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Abstract

In this paper, we consider various time-optimal control problems for n xn
co-operative hyperbolic linear system involving Laplace operator with
distributed or boundary controls and with observations act in position or in
velocity. For each problem, the optimal controls are characterized in terms of
an adjoint system and shown to be unique and bang-bang.

1. Introduction

Time-optimal control of distributed parameter systems governed by a
system of hyperbolic equations is of special importance for the active
control of structural systems for which, the equations of motion are
generally expressed by hyperbolic differential equations. A typical

application of a hyperbolic equation is the vibrating system. Time-optimal
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control of distributed parameter systems governed by a system of
hyperbolic equations have been studied in many papers, we mention only
[2], [3] in which time optimal distributed control problems of vibrating
systems has been studied. In our paper [4], the results in [2] and [3] have
been extended to the time optimal control problems for systems governed
by n x n hyperbolic systems, involving Laplace operator with different

cases of observations.

In this paper, we will consider various time-optimal control problems
for the following n x n co-operative linear hyperbolic system involving
Laplace operator (here and everywhere below the vectors are denoted by
bold letters):

aQyi .
5 (e, 1) = (AQ)y); = w;(x, ¢) in @ =Qx]0, T,
ot
yi(x, 0) = y; (%) in Q,
o @
2L (x, 0) = 31 (=) in 0,
Wi _ . _
E—Ul(x, t) on > =Tx]o0,TJ[,

where Q c RN is a bounded open domain with smooth boundary T,
éi is the normal derivative at I', towards the exterior of Q, y; ¢, ¥; 1 are
» : ;

given functions, u; represents either a distributed control or a given
function defined in @, v; represents either a boundary control or a given
function defined in @, and A(t)(¢ € ]0, T[) are a family of nxn

continuous matrix operators

A+a a2 An »

agy A+ag Aoy Y2
A(t)y = . . . . . ’

am an2 A+ ap Yn
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with co-operative coefficient functions a;, a;; satisfying the following

ij
conditions:
a;, a;; are positive functions in L*(Q),
aij

ajj(x, t) < Ja;(x, t)a;(x, t).

This problems are, steering the initial vector state (y(0), y'(0)) for

= aj; (symmetry conditions), (&)

system (1), with a control u = (4, ug, ..., u,) belonging to a given
control set U’é or with a vector control v = (vy, vg, ..., v,,) belonging to a
given control set Ug so that an observation y(¢) or y'(¢) hitting a given

target set K;' in minimum time

IA

Ub = {6 = (01 b2, r 0) € (L2@Q)" + [9:l;2() < <

IA

UL = {6 = (b1, 02, > 0) € (PO : 01l 25 < <),

K? = {Z = (Zl’ Ry e Zn) € (L2(Q))n : "Zi - Zid”Lz(Q) < E}’ 3)

and ¢, ¢ > 0 and z;; € L?(Q) are given.

First, we establish the well posedness of the system (1) under
conditions on the coefficients stated by the principal eigenvalue of the
Laplace eigenvalue problem. Then, we formulate various time optimal
control problems with distributed or boundary controls. In each problem,
we derive the necessary and sufficient conditions, which the optimal

controls must satisfy in terms of the adjoint.
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2. nx n Co-operative Hyperbolic Systems

Let HY(Q) ([5]) be the usual Sobolev space of order one which

consists of all ¢ € L2(Q), whose distributional derivatives aagj) e L2(Q)
l

with the scalar product norm
& o
<y, ¢>H1(Q) = <y, ¢>L2(Q) + (Vy, V(I))LZ(Q), Where V = ;%

For y = ()", & = (0;)1; € (H'(Q))", and t € ]0, T[, let us define

a family of continues bilinear forms

n(t; ., ) (HY(Q)" x (HY(Q))" > R by

ot y, ) = ZIQ[(Vyi)(V¢i) - a;(x, t)y;d; |dx - 2ijgaij(x7 t)y jbidx

1>]

_ Zl [ [ 200 = st idoude =2 [y, 01y

i>]

n

= Z(‘ (A(t)y)i, ¢>L2(Q)‘ 4)

=1
Lemma 1. If Q is a regular bounded domain in RN, with boundary
I, and if m is positive on Q and smooth enough (in particular,
m e L”(Q)), then the eigenvalue problem
- Ay = Am(x)y in Q,

%zO onl“,,

possesses an infinite sequence of positive eigenvalues

0 < M(m)<rg(m)<...hp(m)...; Ap(m) > o, as k — .
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Moreover, Li(m) is simple, its associate eigenfunction e,, is positive, and

L1 (m) is characterized by

kl(m)j my2dx SI |Vy|2dx. (5)
Q Q
Proof. See [6]. O
Now, let

M@)zn, 1=1,2,..,n (6)

Lemma 2. If (2) and (6) hold, then the bilinear form (4) satisfy the
Garding inequality

n(t; y, y)+ collyll( 20 > ¢yl co, ¢ > 0.

