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Abstract

In this paper, we discuss two examples that Markov process does not satisfy the
strong Markov property. We point out their mistake and analyze the reason of
mistake. In the end, we prove the two Markov processes of the examples are

both strong Markov processes.
1. The Examples and their Proofs

People think some Markov processes, which have not the strong
Markov property, exists since someone has given these examples. By our
analysis, we think them might be error. In this paper, we firstly give the
two examples and their proofs, afterwards analyze the reason of mistake,

and prove that they both are strong Markov processes given in examples.
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18 TANG RONG

Example 1.1. Let {B,;(»); ¢ > 0} be a Brownian motion. Put

B;(0) if By(o) = 0,
Ay(w) = = Bt(w)X{BO;eo}((’));
0 otherwise,
_a-y?
L o2 gy, ifx=0 .
P(t; %, B) =) p ot Y » Be B2B((- o, ©)).
XB(O)’ if x = 0,

Then {A;(w); ¢t > 0} is a Markov process with transition probability
function P(¢; x, B), but it has not the strong Markov property, where

X(By»01(®) is an indicator function relative to set {By # 0.

Proof. Let F; = F(B,; u <t) be the c-algebra generated by the
process prior to ¢ of B,. Obviously, A; is F;-measurable. For any

BeBandt s >0,
E(XB(AHS )l}—s) = E(XB(Bt+S )X{BO;tO}(m)l}—s)"' E(XB(O)X{B():O}((D)U:S)

1 As@y)®
= Vo) e T dy ¢ Xy )(@)X5(0)

L As@-y)?
= Van))f oe T dy s Xiaof@)¥p(4)

L As@-y)?
+ Xq _ _o(o J e 2 dy - Xg5(0
{As=0, By=0, B 0}( )| Bomt Y B(0)]
= P(t; Aj(w), B), P -ae, (1.1)

where the last equality follows from that the last term of (1.1) is equal to

0 almost everywhere. So A; is a Markov process with transition
probability function P(f; x, B), but A; does not satisfy the strong
Markov property. For if does, suppose that T(o) is first hitting time of 0
of A;(w), thatis, let T(w) = inf{t > 0; A;(w) = 0}. Then,
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P.(A; #0,71<1)=E/[P(A #0, 7 <1F;)]
< E [P(1-T A, {0)]
= E,[P1-; 0, {0})] =0, (1.2)

where {0}° £ R — {0}. On the other hand, since P,(4; =0) =0 as x # 0,

it follows:
P.(A #0,71<1)=P.(1<1)
= P, (o : there exists ¢ <1 such that B;(0) = 0) > 0,
(1.3)

which contradicts (1.2). O

Example 1.2. For each prime p > 2, let denote a variable point

p
of the sequence {kp™"|k =0,1,-, p" -1, n=1,2,---}. For each p, we
define a space Q) of paths {o = x(, o)|T = 0} each of which is the
inverse of a Cantor type function, proceeding monotonically from 0 to 1,
moving only by jumps and pausing at each point r,, for a time T(r,, o).
Q) can be represented as the space of the random variables T(r,, ), a
countably dimensioned product space. A Borel measure is determined on

o) by requiring that the waiting times be independent, and that, if the

irreducible form of r, is kp™", T(r,, ®) have an exponential distribution
with lifetime p(r,) = p 2 PPUT(r, )<t} =1-exp (- t/wry)). If
r, = 0, we set u(r,) =1/ p. With probability one ZT(r , ®) converges,

and the function

@, ©) = Y T(rp, 0),

<
rp_x
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is bounded and strictly increasing on the interval 0 < x <1. The

corresponding path x(t, ) in QP) is the inverse of this function:

w(r o) =x, Y Ty, 0) <1< Y Ty, o), (1.4)

<
rp<x rp_x

x(r, o) =x, (1 )= Z T(r,, ®) < . (1.5)

I‘p <X

It is clear that almost every path thus constructed is continuous for
T >0, and that with the measure P?){} determined by the waiting

times, we have a stationary Markov process on [0, 1].

