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Abstract 

We propose a new reliable fractional variational iteration method (FVIM) for 
fractional nonlinear partial differential equations. The iteration procedure is 
based on Jumarie’s fractional derivative approach. Several examples have been 
solved to elucidate the effectiveness of the proposed method and the results are 
compared with the exact solution, revealing high accuracy and efficiency. 

1. Introduction 

In last two decades, fractional differential equations have gained 
much interest due to exact description of nonlinear phenomena in fluid 
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flow, seismology, biology, chemistry, economic, engineering, and other 
areas of science. However, the fractional calculus is three centuries old as 
the conventional calculus. The aim of the present work is to construct 
exact solutions of nonlinear time-fractional equations. 

The fractional partial differential equations appear very frequently in 
physical sciences. In the past century, notable contributions [1-25] have 
been made to both the theory and applications of the fractional 
differential equations. These equations are increasingly used to model 
problems in research areas as diverse as dynamical systems, mechanical 
systems, control, chaos, chaos synchronization, continuous-time random 
walk, anomalous diffusive and sub diffusive systems, unification of 
diffusion and wave propagation phenomenon and others. The most 
important advantage of using fractional differential equations in these 
and other applications is their non-local property. It is well known that 
the integer-order differential operator is a local operator, but the 
fractional order differential operator is a non-local operator. This means 
that the next state of a system depends not only upon its current state 
but also upon all of its historical states. This is more realistic and it is 
one reason why fractional calculus has become more and more popular. 

In this study, we apply the variational iteration method (VIM) to 
obtain analytical solution for nonlinear fractional initial value problem. 
Recently, a promising analytical technique called variational iteration 
method proposed by He [1] has successfully been applied to solve many 
types of linear and nonlinear fuctional equations. The basic inspiration of 
this paper is the extension of variational iteration method using modified 
Riemann-Liouville derivative to find analytical solutions to time 
fractional heat- and wave- like equation with variable coefficients. 

2. Basic Definitions 

We give some basic definitions, notations, and properties of the 
fractional calculus theory, which are used further in this paper. 
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Definition 1. Assume ( )xfxRRf →→ ,:  denote a continuous 

(but not necessarily differentiable) function and let the partition 0>h  in 
the interval [ ].1,0  Jumarie’s derivative is defined through the fractional 

difference 

( ) ( ) ( ) ( )( ),11
0

kxf
k

xfFW k

k
−α+












α
−=−=∆ ∑

∞

=

αα  (1) 

where ( ) ( ).hxfxFWf +=  Then, the fractional derivative (Jumarie [13]) 

is defined as the following limit: 

( ) ( ) ( )[ ] .0lim
0 α

α

→
α −∆=

h
fxff

h
 (2) 

This definition is close to the standard definition of derivative, and as a 
direct result, the th-α  derivative of a constant ;10 <α<  is zero. 

Definition 2. The Riemann-Liouville fractional integral operator of 
order 0≥α  for a function 1, −≥µ∈ µCf  is defined as 

( ) ( ) ( ) ( ) .0,0,1 1

0

>>αξξξ−
αΓ

= −αα ∫ tdfxxfI
x

x  (3) 

Definition 3. The Jumarie’s modified Riemann-Liouville derivative 
(Jumarie [13]) is defined as 

( ) ( ) ( ) ( ) ( )( ) ,01

0

ξ−ξξ−
α−Γ

= α−α ∫ dffx
dx
d

mxfI m
x

m

m
x  (4) 

where [ ] .1,1,1,0 ≥≤α<−∈ mmmx  

The proposed modified Riemann-Liouville derivative as shown in 
Equation (4) is strictly equivalent to Equation (2). Meanwhile, we would 
introduce some properties of the fractional modified Riemann-Liouville 
derivative 
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(a) Fractional Leibnitz product law: 

( ) ( ) ( ).ααα ν+ν=ν uuuDx   (5) 

(b) Fractional Leibnitz formulation: 

( ) ( ) ( ) .10,0 ≤α<−=αα fxfxfDI xx   (6) 

Therefore, the integration by part can be used during the fractional 
calculus 

( ) ( ) ( ).αααα ν−ν=ν uIuuI b
b
ax  (7) 

Definition 4. Fractional derivative of compounded functions is 
defined as 

( ) ( ) .10,1 <α<α+Γ≅α dfxfd   (8) 

Definition 5. The integral with respect to ( )αξd  is defined as the 

solution of fractional differential equation given by equation 

( ) ( ) ( ) ,10,00,0, <α<=≥≅ α yxdxxfdy   (9) 

