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Abstract

We consider the initial-boundary value problem for mildly degenerate quasilinear
hyperbolic equations of Kirchhoff type: uy — ||ux(t)||zyuxx +u = |u[Pu with the
Dirichlet boundary value condition. When y >1 and p > 4y, we obtain the

optimal decay rate of the norms [Juy (t)] and [uy, ()]

1. Introduction

In this paper, we study on the asymptotic behaviour of solutions to
the initial-boundary value problem for the following degenerate

quasilinear hyperbolic equations of Kirchhoff type:

gy — g O e + 1, = f@) in (0, 1)x (0, x), (1.1)

u(x, 0) = ug(x), wu(x, 0)=u;(x), and w(0,t)=u(l,t)=0,
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where u = u(x,t) is an unknown real value function, wu; = du/ ét,
uy = ou [ 0x, the symbol |-| =|-|;z is the usual norm of I = I}(Q)

with Q = (0,1), y > 1, and f(x) is a C* -function on [0, ») satisfying

fw) =|uPu with p > 0. (1.2)

The Equation (1.1) describes small amplitude vibrations of an elastic
string (see Kirchhoff [8] for the original equation, and also [11]).

In the case of initial data belonging to usual Sobolev spaces, Arosio
and Garavaldi [1] have carried out detailed analysis about the existence
of local solutions for the Kirchhoff type equations (also see [2], [3], [4],
[14], and the references cited therein).

In the case of non-degenerate type, Hosoya and Yamada [6] have
proved the exponential decay and the global existence of solutions under
the small data condition (also see [15]). On the other hand, in the case of
degenerate type and f(u)= 0, many authors have studied the global
existence and the decay properties of solutions under the small data
condition (see [5], [12], [13], [17], [20], and the references cited therein).

We define the energies associated with the degenerate equation (1.1)
by

1
B, 1) = % | + ),

By, 1) = gl P + gy s PP,
H(u, ) = |||| xt"!y el
i
where we set the potential by
J) = gy b P - gl

and |- ||q is the norm of L? = LY(Q) with Q = (0, 1).
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By standard calculation, we find that the energy E(u(t), u;(t)) has

the so-called energy identity

d
=7 E@(), u,0) + |u () = 0,

Bt), w)+ [ @) ds = Euo, ),

In order to get the global existence theorem (see Theorem 1.1) for the
nonlinear equation (1.1), we introduce the K-positive set (i.e., the

modified potential well) as

W, =1{ue H*NH}|K@u)>0}U{0},

where we set K(u) = [lu, """ - [u 253 (see [10], [15], and also [7], [18],
[19]).

It is easy to see that if u € W, and p > 2y, then

p—2y 2(y+1)
J(u) 2 20y + 1) (p + 2) "ux" )

and hence

p—2y < <
2(,‘{ + 1)(1) + 2) El(u7 ut) = E(u7 ut) = El(ua Uy )
We notice that the K-negative set V, = {u ¢ H> | H} | K(u) < 0} plays

an important role in the global non-existence theorem (e.g., see [15] and

the references cited therein).

In the previous paper [15], we proved the following global existence
theorem and the upper decay estimates of the first order derivatives (i.e.,

the first energy) for (1.1) when p > 2y.
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Theorem 1.1. Suppose that the initial data {ug, uy} € W, x H} are
suitably small and ug # 0 and p > 2y. Then, there exists a unique global

solution u(t) of (1.1) such that

u(t) e CO([0, o); WL )N CH([0, )5 Hp) N C2([0, 0); L?), (1.3)
and
0 <u,F < CA+e)y and [u@) < CA+e) T, (1.4)

for t > 0 with some positive constant C and

|M'(t) - 2

M) ) for t >0, (1.5)

where we set M(t) = |uy (t)||2

Moreover, when y =1, in the previous paper [16], we improved the
decay rate of (1.4) like as (1.7) with y =1, and derived the lower decay
estimate like as (1.6). However, we can not apply in the case of y > 1

directly.

