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Abstract 

We consider the initial-boundary value problem for mildly degenerate quasilinear 

hyperbolic equations of Kirchhoff type: ( ) uuuutuu p
txxxtt =+− γ2  with the 

Dirichlet boundary value condition. When 1≥γ  and ,4γ>p  we obtain the 

optimal decay rate of the norms ( )tux  and ( ) .tuxx  

1. Introduction 

In this paper, we study on the asymptotic behaviour of solutions to 
the initial-boundary value problem for the following degenerate 
quasilinear hyperbolic equations of Kirchhoff type: 

( ) ( ) ( ) ( ),,01,0in2 ∞×=+− γ ufuutuu txxxtt   (1.1) 

( ) ( ) ( ) ( ) ( ) ( ) ,0,1,0and,0,,0, 10 ==== tutuxuxuxuxu t  
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where ( )txuu ,=  is an unknown real value function, ,tuut ∂∂=  

,xuux ∂∂=  the symbol 2L⋅=⋅  is the usual norm of ( )Ω= 22 LL  

with ( ) ,1,1,0 ≥γ=Ω  and ( )uf  is a 1C -function on [ )∞,0  satisfying 

( ) .0with >= puuuf p   (1.2) 

The Equation (1.1) describes small amplitude vibrations of an elastic 
string (see Kirchhoff [8] for the original equation, and also [11]). 

In the case of initial data belonging to usual Sobolev spaces, Arosio 
and Garavaldi [1] have carried out detailed analysis about the existence 
of local solutions for the Kirchhoff type equations (also see [2], [3], [4], 
[14], and the references cited therein). 

In the case of non-degenerate type, Hosoya and Yamada [6] have 
proved the exponential decay and the global existence of solutions under 
the small data condition (also see [15]). On the other hand, in the case of 
degenerate type and ( ) ,0≡uf  many authors have studied the global 

existence and the decay properties of solutions under the small data 
condition (see [5], [12], [13], [17], [20], and the references cited therein). 

We define the energies associated with the degenerate equation (1.1) 
by 

( ) ( ),2
1, 2 uJuuuE tt +≡  

( ) ( )
( ),12

1
2
1, 122

1
+γ

+γ
+≡ xtt uuuuE  

( ) ,, 2
2

2
xx

x

xt
t u

u
uuuH +≡

γ
 

where we set the potential by 

( ) ( )
( ) ,2

1
12

1 2
2

12 +
+

+γ
+

−
+γ

≡ p
px upuuJ  

and q⋅  is the norm of ( )Ω= qq LL  with ( ).1,0=Ω  
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By standard calculation, we find that the energy ( ) ( )( )tutuE t,  has 

the so-called energy identity 

( ) ( )( ) ( ) ,0, 2 =+ tututuEdt
d

tt  

or 

( ) ( )( ) ( ) ( ).,, 10
2

0
uuEdssututuE t

t
t =+ ∫  

In order to get the global existence theorem (see Theorem 1.1) for the 
nonlinear equation (1.1), we introduce the K-positive set (i.e., the 
modified potential well) as 

{ ( ) } { },001
0

2 ∪∩ >∈≡∗ uKHHuW  

where we set ( ) ( ) 2
2

12 +
+

+γ −≡ p
px uuuK  (see [10], [15], and also [7], [18], 

[19]). 

It is easy to see that if ∗∈ Wu  and ,2γ>p  then 

( ) ( ) ( )
( ),212

2 12 +γ
++γ

γ−≥ xup
puJ  

and hence 

( ) ( ) ( ) ( ) ( ).,,,212
2

11 ttt uuEuuEuuEp
p ≤≤

++γ
γ−  

We notice that the K-negative set { ( ) }01
0

2 <∈≡∗ uKHHu ∩V  plays 

an important role in the global non-existence theorem (e.g., see [15] and 
the references cited therein). 