@)" (H'(Q)"

Proof. In fact,

n n
"y y) = Y | Q[Wyir“ ~ailx, Oflax - Y | RGN
i=1 i, j=1

ZI [|Vyl — a;(x, t)y? dx—2ZI Jailx, t)aj(x, t)y;y dx.

i>j

By Cauchy Schwartz inequality and (5), we obtain

n

it y, y) 2 Z(l - @) IQ|Vyi|2dx

i=1

Z.[ [ JM(an(a;)) )xl a; ] UQIVyi|2dxj%UQ|vyj|2dxj%
) Z(%) _[Q|Vyi|2dx.
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From (6), we have

n
ot y, y) = Ot[z_[glvyildeI, o > 0.
=1

Add ||y||( )y totwo sides, then we have the result. O

For optimal control problems, it is of importance to consider the cases
where the control u; or v; belongs to I2(Q) or L(X). For these cases,
we have the following results (by apply Theorem 1.1 and Remark 1.3,
Chapter 4 in [1] with V = (H*(Q))" and H = (L*(Q))"):

Theorem 1. Let (2), (6) be hold and let y; o, y; 1, u;, v; be given with
vio € H(Q), i1 e lXQ), wel’Q), v eH()

Then, there exist a unique solution y e {y cy e I2(0, T; (HY(Q)"),

4

o < (L2 (Q))n} satisfying the Neumann problem (1). Moreover, y is continuous

from [0, T] - (HY(Q))" and E;—)t’ is continuous from [0, T] — (L*(Q))".

By transposition (see [1], [7]), we deduce the following:
Theorem 2 (Transposition theorem). Let (2), (6) be hold and let y; o,

Vi1, Ui, U; be given with
yio € P(Q), y1eH'Q), weL(0,T; HNQ), v el*Z).

Then, there exist a unique solution y e (L*(Q))" satisfying the Neumann

problem (1) such that

| 0%9; :
3| o = (AR); |dxdt = [ yi10:0)dx — [ 3io#i(0)dx. Vo e X,
@ | ot Q Q

(7



SOME TIME-OPTIMAL CONTROL PROBLEMS FOR ... 69

0= Oy < 120, 75 (H'@)), D 12(),

2 .
X - ‘ZT"; +(A@0); e (@),

. _ ;i _o. 9 _
o;(x, T) =0, o (x, T) =0, ol " 0.

In the next sections, we will denote by y(¢; u) to the unique solution of
(1), at time t corresponding to a given control u € Ug and a given
functions  y; o, y; 1, u;, v; satisfying the hypothesis of Theorem 1.
Similarly, we will denote by y(¢; v) to the unique solution of (1), at time ¢
corresponding to a given control v e Ug and a given functions y; o,
Yi1, Ui, v; satisfying the hypothesis of Theorem 2. Occasionally, we write

y(x, t; u) or y(x, t; v) when the explicit dependence on x is required.

3. Distributed Control -Position Observation Problem

In this section, we consider the following first time-optimal control

problem with distributed control u and position observation y(x, ¢; u) :

(TOP1): min{t : y(x, t; u) e K',u e Ug}

Theorem 3. If (2) and (6) are hold, then the system whose state is
given by (1) is controllable ([8], [9]),

i.e., there exists at € |0, T] and u e Ug with y(t; u) e K. (8)

Proof. Let us first remark that by translation, we may always reduce
the problem of controllability to the case where the system (1) with
Yi,0 = Yi1 =v; = 0. We can show quite easily that (1) is approximately

controllable in (L?(Q))" in any finite time 7 > 0, if and only if {y(; u) :

u e (I2(Q))"} is dense in (I*(Q))". By the Hahn-Banach theorem, this

will be the case if
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JQEi(x)yi(x, T,u)dx =0, 2 e L2(Q), 9)

for all u e (L*(Q))", implies that Z;(x) = 0,i =1, 2, ..., n

Let us introduce the adjoint state p(t; u) by the solution of the

following system:

2
"B w - (ARl W) =0 im0, 7],
pilx, ) =0 n &, (10)
%(x, 7) = ~Z(x) m Q,
%(x, t) = 0. on I' x ]0, .