Consider now the space of paths

Q- UQ(P), (1.6)
p

with the measure

By =Y P (alP), (L.7)
p

where C), = 1/p —1/p.p' being the largest prime less than p, or if
p =2, then p'=1. We state that these form a stationary Markov
process on [0, 1]: the conditional probability of x(t +s, ®) being in a
Borel set E, given x(1, o) for T < ¢, is a function only of E, s, and x(¢, ®)

for almost every o. Indeed, for ¢ > 0, the value of x(¢, ®) is with

probability one in the sequence {r,}, whenever o is in QP); and since
these sequences for different primes p have only O in common, if

x(t, ) =r, >0, then o is in o) with probability one, and the

distribution of ® is given by Pr(p ). In this case, the Markov property is a
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consequence of the independence of waiting times used to construct this

measure. If on the other hand, x(¢, ) = 0, the conditional probability in

question is simply P,{x(s, o) € E}.

Note 1. The process {Q, P.{}} does not have the strong Markov

Ly o [0,1]. 1

property. In particular, let I be the open interval [0, 5

® e QP then Jr(w) = Zr 1 T(rp, ©), while x(t + J;(»), ) depends
p 2

only on T(r,, o) for r, > —. Hence for ® in Q?), J7(w) is independent

p

Do |

of x(t+J;(®), ®). But then clearly J;(w) is independent of
x(t + J7(0), ®) when o ranges over all of Q, if and only if J;(®) is
independent of the choice of component alp ); and this last statement is

certainly not true. O

2. Annotations of the Two Examples

2.1. Annotations of the first example

Remark 2.1. (1) The condition P(Ay(w) = 0) # 0 is not used in the
proof, that is, it is holds if P(Ag(®w) = 0) = 0 even if {Ay(w) = 0} = 0. So
we may suppose P(Ap(w)=0)=0. Hence A (w) and By(w) are two
equivalent, and even the same process since P(A(o) = By(w)) =1 for
every s >0, further, A (w) and B,(®w) have the same sample path
except the null measurable set {Ayj(w) = 0}. Therefore, we think that
A (o) also satisfies the strong Markov property since Bg(®) is a strong
Markov process (see [1, p. 343] and [7, Theorem 3.10]).

(2) The following theorems indicate that: If we select different

transition probability function for the same process, then it has different
conclusions whether the strong Markov property holds.
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For convenience, suppose without loss of generality that
P(Ay = 0) = 0. So, another transition probability function of A,(®) is

_(x-9)?
At=s) gy, (2.1)

. _ 1
p(s, t; x, B) = -‘.Bme

The following Lemma 2.2 is quoted from [11, Theorem 2.3].

Lemma 2.2. Let a(o) be an arbitrary non negative random variable;
X(t, 0)2{x(¢, ), t > 0} be an arbitrary random process valuing in

measurable space (E, £). Put
By .y (A, s Ay) = {x(ty, ©) € Ay, o, x(ty, ) € A, 5 < alo)};
[I={B; .. s(A1, -, Ay) ity <<ty <5, Ay, o, Ay € E,n 2 1
Then,
NG 2 F(at, o); t < a(w) = F(ID),
where F(-) denotes the o -algebra generated by all sets of the bracket.

Theorem 2.3. (1) A;(0) and Bs(®) are two equivalent processes, if
P(Ay(w) =0) =0.
(2) Ay(w) is a strong Markov process if P(Ag = 0) = 0 and the strong

Markov property is defined by transition probability function p(s, t; x, B).

Proof. (1) Since P(Ap(w)=0)=0 and Ai(w)= Bs(w) for every
o ¢ {Ag(w) = 0}, and the two processes are said to be equivalent, if and

only if P(A,(®) = By(®)) = 1. From which it follows (1) holds.

(2) Let o(w) be an arbitrary stopping time. Set

IA

Atl--‘tns(cl» e, Cp) = {At1 eCp, -, Ay €eCy,s a(w)};

a()};

IA

Btl-ntns(cl’ o, Cp) = {Btl €Cp, -, B eCp, s
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IN
N
bl
IN

HAt = {Atlwtns(cl’ ) Cn) ‘h S, Cl’ B Cn € B(R)’ nz 1}’

IA
A
~
IA

HBt = {Btlmtns(cl» B Cn) ‘4 s, Cp, -+, Cy € B(R)’ nz 1}’

where B(R) is the Borel c -algebra generated by R. Since [] 4, c g,
by Lemma 2.2, it follows