( ) ( ) ( ) ( ) .10,1

00

≤α<ξξξ−α=ξξ≅ −αα ∫∫ dfxdfy
xx

  (10) 

For example, ( ) β= xxf  in Equation (10), one obtains 

( ) ( ) ( )
( ) .10,1

11

0

≤α<
β+α+Γ
β+Γα+Γ=ξξ β+ααβ∫ xd

x

 (11) 

Definition 6. Assume that the continuous function ( )xfxRRf →→ ,:  

has a fractional derivative of order ,αk  for any positive integer k and     

any ,10; ≤α<α  then the following equality holds, which is 

( ) ( )( ) .10,!
0

≤α<
α

=+ α
α∞

=
∑ xfk

hhxf k
k

k
 (12) 
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On making the substitution xh →  and ,0→x  we obtain the fractional 

Mc-Laurin series 

( ) ( )( ) .10,0!
0

≤α<
α

= α
α∞

=
∑ k

k

k
fk

xxf  (13) 

3. Fractional Variational Iteration Method (FVIM) 

In order to elucidate the solution procedure of the VIM, we consider 
the following fractional differential equation: 

( ) [ ] ( ) ( ) ,,0,,,, RxttxqtxuxKtxu
t

∈>+=
∂

∂
α

α
 (14) 

with the initial condition 

( ) ( ),0, xfxu =  

where [ ]xK  is the differential operator in ( )xfx,  and ( )txq ,  are 

continuous functions. According to VIM introduced by He [1], we can 
construct a correction functional for Equation (14) as follows: 

( ) ( ) [ ] ( ) ( ) ,,,,,1
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(15) 

Combining Equations (10) and (15), we obtained a proposed correction 
functional 

( ) ( ) ( ) ( ) ( ) [ ] ( ) ( ) ( ) .,,,1
1,,

0
1

α
α

α

+ ξ

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



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∂
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+= ∫ dxqxuxKxutxutxu n

t

nn  

(16) 
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It is obvious that the successive approximation 0, ≥ju j  can be 

established by determining .λ  A general Lagrange’s multiplier, which 
can be identified optimally via the variational theory. The function nu~  is 

a restricted variation, which means .0~ =δ nu  Therefore, we first determine 

Lagrange’s multiplier that will be identified optimally via integration by 
parts. The successive approximation of the ( ),,1 txun+  0≥n  solution 

( )txu ,  will be readily obtained upon using the Lagrange’s multiplier and 

by using any selective function .0u  The initial values are usually used for 

selecting the zeroth approximation .0u  With λ  determined, several 

approximations 0, ≥juj  follows immediately. Consequently, the exact 

solution may be obtained by using the following equation: 

( ) ( ).,lim,
0

txutxu nn→
=   (17) 

4. Numerical Examples 

Example 4.1. We consider the one-dimensional fractional heat-like 
equation 

( ) .10,10,0,2
1, 2 ≤α<<<>=α xtuxtxuD xxt   (18) 

Subject to the boundary conditions 

( ) ( ) ,,1,0,0 tetutu ==  

and the initial condition 

( ) .0, 2xxu =  

Then a corrected functional for Equation (18) can be constructed as 
follows: 

( ) ( ) ( ) ( ) .2
1

1
1,, 2

2
2

0
1

α
α

α

+ ξ












∂

∂
−

ξ∂

∂
α+Γ

−= ∫ d
x
uxutxutxu nn

t

nn   (19) 
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We start with an initial approximation 

( ) ., 2
0 xtxu =  

The other components can be determined by using above iteration 
formula as 

( ) ( ) ,1,
2

1
α

α+Γ
= txtxu  

( ) ( ) ,21, 2
2

2
α

α+Γ
= txtxu  

( ) ( ) ,31, 3
2

3
α

α+Γ
= txtxu  

and so on. 

Consequently, we have the following series solution: 

( ) ( ) ( ) ( ) .31211, 3
2

2
22

2 …+
α+Γ

+
α+Γ

+
α+Γ

+= ααα txtxtxxtxu  (20) 

Immediately upon replacing α  by 1 in Equation (20), which is exactly the 
same as solution obtained in [22]. 