In the previous paper [15], we proved the following global existence 
theorem and the upper decay estimates of the first order derivatives (i.e., 
the first energy) for (1.1) when .2γ>p  



KOSUKE ONO 42

Theorem 1.1. Suppose that the initial data { } 1
010 , Huu ×∈ ∗W  are 

suitably small and 00 ≠u  and .2γ>p  Then, there exists a unique global 

solution ( )tu  of (1.1) such that 

( ) ([ ) ) ([ ) ) ([ ) ),;,0;,0;,0 221
0

10 LCHCCtu ∞∞∞∈ ∗ ∩∩W   (1.3) 

and 

( ) ( ) ( ) ( ) ,110
11 122
γγ

−−− +≤+≤< tCtuandtCtu tx   (1.4) 

for 0≥t  with some positive constant C and 

( )
( ) ,02

2 ≥
+γ

<
′

tfortM
tM  (1.5) 

where we set ( ) ( ) .2tutM x≡  

Moreover, when ,1=γ  in the previous paper [16], we improved the 
decay rate of (1.4) like as (1.7) with ,1=γ  and derived the lower decay 
estimate like as (1.6). However, we can not apply in the case of 1>γ  
directly. 

Our aim in this paper is to expand the results in [16] to the case 
1>γ  (and γ> 4p ). In particular, we derive the uniformly boundedness 

of ( ) ( ) 22 tutu xxx  for ,0≥t  and we obtain the decay estimate of 

( ) ,2tuxx  which plays an important role in the argument of the lower 
decay. 

Our main result is as follows: 

Theorem 1.2. In addition to the assumption of Theorem 1.1, suppose 
that .4γ>p  Then, the solution ( )tu  of (1.1) satisfies 

( ) ( ) ( ) ( ) ,1,1
11 221 γγ

−−− +≤≤+ tCtututC xxx   (1.6) 

( ) ( ) ,01
122 ≥+≤ γ

−− tfortCtut   (1.7) 

with some positive constant C. 
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Theorem 1.2 follows from Propositions 2.1-2.3 in the following 
section: 

The notations we use in this paper are standard. The symbol ( )⋅⋅,  

means the inner product in 2L  or sometimes duality between the space X 
and its dual .X ′  Positive constants will be denoted by C and will change 
from line to line. 

2. Decay Properties 

In this section, we carry out the proof of Theorem 1.2. We put 

( ) ( ) 2tutM x≡  for simplicity of the notation. 

Proposition 2.1. In addition to the assumption of Theorem 1.1, 
suppose that .4γ>p  Then, the solution ( )tu  of (1.1) satisfies 

( )
( ) ( ) ( ) .1

1
2

2
2

γ
−+≤≤ tCtuandCtM

tu
H

xx  (2.1) 

Proof. Using the Equation (1.1), we observe 

( )
( ) ( )

( ( ( ) ) ( ) ( ( ) ) ( ))tMuutMtMutM
tMtM

tu
dt
d

xxxxxxt
xx ′−= γγ

+γ
,,21

2

2
 

( ) ( ) ( ),2 tStRtQ +−−=  (2.2) 

where 

( )
( )

( ) ( ) ( ) ,02
11 2

2
2 ≥













 ′−≡

+γ
tMtutM

tM
tQ xt  

( )
( )

( ) ( ) ( ) ( ) ( ) ,2
1,21 2

2 




 





 ′′−′+≡

+γ
tMtutMuutM

tM
tR xtxtxtt  

( )
( )

( ( ) ( )( ) ( ) ( ( ) )).,,21
2 xxxxt uuftMuuftM

tM
tS ′+−≡

+γ
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On the other hand, we have 

( ) ( ) ( )
( ) ( )tQtM
tMtQdt

d ′
+γ−= 2  

( )
( ) ( ) ( ) ( ) ( ) ( )





 ′′′−′++

+γ
tMtMtutMuutM

tM
xtxtxtt 2

1,21 2
2  

( ) ( )
( ) ( ) ( ).2 tRtQtM
tM +
′

+γ−=  (2.3) 