F(A,; u<a)c F(B,; u<a). (2.2)

For every A € F(A,; u < a),

'[  PAia < BF(A,; 1 < a)P(do)

) Xl qeniPldo)

[I=

lIro

X P(d
-A{Aoio} {Bt+aeB} ( 0))

| AE[X{BtJraEB}lf(Bu; u < o)]P(do)

lleo

_ (Ba(w)(@)-)*
2t dyP(dw)

It

Lo

5 j ) Pla(0), ¢+ a(®); Ag(w)®), B)P(dw),

where the first equality follows from the definition of conditional

expectation; the second equality follows from the definition of A(w), and
P({Ay = 0}) = 0; the third equality follows from A e F(A,; u < a)
c F(B,; u < a); the fourth equality follows from the strong Markov
property of Bg(®); and the last equality follows from Ay (w) = Bg(w) for
every o € {Ap(w) # 0} and {4y # 0} = Q, P-a.e.. Again, p(a(o), ¢ + a(o);
Ay(0)(®), B) is F(A, )-measurable, and F(A,) c F(A,; u < a). So by

Radon-Nikodym’s theorem, we have
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P(Apq € BIF(Ay; u < a) = p(a), t + a(0); Aye)(©), B), P, .. -ae.,

(2.3)

which is the strong Markov property if the strong Markov property is
defined by transition probability function p(s, ¢; x, B). O

By [1, p. 343] and [7, Theorem 3.10], we know Brownian motion

Bg(o) is a strong Markov process. But we will prove that there always
exists its a version p(s, t; x, B) of transition probability function such

that the strong Markov property, defined by p(s, ¢; x, B), is not valid.

Theorem 2.4. Let Bi(®) be the Brownian motion, then there exists a
version p(s, t; x, B) of transition probability function of Bs(o®) such that

the strong Markov property, defined by p(s, t; x, B), is not valid.

Proof. Suppose without loss of generality that P(By(w) = 0) = 0, we

take, for any 0 < s < ¢,

X 5(0), if x =0,
ﬁ(s, £ x, B) _ 1 _(x—y)z

2(t-s) .
— ¢ dy, if x #0.
B \2n(t - s)

From Example 1.1, we know p(s, t; x, B) is a version of transition

probability function of Bg(®). Let T = inf(¢ > 0; B, = 0). If we use the

strong Markov property, we have

(x-y)?
- 1 2 3 —
2t dy=p(0, t; x, B)2P.(B; € B):Ex[Ex(X{BteBH]:(Bu; u<7))]

1
e
IB 2nt

IES

E E (X z<yX(B,eB)| F(Bys u < 7))+ Eo(X (750X ()| F(By; u < 7))]

S E X (z<tyP(7, ; Bz, B)+ X(moy B (X (g, cp)| F(By; 1 < 7))]
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2 Ex[X{?St}XB(O)] = P (T <)X (0),

contradiction. So Bg is not a strong Markov process. Here, the first term
of the fifth equality follows from the strong Markov property. O

If the strong Markov property is defined by the transition probability
function, from Theorems 2.3 and 2.4, we know whether the strong
Markov property holds depends on the transition probability function

selecting. So, we should further perfect the definition defined by
transition probability function.

2.2. Annotations of the second example
The following we comment on Example 1.2.

Remark 2.5. (1) Although we analyze the example on basis of (1.4),
we think it is more rational that (1.4) 1is replaced by

er<xT(r ,0)< T < zrpng(rp, o).

If x¢kE, {kp™k=0,1,--,p" -1, n=1,2, -} for fixed p, then

erSx T(r,, o) = er o T(r,, ®). By the central limit theorem, we know

Zr <xT(rp, ®) has a normal distribution. From which and (1.4), it
2

follows, for every ™ > 0,

(L o)=x}={D T(p,0)=1}=0, P -ae.

rp<x

Thus, if x ¢ UpEp, x may be seen the non-state of x(T, ®) since
P(x(r, ®) = x) = 0 for any 7. Another, if x € E,, then by (1.4) and the
total probability formula, we have, for every T > 0,