( ) ., 2 textxu =  

Example 4.2. We consider the two-dimensional fractional heat-like 
equation 

( ) .,10,1,0,0,, …≤α<<<>+=α yxtuutxuD yyxxt   (21) 

Subject to the boundary conditions 

( ) ( ) ,0,,2,0,,0 =π= tyutyu  

( ) ( ) ,0,2,,0,0, =π= txutxu  

and the initial condition 

( ) .sinsin0,, yxyxu =  
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Then a corrected functional for Equation (21) can be constructed as 
follows: 

( ) ( ) ( ) ( ) .1
1,,,,

0
1

α
α

α

+ ξ












+−
ξ∂

∂
α+Γ

−= ∫ duuutyxutyxu nyynxx
n

t

nn  (22) 

We start with an initial approximation 

( ) .sinsin,,0 yxtyxu =  

The other successive approximations are obtained as follows: 

( ) ( ) ,1
sinsin,,1

α
α+Γ

−= tyxtyxu  

( ) ( ) ,21
sinsin4,, 2

2
α

α+Γ
= tyxtyxu  

( ) ( ) ,31
sinsin8,, 3

3
α

α+Γ
−

= tyxtyxu  

and so on. 

The series solution is given by 

( ) ( ) ( )
αα

α+Γ
+

α+Γ
−= 2

21
sinsin4

1
sinsinsinsin,, tyxtyxyxtyxu  

( ) ,31
sinsin8 3 …+
α+Γ

− αtyx   (23) 

replacing α  by 1 in Equation (23), the exact solution is the same as 
solution obtained in [22]. 

( ) .sinsin,, 2 yxetyxu t−=  

Example 4.3. Consider the three-dimensional fractional heat-like 
equation 

( ) [ ],36
1, 222444

zzyyxxt uzuyuxzyxtxuD +++=α  

.10,1,,0,0 ≤α<<<> zyxt   (24) 
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Subject to the boundary conditions 

( ) ( ) ( ),1,,,1,0,,,0 44 −== tezytzyutzyu  

( ) ( ) ( ),1,,1,,0,,0, 44 −== tezxtzxutzxu  

( ) ( ) ( ),1,1,,,0,0,, 44 −== teyxtyxutyxu  

and the initial condition 

( ) .00,,, =zyxu  

The iteration formula for Equation (24) is given by 

( ) ( ) ( )α+Γ
−=+ 1

1,,,,,,1 tzyxutzyxu nn  

[ ] ( ) .36
1 222444

0

α
α

α
ξ













++−−
ξ∂

∂
× ∫ duzuyuxzyxu

nzznyynxx
n

t

 

We start with an initial approximation 

( ) ( ) .1,,,
444

0
α

α+Γ
= tzyxtzyxu  

We obtain the following successive approximations as follows: 

( ) ( ) ,21,,, 2
444

1
α

α+Γ
= tzyxtzyxu  

( ) ( ) ,31,,, 3
444

2
α

α+Γ
= tzyxtzyxu  

( ) ( ) ,41,,, 4
444

3
α

α+Γ
= tzyxtzyxu  

and so on. 
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The series solution is given by 

( ) ( ) ( )
αα

α+Γ
+

α+Γ
= 2

444444

211,,, tzyxtzyxtzyxu  

( ) ( ) .4131
4

444
3

444
…+

α+Γ
+

α+Γ
+ αα tzyxtzyx   (25) 

Immediately upon replacing α  by 1 in Equation (25), which is exactly the 
same as solution obtained in [22]. 

( ) ( ).1,,, 444 −= tezyxtzyxu  

Example 4.4. Next, we consider the following two-dimensional 
fractional wave-like equation: 

( ) ( ),12
1, 22

yyxxt uyuxtxuD +=α  

.21,1,0,0 ≤α<<<> yxt   (26) 

Subject to the boundary conditions 

( ) ( ) ,cosh4,,1,0,,0 ttyutyu ==  

( ) ( ) ,sinh4,1,,0,0, ttxutxu ==  

and the initial condition 

( ) ( ) .0,,,0,, 44 yyxuxyxu t ==  

The exact solution ( )2=α  was found to be [22] 

( ) .sinhcosh,, 44 tytxtyxu +=  

To solve the above Equation (26) by means of aforesaid method, we have 
the following iteration formula: 

( ) ( ) ( ) ( ) ( ) .12
1

1
1,,,, 22

0
1

α
α

α

+ ξ












+−
ξ∂

∂
α+Γ

−= ∫ duyuxutyxutyxu nyynxx
n

t

nn  

(27) 
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To get the iteration, we start with an initial approximation as 

( ) .,, 44
0 tyxtyxu +=  

We obtain the following successive approximations as follows: 

