ) ( ) ,8,ln22
1

1 ≥+π⋅
π

⋅Ω⋅≤
γ+

γ+ N
N

NeK  (8) 

where 
( )

( )
( )

( ) .24
23

7
8115

162
11









σ−+













α−+





α=

γ+γ+
AK  
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2. Proof of the Main Result 

Let us introduce two lemmas first. 

Lemma 2.1. For ,111,21 =+<< qpq  and ,0>Ω  we have 

( )∑
∞

−∞=
−

⋅
π

+
π

+≤−Ω
k

q
qktc .1

1222sin  (9) 

Proof. We use the periodicity of the sum to write 

( ) ( )∑ ∑
∞

−∞=

∞

−∞=Ω≤≤
−Ω≤−Ω

k k

q
t

q ktcktc sinsupsin
10

 

( ) ( )





+−Ω+Ω≤

Ω≤≤

qq
t

tctc 1sinsinsup
10

 

( )







−π

−π∑
≠ 1,0

sin

k
qq

q

kt
kt  

∑
≠Ω≤≤ −π

+≤
1,010

1sup2
k

qqt kt
 

( ) ( ) 













−
+

−π
+≤ ∑ ∑

∞

=

−

∞−Ω≤≤ 2

1

10

11sup12
k k

qqt kttk
 














+

π
+≤ ∑

∞

=2

12212
k

qk
 

.1
1222
−

⋅
π

+
π

+≤ q  

Lemma 2.2. For ( ) ( ) ( ] γ≥∈γ≤∈
γ+

2,1,0,, 1 p
t

AtfRCf  and 

,4≥N  we have 

( ) ( )
( )[ ]

( )

pp
p

p

Nk

p
p
NAkf

111
11

1

112 







−γ+

Ω≤












Ω

γ+−
γ+

>
∑  
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( ) ( )[ ].2 1111 ppp NA γ+−γ+Ω≤  (10) 

Proof. In fact, we have 

( )
( ) p

Nk

pp

Nk

p kAkf
1

1

11

2 















Ω

≤













Ω ∑∑

∞

+=

γ+−

>
 

( ) p

N

p
p dxxA

11
12 














Ω

≤ ∫
∞ γ+−

 

( )
( )[ ]

( )

pp
p

p
NA

111
11

112 







−γ+

Ω≤
γ+−

γ+  

( ) ( )[ ] .2 1111 ppp NA γ+−γ+Ω≤  

Proof of Theorem 1.2. From (2), we have 

( ) ( ) ( ) ( )ktcdttftutf
N

Nk

k
k k

k

k
−Ω



− ∑ ∫

−=

σ′′+Ω

σ′−Ω
sin  

( ) ( ) ( ) ( )ktcdttftutf
k

k

k
k

k

k
−Ω








−= ∑ ∫

∞

−∞=

σ′′+Ω

σ′−Ω
sin  

( ) ( ) ( )∑ ∫
∞

−∞=

σ′′+Ω

σ′−Ω
−Ω








+

k

k

k
k ktcdttftu

k

k
sin  

( ) ( ) ( )∑ ∫
−=

σ′′+Ω

σ′−Ω
−Ω








−

N

Nk

k

k
k ktcdttftu

k

k
sin  

( ) ( ) ( ) ( )∑ ∫
∞

−∞=

σ′′+Ω

σ′−Ω
−Ω








−≤

k

k

k
k ktcdttftutf

k

k
sin  

( ) ( ) ( ) .sin∑ ∫
≥

σ′′+Ω

σ′−Ω
−Ω








+

Nk

k

k
k ktcdttftu

k

k
 (11) 
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Using the Hölder’s inequality, we obtain 