P(x(r, m)zx)zP(ZT(r ,0)< T < ZT(r , ©))

p p

- jo Pr-s< Y T(r, ©)dF(s) > 0,

rp=x
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where F(s) is the distribution function of Z T(r,, ®). So, the
rp <X

minimal state space of x(1, ®) is E2U, E,. Obviously, E is countable.
If i € E, then there exists only pg, such that i e Ep0 since E, have

only 0 in common (it is quoted from the example), in this case, by (1.4),

we have
(o x2(1, ©) =i} = {0P0) : x(r, oP0)) = i, oP0) e PO P g6
(2.4)

(2) For every x e E, suppose might as well that x € E,, By (1.4) and
(2.4), it follows

{o: x(t+J7(0), ©) = x}

(@ ZT(r ,o)<t+3(0)< ZT(r , ©)}

rp rp,

(2.5)

: 1
{o: Z%grpﬁcT(" ,0)<t< Z%SrprT(i‘ , 0}, if x> 3
1

0 if
, 1x<2,

almost everywhere.

No matter whether the statements of the last paragraph of Example
1.2 is true or false, it does not show that the Markov property or the
strong Markov property is not valid, because the conditions of the
Markov property and strong Markov property are weaker than
independence. In fact, the conditions of Markov property and strong
Markov property require only the conditional independence instead of
independence, that is, the “future” is independent of the “past” given the
“present”. In the same time, strong Markov property require that “time”
is a stopping time instead of any a nonnegative random variable. But it

does not prove that J;(w) is a stopping time in the example.
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(3) In the end, we shall prove x(¢, ®) is a strong Markov process if

x(t, ) is a Markov process.

Lemma 2.6. Let p(s, t; x, A) be the transition probability function of
x(t, ). Set

n2"

k
a(n)(@) = Zz_n X{ﬂ«xsi}(m) + (1 + DX (o5 ) (@)
k=0 2" 2"
Then we have, for almost every wqy with oy € {o < t},
lim p(a™(wg),  x(a™(wg), ©9), 4) = plalw)), & 2(alw), o), A).
n—oo
Proof. For an arbitrary sequence of number {s,;n >1} with
sp v sgasn T o let

A, ={sg < ZT(,« , o) —{s, < ZT(r , o).

<
rp sSX

Then A, {{sg =) _T(r,, ©)} =0 almost everywhere as n T .

<
rp_x

Again,

(s, @) = 2} = { ) T(rp, ©) <5, < D T(ry, 0)}

rp<x

={ D T(ry, ©) < s, } N sy < Y T(ry, )}

Tp

= { D Ty 0) S 5,3 Niso < Y Trp, 0)) - A,]

<
rp<x rp_x

= (D, Ty, 0) < 53} N {so < Y, T(rp, o))

<
Vp <X Vp sSX

—{ D T(rp, ©) < 5,1 N 4,

?"p <X



28 TANG RONG

Noting ﬂ:ﬂ{zrqu(r ,w)<s,}NA, =0, P, -ae., wehave

ﬂ{x(sn, o) =x}={x(sg, ®) =x}, P, -ae.
n=1

By the arbitrariness of {s,; n > 1}, we have

liim{x(s, o) = x} = {x(sg, ®) = x}, P.-ae. (2.6)
SvSo

Again, since almost every path of x(t, ®) is continuous (it is quoted from
the example), and the state space E is countable, there exists enough

large N such that x(oc(n)((oo), 0y ) = x(a(wg), wg) for every n > N,
P, -a.e.. So by oc(n)(o)o) d a(wg) as n T o, we have, for almost every
) € {o < o},

r}grio{w : x(a(n)(wo), ®) = x(a(n)((ﬂo), oo )}

={o:x(og), o) =x(a(og), og)}, P.-a.e.