Adding (2.2) and (2.3), we observe 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ).22
2

tStQtM
tMtQtM

tu
dt
d xx +






 ′

+γ+−=









+  

Since it follows from (1.5) that 

( ) ( )
( ) ,022 ≥
′

+γ+ tM
tM  

and 

( )
( )

( ) ( ) ( )tututu
tM

CtS xtx
p 3

2
1

∞+γ
≤  

( ) ( ) ( ) ,22
1

2 γ−γ− ≤≤
pp

tCMtHtCM  

we have 

( )
( ) ( ) ( ) ,2

2
γ−≤










+

p
tCMtQtM

tu
dt
d xx  

and hence, if ,4γ>p  from (1.4), we obtain that 

( )
( ) ( ) ,

2
CtQtM

tuxx ≤+  

which implies the desired estimate (2.1).    
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Proposition 2.2. Under the assumption of Proposition 2.1, the 
solution ( )tu  of (1.1) satisfies 

( ) ( ) ,01
12 ≥+′≥ γ

− tfortCtux   (2.4) 

with some positive constant .C′  

Proof. Multiplying (1.1) by ( ) ( ) 22 −γ−tMtut  and integrating it over ,Ω  

we have 

( )
( ) ( ) ( ) ( )

( )
( )
( ) 2

2

2

2
221

+γ+γ 





 ′

+γ++









+

tM
tu

tM
tM

tMtM
tu

dt
d tt  

( )
( ) ( )

( )( )tuuf
tMtM

tM ,22 2+γ+
′

−=  

( )

( ) ( )
( ) ( )

( )
( ) ( ) 2

1
2
2

2
22

1

2
1

2
2

−γγ−

+γ

−γ

+γ
+≤ tMtM

tM

tuCtM
tM

u

tM

tuC
ptxxt  

( )

( )
( ) ,2

1

2
2

−γ

+γ
≤ tM

tM

tuC t  

where we used (2.1) at the last inequality. Since it follows from (1.5) that 

( ) ( )
( ) ,022 ≥
′

+γ+ tM
tM  

the Young inequality yields 

( )
( ) ( ) ( ) ( ) ,11 111

2

2





 +≤≤










+ γ

+−−γ
+γ

tCtCMtMtM
tu

dt
d t  

and 

( )
( ) ( ) ( ) ,11 1

2

2
γ+≤+

+γ
tCtMtM

tut  

which implies the desired estimate (2.4).   
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Proposition 2.3. Under the assumption of Proposition 2.1, the 
solution ( )tu  of (1.1) satisfies 

( ) ( ) .01
122 ≥+≤ γ

−− tfortCtut  (2.5) 

Proof. Multiplying (1.1) by ( ) ( ) 12 −γ−tMtut  and integrating it over ,Ω  

we have 

( )
( )

( ) ( )
( )

( )
( ) 1

2

1

2
12

+γ+γ 





 ′

+γ++
tM
tu

tM
tM

tM
tu

dt
d tt  

( )
( ) ( )

( )( )tuuf
tMtM

tM ,2
1+γ+

′
−=  

( )

( )

( )

( )
( ) ( )

( )
( ) ( )22

2

2
12

2
1

2
1

γγ−

+γ

γ

+γ
+≤ tMtM

tM

tuCtM
tM

tu

tM

tuC
ptxxt  

( )

( )
( ) ,2

2
1

γ

+γ
≤ tM

tM

tuC t  

where we used (2.1) at the last inequality. Since it follows from (1.5) that 

( ) ( )
( ) ,2

212
+γ

≥
′

+γ+ tM
tM  

the Young inequality yields 

( )
( )

( )
( )

( ) ( ( ) ),12
1 1

1

2

1

2
−γ

+γ+γ
+≤≤

+γ
+ tCtCM

tM
tu

tM
tu

dt
d tt  

and 

( )
( )

( ) ,1 1
1

2
−

+γ
+≤ tC

tM
tut  

which implies the desired estimate (2.5).   
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Proof of Theorem 1.2. The estimate (1.6) follows (2.1) and (2.4) and 
the estimate (1.7) follows (2.5).   
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