( ) ( ) ( ) ( )∑ ∫
∞

−∞=

σ′′+Ω

σ′−Ω
−Ω








−

k

k

k
k ktcdttftutf

k

k
sin  

( ) ( ) ( ) ( )∑ ∫
∞

−∞=

σ′′+Ω

σ′−Ω
−Ω








−Ω=

k

k

k
k ktcdttftukf

k

k
sin  

( ) ( ) ( ) ( )
q

k

q
p

k

pk
k k ktcdttftukf k

k

11
sin 










−Ω










−Ω≤ ∑∑ ∫

∞

−∞=

∞

−∞=

σ′′+Ω

σ′−Ω
 

( ) ( ) ( ) ( )
q

k

q
pN

Nk

pk
k k ktcdttftukf k

k

11

sin 









−Ω










−Ω≤ ∑∑ ∫

∞

−∞=−=

σ′′+Ω

σ′−Ω
 

( ) ( ) ( )
q

k

q
p

Nk

pk
k k ktcdttftuk

k

11

sin 









−Ω














+ ∑∑ ∫

∞

−∞=>

σ′′+Ω

σ′−Ω
 (12) 

and 

( ) ( ) ( )∑ ∫
≥

σ′′+Ω

σ′−Ω
−Ω









Nk

k

k
k ktcdttftu

k

k
sin  

( ) ( ) ( )
q

Nk

q
p

Nk

pk
k k ktcdttftuk

k

11

sin













−Ω














≤ ∑∑ ∫

≥>

σ′′+Ω

σ′−Ω
 

( ) ( ) ( ) ,sin
11 q

k

q
p

Nk

pk

k
k ktcdttftu

k

k 












−Ω













≤ ∑∑ ∫

∞

−∞=>

σ′′+Ω

σ′−Ω
       (13) 

where .111 =+ qp  

Thus, using (11),(12),(13) we obtain 

( ) ( ) ( ) ( )ktcdttftutf
N

Nk

k

k
k

k

k
−Ω








− ∑ ∫

−=

σ′′+Ω

σ′−Ω
sin  
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( ) ( ) ( ) ( )
q

k

q
pN

Nk

pk
k k ktcdttftukf k

k

11

sin 









−Ω










−Ω≤ ∑∑ ∫

∞

−∞=−=

σ′′+Ω

σ′−Ω
 

( ) ( ) ( ) .sin2
11 q

k

q
p

Nk

pk
k k ktcdttftuk

k 









−Ω













+ ∑∑ ∫

∞

−∞=>

σ′′+Ω

σ′−Ω
 (14) 

By virtue of Lemma 2.1 we have 

( ) .1
1222sin

11 qq

k

q
qktc 







−
⋅

π
+

π
+≤










−Ω∑

∞

−∞=
  (15) 

Let N be a positive integer such that .4≥N  Then we have 
.4 Ωσ≥N  It follows that 

( ) ( ) ( )
pN

Nk

pk

k
k

k

k
dttftukf

1














−Ω∑ ∫

−=

σ′′+Ω

σ′−Ω
 

( ) ( ) ( )[ ]





−Ω= ∑ ∫

−=

σ−Ω

σ′−Ω

N

Nk

k

k
k

k
dttfkftu

4
 

( ) ( ) ( )[ ]∫
σ+Ω

σ−Ω
−Ω+

4

4

k

k
k dttfkftu  

( ) ( ) ( )[ ]
ppk

k
k

k
dttfkftu

1

4 





−Ω+ ∫

σ′′+Ω

σ+Ω
 

( ) ( ) ( ) ( )





σωΩ++σωΩ+≤ ∑ ∫ ∫

−=

σ−

σ′−

σ

σ−

N

Nk
kk

k
dtfktudtfktu

4 4

4
4,2,  

( ) ( )
pp

k
k

dtfktu
1

4
2,







σωΩ++ ∫

σ′′

σ
 

( ) ( ) ( )4,212 1 σωα−+≤ fN p  

( ) ( ) ( )4,2412 11 σωα−+≤ fN pp  

( ) ( ),4,25.1 1 σωα−≤ fN p  (16) 
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where we use the inequality ( ) ( )4,22, σω≤σω ff  in the second step. 