By the definition of x(t, ®) and (2.4), we know

Py(x(s, ©) = x) = CuPPI( D T(rp, o)) <5 < D T(r,, o)) > 0,

Tp<x rpﬁx
for every s >0 and x € E, where x € E,,. Then, for almost every
oy € {a < t},
p(OL(Q)O), 4 x(a((DO)’ (DO)’ A)

_ P.(x(t, o) € A, x(a(0g), ©) = x(a(og), 0g))
P, (x(a(wg ), o) = x(afwg ), @)

_ B(xlt, @) € A, Tim, L, {x(a (), ©) = x(a (@), )}
P, (Tim,, . {x(a"(09), ®) = x(a (), @0 )})
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_lim,, L, P(a(t, 0) € A, {x(a™ (). ®) = x(a™(wg), ©9)})
lim,, .. P, ({x(a™(wg), ®) = x(a™(09), 09)})
= lim p(a™(wp), t; x(a™(wg), og), A). O

Lemma 2.7. Let a(w) be an arbitrary non negative random variable.
Then

plafo), t; x(a(o), ®), A)IX (4w)<)
is measurable relative to N}, and F(x(a)), respectively,
where F(x(a))2{{o: (x(a(n), ®), (w))e A}: A e ExB([0, »])}; £ = B(E).

Proof. Note

pla(o),  2(a(0), ©), A)Xgqy(©) = Y > pls, & 2, A |46 0)-r,a-5)(©)-

s<t xeE

2.7
Since {u < a(o)} = {x(u, ©) € E, u < a(o)}, by Lemma 2.2, we obtain
{u<a(w) e N for every u > 0. Hence, {a(0)< u}e N for every

u > 0. Therefore,

{x(s, ) = x, a(w) = s} = Llf;{x(s, o) = x, s < a(o) N{u(o) < ul e N.

From which and that E is at most countable yield

Zp(s, t; %, A)X (x(s)=x, a=s}(®),

xek

is Mg,

-measurable for every s < ¢t. The following we will prove

Z Z p(s, &5 x, A)X (4(5)=x, a=s}(®),

s<t xekE

is N'{ -measurable by means of transfinite induction.
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Suppose that < is well ordering on [0, ¢) with the first element ag.

Obviously,
Z Z ps, t; x, A)X{x(s):x,a(m):s}((’)) = Z p(ag, t; x, A)‘X{x(ao ):x,a:ao}(“))’
szag xek xek

. . + .
which is N -measurable. Suppose that Zsiazerp(s, t; x, A)

X{x(s):x,a:s}(@) is N{ - measurable for every a with a < 7. We take an
increasing sequence {a,; n > 1, a < T'} satisfying lim,_,, a, = T, that
is, for any given a number a < 7T, there exists one @, such that a=<xa,.

So, we have

Zzp(s’ £ x, A)X{x(s):x,oc s} (0) = r}g%o Z ZPS & x, A)X{x s)=x,a=s} ((D)

s<T xek sza, xel&

So ZHTerEp(s, t; X, A)X (x(s)=x,a=s}(®) is N -measurable. Noting

Z Z p(s, t; x, A)X{x(s)=x,a=s}(®) = Z Zp(sr t; x, A)X{x(s)=x,a=s}(®)

sxT xeE s<T xeE
+p(T, t; x, A)X{x(T):x,a:T}(m)’

it follows zsﬁT erEp(s, t; 2, A)X (y(s)-x,a=s)(®) 18 N -measurable.

Hence, by transfinite induction, we have, for every T € [0, t),

Z Z ps, t; x, A)X{x(s)=x,a=s}(°))’

s<TxekE

is N -measurable. Again, take an increasing sequence {T,; n > 1},
which satisfies that for any given number s € [0, ¢), there exists a T},
such that s<7T,,. So,

z z ps, t; x, A)X{x(s):x,a:s}(m) = r}g& Z z p(s, t; x, A)X{x(s):x,oc:s}(m)'

s<t xekE s<T,, xeE
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From which, it follows » > _.p(s, t; %, A)X x(s)=x,a=s)(®) is
N} -measurable.

Next, noting {x(s, o) = x, a(w) = s} € F(x(a)) for every s <t from
the definition of F(x(a)), by transfinite induction and same proving

manner above, we know
p(a(m)’ t; x(oc(co), (D), A)‘X{a<t}(m)9
is also F(x(a)) -measurable. 0