Our aim in this paper is to expand the results in [16] to the case

vy >1 (and p > 4v). In particular, we derive the uniformly boundedness
of ||uxx(t)||2 /||ux(t)||2 for ¢ >0, and we obtain the decay estimate of

|t @)]%, which plays an important role in the argument of the lower

decay.
Our main result is as follows:

Theorem 1.2. In addition to the assumption of Theorem 1.1, suppose
that p > 4y. Then, the solution u(t) of (1.1) satisfies

_1 _1
CH+ 07 < Jug @, e @O < CA+2)77, (1.6)

lu @) < CA+ey 25 for 120, (1.7)

with some positive constant C.
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Theorem 1.2 follows from Propositions 2.1-2.3 in the following

section:
The notations we use in this paper are standard. The symbol (,-)

means the inner product in L? or sometimes duality between the space X
and its dual X'. Positive constants will be denoted by C and will change

from line to line.
2. Decay Properties

In this section, we carry out the proof of Theorem 1.2. We put

M(t) = ||uy (t)]* for simplicity of the notation.

Proposition 2.1. In addition to the assumption of Theorem 1.1,

suppose that p > 4y. Then, the solution u(t) of (1.1) satisfies

"“ﬁ(é)" and [u(@),, < O+ 1YY, @.1)

Proof. Using the Equation (1.1), we observe

2
R = g MO MO~ (0, MO
= -2Q(t) - R(t) + S(¢), (2.2)
where
2

)= g MO0 (S0 | 20

RO) = o (20 s ) + 0 OF - 320 )

S(0) = — L (2 (), 100) + MO (1), 120)).

( )y+2
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On the other hand, we have

Fa0--6+24pde0

+ M(tl)y+2 (2M(t)(uxtt, Uyt ) + M,(t)"uxt(t)llz _%M'(t)M”(t)j
-(vy+2) ]‘]l{[(( )) Q(t) + R(z). 05

Adding (2.2) and (2.3), we observe
d [ e @) M'(t)
a[ =l Q(t)J (26240 a0 + s

Since it follows from (1.5) that

2+(y+2) (t)>0

M)
and
sey<c— (j)m )2 ) )]
< CM(t)s Y H(t)z < CM(t)z ™,
we have

d "uxx (t)"2 < E—Y
7 ( M) +Q)| < CM(t)2 7,
and hence, if p > 4y, from (1.4), we obtain that

[l @)
M(t) + Q) <

which implies the desired estimate (2.1). O
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Proposition 2.2. Under the assumption of Proposition 2.1, the
solution u(t) of (1.1) satisfies

1
luy@)? = C'A+tyy  for t20, (2.4)
with some positive constant C'.

Proof. Multiplying (1.1) by 2u,(¢)M (t)_y_2 and integrating it over Q,

we have

e @) 1 (v M'(t) ||”t(t)||
(M(t)”2 M(t)J [2 (r+2) M(t))M(t)”2

M'(t) L2

M(t) M(t)Y+2 (f(u)’ ut)

< o A "ut(t)" "uxx " M(t) 2 + ¢ A ” t(t)" M(t)_M(t) 2
M@'s M@z M@

< A=A "u’t(t)" M(t)y_;l’
M(t) 2

where we used (2.1) at the last inequality. Since it follows from (1.5) that

2+ (y+2) M(())_

the Young inequality yields

i ( "Muzggt Ml(t)J < M@ (= ca o),

and

lu @ 1

way T < 0

which implies the desired estimate (2.4). O
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Proposition 2.3. Under the assumption of Proposition 2.1, the
solution u(t) of (1.1) satisfies

lu @2 < CA+ )25 for ¢>0. 2.5)

Proof. Multiplying (1.1) by 2u,(t)M ()" and integrating it over Q,
we have

d Ju @ M) [ O
E Mt(t)7+1 + (2 + (Y + ) M(t)) Mt(t)Y+l

M'(t) 2

- M(t) + M(t)”l (f(u)’ ut)

<C "ut(t)” "uxx(t)" M(t)_ odi AN/ I " t(t)" M(t)_M(t)Z

+1

M(t) 2 M(t)2 M(t) 2
< ¢ Ol )” M)z,
MO'T
where we used (2.1) at the last inequality. Since it follows from (1.5) that

M’ (t) 2
M)  y+2°

2+ (y+1)=—7>2

the Young inequality yields

2 2
1a0F 1 JOF oy oo

and

% <C+t),

which implies the desired estimate (2.5). O
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Proof of Theorem 1.2. The estimate (1.6) follows (2.1) and (2.4) and
the estimate (1.7) follows (2.5). O
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