Let 2≥p  with .2≥γp  From Lemma 2.2 we know that 

( ) ( )
( )[ ]

( )

pp
p

p

Nk

p
p
NAkf

111
11

1

112 







−γ+

Ω≤












Ω

γ+−
γ+

>
∑  

( ) ( )[ ].2 111 ppNA γ+−γ+Ω≤  (17) 

Now, if Ωσ≥+≥ 4,1 NNk  and [ ],4,4 σσ−∈t  we have 

.16
15

164 Ω
≥

Ω
+

Ω
−≥

Ω
+σ−≥

Ω
+

kkkkkt  (18) 

If Ωσ≥+≥ 4,1 NNk  and [ ] [ ],4,44,2 σσσ−σ−∈ ∪x  we have 

.8
7

82 Ω
≥

Ω
+

Ω
−≥

Ω
+σ−≥

Ω
+

kkkkkt  (19) 

Thus, using (10),(18) and (19) we obtain 

( ) ( )
p

Nk

pk

k
k dttftu

k

k

1














∑ ∫
>

σ′′+Ω

σ′−Ω
 

( )
( )

p

Nk

pk

k
kk

k t
dttuA

1

1 












≤ ∑ ∫

>

σ′′+Ω

σ′−Ω γ+
 

( )
( )

( ) ( ) p

Nk

pkA
1111

7
8115

16














Ω












α−+





α≤ ∑

>

γ+−γ+γ+
 

( )
( )

( ) ( ) p

N

p
dttA

1111

7
8115

162 













Ω













α−+





α≤ ∫

∞ γ+−γ+γ+
 

( )
( )

( )
( )

( )

( )

pp
p

p
NA

111
1

11
1

117
8115

162 







−γ+

Ω












α−+





α≤

γ+−
γ+

γ+γ+
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( )
( )

( )
( ) ( )[ ] .7

8115
162 111

11
ppNA γ+−γ+

γ+γ+
Ω












α−+





α≤          (20) 

Suppose ( ) { }11,64min4, −− Ω≤σω f  and ,2≥Ω  let 

[ ( ) ( ) ]  ,84, 11 >Ωσω= γ+−fN  (21) 

,1ln
ln,ln

−
== N

NqNp  (22) 

where  t  stands for the smallest integer that is greater than or equal to 
a given real number t. Then we see from (21) and (22) that 

( ) ( ) ( ),4, 11 γ+γ+− Ω≤σω Nf  (23) 

( ) eNN Np == ln11  (24) 

( )
( ).ln2ln221

1222
ln111

NNq
Nq

+π
π

≤






π
+=







−
⋅

π
+

π
+

−
 (25) 

So we have 

( ) ( ) ( ) ( ) ( ) ( ),22
3 11

1
γ+γ+−

−=

σ′′+Ω

σ′−Ω
Ωσ−≤













−Ω∑ ∫ Nedttftukf

pN

Nk

pk

k
k

k

k
 (26) 

( ) ( )
( )[ ]

( )

pp
p

Nk

p
p
NAkf

111
121

1

112 







−γ+

Ω≤












Ω

γ+−
γ+

>
∑   

                                   ( ) ( )γ+−γ+Ω≤ 112 NeA   (27) 

and 

( ) ( )
p

Nk

pk
k k

k

k
dttftu

1














∑ ∫
>

σ′′+Ω

σ′−Ω
 

( )
( )

( )
( )

( ).7
8115

162 1
11

1 γ+−
γ+γ+

γ+













α−+





αΩ≤ NeA        (28) 

Combining (14), (26), (27) and (28), we get 
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( ) ( ) ( ) ( )∑ ∫
−=

σ′′

σ′−
−Ω





 Ω+−

N

Nk
k ktcdtktftutf k

k
sin  

( )
( )

( )

















α−+





α≤

γ+γ+ 11

7
8115

162A  

( ) ( ) ( )
γ+

γ+ +π⋅
π

⋅Ω⋅



σ−+ 1

1 ln2224
23

N
Ne  

which completes the proof of Theorem 1.2. 

Remark 1. If we assume that 
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in Theorem 1.2 ,then our result will be better than Li’s in [10]. 

Remark 2. If we suppose 

( ) [ ],,1
kkkk

kk
k tttu σ ′′+σ′−χ

σ ′′+σ′
=  

where χ denotes the characteristic function, then the error bound can be 
estimated as 

( ) ( )
.8
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
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
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AK  
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