The existence of a unique solution for the problem (23) can be proved by
using Theorem 1 with an obvious change of variables.

Multiply the first equation in (23) by y;(;; u) and using Green

formula, we obtain the following identity:

T 2
0= jo J‘Q{aatlz)l + (A(t)p(t; u))i:|yi(t§ u)dxdt

_[ %pi
o ot Yi

a T
d O )| d
T Jgplatyl’ Ox

_[ _[ pz{ yi(t; w) + (A@)y(E w)); }dxdt+J. J- Zapl y;dldt

.
= J. Z; (x)y;(x, ; u)dx —J. J. p;(x, t; u)u;dxdt,
Q 0Jda
and so, if (9) holds, then

.
J I p; (T wudxdt =0, Vu; e [X(Q),
0JQ
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hence p;(t; u) = 0. But from the continuity property, p;(T; u)= 6;; L(t;u)=0

and hence z;(x) = 0. O
Now, set

¥ = inf{r : y(r; u) € K for some u e Ug} (11)

The following result holds:

Theorem 4. If (2), (6) are hold, then there exist an admissible control

u® to the problem (TOP1), which steering y(t; u’) to hitting a target set

K in minimum time 0 (defined by (11)). Moreover,
n

[ (e 0%) = 2i0) (35(7% w) = 35(r% w0))dx 20, vu e Up.(12)
e Q

1=1

Proof. Fixed x, we can choose 7" — 'r? and admissible controls

{u™} such that
y(r"™;u™") e KI', m=1,2, ...
Set y™ =y(u™). Since U! is bounded, we may verify that y™
(respectively, (é—i’) ranges in a bounded set in (L2(0, T; (HY(Q))"))
(respectively, (L2(0, T; (L2(Q))") = (L2(Q))").

We may then extract a subsequence, again denoted by {u™, y™}
such that
u” - u’ weakly in (L2(@))", «° e U7,
y" — y weakly in L2(0, T; (Hl(Q))n), (13)
dy™

=" weakly in (I2(Q))".
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We deduce from the equality

2.m
d T =u" - Ay,
dt
that
dZy™ d?y 0 c 12 -1/
- —2=u - Alt)y in L*0,T; (H (Q))"),
de? di? ( )
and
d
y(0) = ¥ d—i’(o) =y
But

(™ u™) = y(r1; u®) = y(" u™) - y(Ps u™ ) 4y w™) —y(ris u?),
then from (13), we have
y(r1: u™) > y(r7; u’) weakly in (H' ()", (14)

and

m

T d . m
.LO 7 y(t; u™)dt

Iy(+™s ™) = y(+3: 0™ 2y = ‘
(@)

1
2

2
dt
(L2(@))"

<ceyT, - T?. (15)

Combine (14) and (15) show that

d m
0 dty(t,u )dt

y(r™; u™) - y(); u®) 5 0 weakly in (L2(Q))". (16)
Similarly, we can verify that

y'(t"™;u™) - y'(*r?; uo) — 0 weakly in (H1(Q))". 17



SOME TIME-OPTIMAL CONTROL PROBLEMS FOR ... 73

and so, y(t); u’)e K as K? is closed and convex, hence weakly
closed. This shows that K is reached in time ) by admissible control
u’.

For the second part of the theorem, really, from Theorem 1, the
mapping ¢ — y(¢; u) and ¢ — y'(¢; u) from [0, T] > (H*(Q))" and

[0, T] - (L2(Q))", respectively, are continuous for each fixed u and so

y(79; u) ¢ int K2, for any u € U”, by minimality of {.

Using Theorem 1, it is easy to verify that the mapping u — y(79; u),
from (L?(Q))" — (L2(Q))", is continuous and linear, then the set
A(Y) = {y(); u) : u e U},
1s the image under a linear mapping of a convex set hence A(T?) is
convex. Thus, we have A(t))NintK? =0 and y(r9; u’)e oK
(boundary of K[') . Since int K[' # 0(from (8)), so there exists a closed
hyperplane separating A(7{) and K" containing y(t?; u?), ie., there

is a nonzero g e (L2(Q))" such as

sup (g, y(r7; w)) < (g, y(+% u")

2 n
yEA(T?) (L (Q))

(@)

< yir}fg<g’ y(r7; w)

(L2 @)
(18)
From the second inequality in (22), g must support the set K] at
y(t%; u?), ie.,
(g, (Y(T?§ u) - Y("'?§ u’ ))>(L2(Q))n >0, VueU!,

and since (L?(Q))" is a Hilbert space, g must be of the form

g = My(t?; u®) - z;) for some % > 0.
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Dividing the inequality (22) by A gives the desired result. a

The above condition (12) can be simplified by introducing the

following adjoint equation. For each u’ e U, we define p(x, t; uO) as

the solution of the following system:

%(t; u’)— (A@)p(t; u®)); = 0 in Qx]0, 7,

pi(x, 173 u’) =0 n Q, (19)
pi(x, 715 %) = ~(yi(x, {5 w) - zq)  inQ

?i/i(%t;uo)=0 on T'x ]0, t9[.