( ) ( ) ( ) ,21,, 1
44

1
α+α

α+Γ
+

α+Γ
= tytxtyxu  

( ) ( ) ( ) .2221,, 21
4

2
4

2
α+α

α+Γ
+

α+Γ
= tytxtyxu  

The series solution is given as 

( ) ( ) ( ) 



 +

α+Γ
+

α+Γ
+= αα …24

21
1

1
11,, ttxtyxu  

( ) ( ) ,22
1

2
1 2114





 +

α+Γ
+

α+Γ
++ α+α+ …ttty   

upon replacing α  by 2, which is exactly the same as solution obtained in 
[22]. 

Example 4.5. Finally, we consider the following three-dimensional 
fractional wave-like equation: 

( ) ( ),2
1, 222222

zzyyxxt uzuyuxzyxtxuD +++++=α  

.21,1,,0,0 ≤α<<<> zyxt   (28) 

Subject to the boundary conditions 

( ) ( ) ( ) ( ) ( ) ( ) ( ),111,,,1,11,,,0 122122 −+−+=−+−= −− ezeytzyuezeytzyu tt  

( ) ( ) ( ) ( ) ( ) ( ) ( ),111,,1,,11,,0, 122122 −+−+=−+−= −− ezextzxuezextzxu tt  

( ) ( ) ( ) ( ) ( ) ( ) ( ),111,1,,,11,0,, 122122 −+−+=−+−= −− eyextyxueyextyxu tt  

and the initial condition 

( ) ( ) .0,,,,00,,, 222 zyxzyxuzyxu t −+==  
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To solve the above Equation (28) by means of aforesaid method, we have 
the following iteration formula: 

( ) ( ) ( ) ( )






++−
ξ∂

∂
α+Γ

−=
α

α

+ ∫ 222

0
1 1

1,,,,,, zyxutzyxutzyxu n
t

nn  

( ) ( ) .2
1 222 αξ





++− duzuyux nzznyynxx  

To get the iteration, we start with an initial approximation as 

( ) ( ) ( ) ( ) ,1,,, 222222
0 α+Γ

+++−+=
αtzyxtzyxtzyxu  

( ) ( ) ( ) ( ) ( ) ,212,,,
2

222
1

222
1 α+Γ

+++
α+Γ

−+=
αα+ tzyxtzyxtzyxu  

( ) ( ) ( ) ( ) ( ) ,3122,,,
3

222
21

222
2 α+Γ

+++
α+Γ

−+=
αα+ tzyxtzyxtzyxu  

( ) ( ) ( ) ( ) ( ) ,4132,,,
4

222
31

222
3 α+Γ

+++
α+Γ

−+=
αα+ tzyxtzyxtzyxu  

and so on. 

The series solution is given as 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

.

222121

222121,,, 2121
2

2121

22



























+

α+Γ
−

α+Γ
+

α+Γ
−

α+Γ
+−+

+
α+Γ

+
α+Γ

+
α+Γ

+
α+Γ

+
+= α+αα+α

α+αα+α

…

…

tttttz

ttttt
yxtzyxu  

(29) 

The exact solution ( )2=α  in Equation (29) was found to be [22] 

( ) ( ) ( ) .,,, 222222 tt ezeyxzyxtzyxu −+++++−=  
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5. Conclusion 

In this paper, we carefully proposed a reliable modification by 
considering the variational iterational method (VIM) to deal with the 
fractional differential equation within initial and boundary conditions. 
The objective of this paper is to apply the VIM via modified Riemann-
Liouville fractional derivative. As shown in the examples of this paper, 
the proposed method is a powerful procedure for solving linear and 
nonlinear equations of fractional order. The simplicity and also easy to 
apply in programming are two special features of this method. It may be 
concluded that this method is more powerful and efficient than before in 
finding analytical as well as numerical solutions for a wide class of linear 
and nonlinear fractional differential equations. 

References 

 [1] J. H. He, Variational iteration method-a kind of non-linear analytical technique: 
Some examples, Int. J. Non-Linear Mech. 34 (1999), 699-708. 

 [2] J. H. He, Approximate analytical solution for seepage flow with fractional derivative 
in porous media, Comput. Methods Appl. Mech. Eng. 167 (1998), 57-68. 

 [3] J. H. He, G. C. Wu and F. Austin, The variational iteration method which should be 
followed, Nonlin. Sci. Lett. A 1 (2010), 1-30. 