Theorem 2.8. Let x(¢, ®) be the process constructed by Example 1.2.
If x(t, ) is a Markov process, then x(t, ®) must be strong Markov
process, that is, for an arbitrary stopping time o(o) and A c E, t > 0,

we have
P.(x(t, ©) € AING) = p(a(), t; x(a(0), ©), A)
= P.(x(t, o) € A|F(x(a))), (P, ){a<t} -ae., (2.8)

where (P, ){ means the equality holds for every o € {a < t} except one

a<t}

null set of {o. < t}.
Proof. Since a(o) is a stopping time, {a(w) <t} € N} 2 F(x(u); u < t)
for every t > 0. Set
n2"

n k
(l( )(0)) = Z—n X{M<QSL}((D) + (T’L + 1)X{a>n}(m)'
k=02 on on

By the constructing method of measurable function, we have

a(n)(w) la(w), asnT o
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For any A;, -, A, c E, set B ={x(t;, ®) € Ay, -+, x(t,,,, ®) € 4,,,
s < a(w)}, K(n)=max{k: 2% <t}. Obviously, K(n)Tt as n T .
Then, for every A c E,

K(n)

X fx(t,0)eaybr(do) = lim kZ I
=0

J.B{(x<t} X{x(t,w)eA}Pr(d(’))-

B{ﬂmgi}
o on

Since a(w) is a stopping time,

{

k-1 k k k-1
on <(XS2—n}={(XS2—n}—{O{.S on }ENl (29)
on

- - 'm

If kZmin(k:OSkSK(n),inZS), by t <<t Sssin, it
2 2

follows:

k-1
271

k
B{ <as heN.

2n
If Rk <min(k:0 <k < K(n), in > s), obviously,
2

k-1
277,

k
B{ <(X,S2—n}=0€./\/'+i

2n
Therefore, taking enough large n such that Ln < t, by Markov property,
2

it follows:

X P.(d
J‘B{m} (x(t, o)A} Pr (do)

1y +
L lim Z(:) I B{E%L}p,(x(t, ) A|N2Ln )P, (do)
on on
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2 . Kl k
2 lim Z J‘B{EQSL}P;«(X(L ) € A|f(x(2—n )P, (do)

n—w

Zn

—,}E&ZI Y > P(xtt O))eA|x( Lo) =X ) Bldo)

ont er on
. K(n) L
2l D[ e 2 B @) € Al 0) =0 i P ()

6 ; ko B
_J' lim };p(Z 4 x( o ©), A)X | 0)_ i 1\ Pr(do)

lj lim p(oc (0)) [ x(a(n)(m) ), A)P,(do)

Bfa<t}n—o
[ po). i x(a(o), o), A)P(do) (2.10)
Bo<t}

where f(x(in)) is the o-algebra generated by x(in,m);
2 2

k

(s, 0) € AF(s( ) = X, p Pt o) € Al S 0) =) X gy
Zn

follows from [2, Theorem 5.2.5]; the first equality follows from the
definition of conditional expectation; the second equality follows from
Markov property; the third equality follows from [2, Theorem 5.2.5]; the

fourth and fifth equalities follow from the properties of integral; the sixth
. k k
equality follows from erEp(z_n’ t x, A)X{x(fn,m):x} = p( o £

x( in, ®), A) and dominated convergence theorem.
2
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Again, by A -n-system method, we obtain (2.10) holds for every
B e N}. So by Lemma 2.7 and the definition of conditional expectation,

we obtain

P.(x(t) € AING) = p(afo), t; x(a(o), ®), A), (P, i<ty - € (2.11)

Since F(x(a)) = N by [11, Theorem 3.6], and p(a(o), t; x(a(o), ), A)
is F(x(a))-measurable from Lemma 2.7, taking conditional expectation
given F(x(a)) at two side of (2.11), by the property of conditional

expectation, we have

Pi(x(t) € AlF(x(a))) = plafw), t; x(a(0), ®), A), (P )y - ae. (2.12)
By (2.11) and (2.12), we obtain (2.8). O

Starting from Theorem 2.8, by the same proving method of

[11, Theorem 4.14], we can obtain the following theorem:

Theorem 2.9. Let x(¢, ®) be the process constructed by Example 1.2.
If x(t, ®) is a Markov process, then x(t, ®) must be strong Markov
process, that is, for an arbitrary stopping time a(o) and A c E,t > 0,

we have
P.(x(t + a(w), ®) e AN = p(a(o), t + o(0); x(a(w), ), A)
=P.(x(t + a(0), o) € A|F(x(a))), (P, )Qa -a.e.,
(2.8)

where (P, )Qa means the equality holds for every o € {o. < ©} except one

null set of {a. < oo}.
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3. Appendix: Theorems and Concepts
Cited or Needed in this Paper
3.1. Theorems cited in this paper
For the convenience to reader, we list all theorems cited in this paper.

Theorem 3.1 ([2, Theorem 5.2.5]). Let & be a random variable
defined on the probability space (Q, F, P), C be a o -subalgebra of F

and B and be an arbitrary atom of C. Then, for any » € B,
E(E|C)(w) = constant.

Further, if P(B) > 0, then

EE) () = g | 2P

for every o € B.

Theorem 3.2 ([Dominated convergence theorem; 2, Theorem 3.3.2]).

Let g be an integrable function and p be a measure, |f, | < g, a.e. for all n.
If , S f or fu 5F, then [fodu > [ fdu

Theorem 3.3 ([Radon-Nikodym’s theorem; 2, Theorem 3.7.6]). Let n
be a o -finite measure on o -algebra A of Q. If the set function ¢ defined
on A is o-finite and o -additive and w-continuous, then there exists an
A -measurable finite function f defined on (Q, A) such that ¢ is the
indefinite integral of f on the measurable space (Q, A, n), and f is

w4 -almost surly uniquely determined by o.
3.2. The concepts of A -system

The following we will introduce the concepts of A-system, and the
A - m-system method mentioned in this paper, which are cited from
[1, Appendix].



36 TANG RONG
Definition 3.4. A system [[ of subsets of a set Q 1is called a

n-system, if Ay e Il, Ay € [l = A4y € II.

Definition 3.5. A system A of subsets of a set Q 1is called a

A -system, if it has the following properties:
(1) Q e A;
(2) Ay e A, Ay e A, AJNAy =0 = A UAy e A
(3) Ay e A, Ay e A, A D Ay = A — Ay € A
4 A,eN A, TAn=12 = AcA

Theorem 3.6. (1) If the system M of subsets of a set Q is a w-
system, and is also a \-system, then M is a o -algebra.

(2) If \-system A contains m-system [1, then A o F(I1).

If we make use of this theorem, we call this method M\ - -system
method.
3.3. The concepts of partial ordering

We will introduce the concepts of partial ordering and three
important theorem, which are seen in bibliographies about real analysis
(such as [10]).

Definition 3.7. Let S be an arbitrary set. S is said to be a partially
ordered set, if there is a binary relation “<” called a partial ordering,

defined on S with the following properties:

(1) x<x forall x € S (reflexive),
@) x<y,y<z = x=<z forall x, y, z € S (transitive),
B) x<y, y<x = x =y forall x, y e S (antisymmetric).

Definition 3.8. A partially ordered set S is called a totally ordered

set, if it follows x <y or x <y forany x, y € S.
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Definition 3.9. Let S be a partially ordered set, xy lies in S. x is
said to be the maximal element of S, if it follows x = x( for every x € S
with xg <x; xo is said to be the minimal element of S, if it follows

x = xq for every x € § with x <x.

Definition 3.10. Let S be a partially ordered set, M be a subset of

S, a liesin S. a is said to be an upper bound of M in S, if it follows
x=<a for all x € M; a is said to be a lower bound of M in S, if it

follows aa<x for all x € M.

Definition 3.11. Let S be a partially ordered set, A be a subset of

S. a 1s called a minimum element of A, if o is a lower bound of A and
o liesin A; o is called a maximum element of A, if o 1s an upper bound

of A and a liesin A.

Definition 3.12. A partial ordering “<” on S is said to be a well
ordering, if for every nonempty subset of S has the minimum element.

S 1s called well-ordered set, if there is a well ordering defined on S.

Theorem 3.13 ([Zorn’s lemmal). Let S be a partially ordered set. If
every totally ordered subset A of S has an upper bound in S, then S

has a maximal element.
Theorem 3.14 ([Well order theorem]). Every set can be well ordered.

Theorem 3.15 ([Principle of transfinite induction]). Let (W, <) be a

well-ordered set. For any a € W, let
Ia)={x e W:x <a}.

If A is a subset of W such that a € A whenever I(a) c A, then A

I
=
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