 [4] N. Faraz, Y. Khan and F. Austin, An alternative approach to differential-difference 
equations using the variational iteration method, Z. Naturforschung. 65a (2010), 
1055-1059. 

 [5] S. Nadeem, T. Hayat, Noreen Sher Akbar and M. Y. Malik, On the influence of heat 
transfer in peristalsis with variable viscosity, International Journal of Heat and 
Mass Transfer 52 (2009), 4722-4730. 

 [6] S. Das, Analytical solution of a fractional diffusion equation by variational iteration 
method, Comput. Math. Appl. 57 (2009), 483-487. 

 [7] S. Momani and Z. Odibat, Comparison between the homotopy perturbation method 
and the variational iteration method for linear fractional partial differential 
equations, Comput. Math. Appl. 58 (2009), 2199-2208. 

 [8] S. Momani and Z. Odibat, Analytical approach to linear fractional partial differential 
equations arising in fluid mechanics, Phys. Lett. A 355 (2006), 271-279. 

 

 



JAMSHAD AHMAD et al. 14

 [9] S. Momani and Z. Odibat, Numerical comparison of the methods for solving linear 
differential equations of fractional order, Chaos Solitons Fractals 31 (2007),       
1248-1255. 

 [10] N. Faraz, Y. Khan and A. Yildirim, Analytical approach to two-dimensional viscous 
flow with a shrinking sheet via variational iteration algorithm-II, J. King. Saud. Uni. 
Sci. 23 (2011), 77-81. 

 [11] M. Inc, The approximate and exact solutions of the space and time-fractional 
Burgers equations with initial conditions by variational iteration method, J. Math. 
Anal. Appl. 345 (2008), 476-484. 

 [12] M. Inokuti, H. Sekine and T. Mura, General use of the Lagrange multiplier in 
nonlinear mathematical physics, in: S. Nemat-Nasser (Ed.), Variational Methods in 
the Mechanics of Solids, Pergamon Press, New York, (1978), 156-162. 

 [13] G. Jumarie, Table of some basic fractional calculus formulae derived from a modified 
Riemann-Liouville derivative for non-differentiable functions, Appl. Math. Lett. 22 
(2009), 378-385. 

 [14] I. Podlubry, Fractional Differential Equations, Academic Press, California, San 
Diego, 1999. 

 [15] K. Diet Helm and N. J. Ford, Analysis of fractional differential equations, J. Math. 
Anal. Appl. 265 (2002), 229-248. 

 [16] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional 
Differential Equations, John Willey and Sons, Inc., New York, 2003. 

 [17] G. Jumarie, New stochastic fractional models for Malthusian growth, the Poissonian 
birth process and optimal management of populations, Math. Comput. Model. 44 
(2006), 231-254. 

 [18] G. Jumarie, Laplace’s transformed of fractional order via the Mittage-Leffler 
function and modified Riemann-Liouville derivative, Appl. Math. Lett. 22 (2009), 
1659-1664. 

 [19] G. C. Wu and J. H. He, Fractional calculus of variations in fractal space-time, 
Nonlinear Sci. Lett. A 1(3) (2010), 281-287. 

 [20] G. C. Wu and E. W. M. Lee, Fractional variational iteration method and its 
application, Phys. Lett. A 374 (2010), 2506-2509. 

 [21] S. Momani, Analytic approximate solution for fractional heat-like and wave-like 
equations with variables coefficients using the decomposition method, Appl. Math. 
Comput. 165 (2005), 459-472. 

 [22] D. H. Shou and J. H. He, Beyond Adomian’s methods: The variational iteration 
method for solving heat-like and wave-like equations with variables coefficients, 
Phys. Lett. A 73(1) (2007), 1-5. 

 



SOLUTIONS OF FRACTIONAL HEAT-AND WAVE-LIKE … 15

 [23] H. Jafari and V. Daftardar-Gejii, Solving linear and non-linear fractional diffusion 
and wave equations by Adomian-decomposition, Appl. Math. Comput. 180 (2006), 
488-497. 

 [24] M. A. Noor and S. T. Mohyud-Din, Variational iteration method for solving higher-
order nonlinear boundary value problems using He’s polynomials, International 
Journal of Nonlinear Sciences and Numerical Simulation 9(2) (2008), 141-157. 

 [25] S. T. Mohyud-Din, A. Yildirim and M. Usman, Homotopy analysis method for 
fractional partial differential equations, International Journal of Physical Sciences 
6(1) (2011), 136-145. 

g 