As the proof of Theorem 3, we multiply the first equation in (23) by
y;(¢; u) — y;(t; u’) and integrate by parts from 0 to Ty, we obtain the
following identity:

[ it 2 00) = 2i0) (o s w) = 3y, 795 )

0
.

:J 1J p;(u; —u? )dxdt.
0 Q

Condition (12) then becomes

n_ .0
ZJ‘ 1J' pi(u; - ulO )dxdt > 0, Vu e Ug?. (20)
=1 0 Q

This result can be summarized as

Theorem 5. We assume that (2), (6) hold. Then, there exist the adjoint
state

pefpipe o (1@ P e @),
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such that the optimal control u’ of problem (TOP1) is characterized by
(19),(20) together with (1) (with u; = u?,i=1,2, ..., n).

The maximum conditions (20) of the optimal control leads to the
following result:

Theorem 6 (Bang-bang theorem). We assume that (2), (6) hold. If the
coefficients of the operator A(t) are analytic in Qx [0, T] and if Q has
analytic boundary, then the optimal control of (TOPl) is bang-bang

(|u?(x, t) =1, ae.), unique, and it is the unique solution of (19), (20)
together with (1) (with u; = u?, i1=1,2,...,n).

Proof. The theorem will follow from Theorem 12 if we can show
that p;(x,¢)# 0 for almost all (x,t)e Qx |0, T?[, i=12 .., n

Accordingly, suppose that
pi(x, 1) =0, (x,t)eQx]o, 9. (21)

In Qx ]0, T](_)[, p(x, t; u'), satisfies

2.
aatlz?l (t; u®) - (APt u’)); = 0 in Qx10, 7.
(Z(x, t;u’)=0 on I'x 0, 7i].

and so by [12], p(x, ¢; u®) must be analytic in Q x 0, 7[. As p(x, ; u®)
is zero in Q x ]0, Y[, it must be identically zero in Q x 10, 7{[, From

Theorem 1, the mapping ¢ — p;(t; u) 1is continuous from
[0, T] > HY(Q) and ¢t — pl(t; u) is continuous from [0, T] - L*(Q),

and so
’ 0 0 0 0
pi(x, s u”) = =(yi(x, 1150 )= 2;4) = O,

which contradicts the fact that y;(x, 1¥; u®) = z;4.
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Since U, g) 1s strictly convex, then the optimal control 1s unique.

4. Distributed Control -Velocity Observation Problem

In this section, we consider the following second time-optimal control

problem with distributed control u and velocity observation y'(x, ¢; u) :

(TOP2) : min {¢ : y'(x, t; u) e K, u e Ug}

As in the above section, we can prove that for large T, the following

controllability condition is hold:

There existsa 7 € |0, T] and u e Ug? with y'(t; u) € K7, (22)

and if we set

) = inf {t : y'(t; u) € K? for some u e Ugt, (23)

then similar to (TOP1), we can prove the following theorem:

Theorem 7. If (2) and (6) are hold, then there exist an admissible

control u® to the problem (TOP2), which steering y'(t; u’) to hitting a

target set K[' in minimum time 78 (defined by (23)). Moreover,
n
D J i u0) 20 (3(e8s ) - (e ) 2 0, v e U 24)
=1

Introduce the adjoint state p(t; u’ ) by the solution of the following system:
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2 .

a@tlz)L (& u®) - (A@p(t; u®)); = 0 in 0 ]0, 73,

pi(x, 79; u%) = (yi(x, 73; u®) - z;9) in Q, (25)
/ 0. .0y _ 1

pi(x, T3;u7) =0 n £,

agi (x, ;u%) =0 on 0, =3[
1%

Since (yi(x, 19; u®) = z;4) € I?(Q), the existence of a unique solution

for system (25) can be proved by using transposition theorem (Theorem 2

with an obvious change of variables); p(¢, u) is the unique element of

(L2(0, 13; L*(Q)))" such that

[ 2% () = [ (i3 w®) - zia i) v,
(26)

a2¢i 2 ,
pov +(A@)); | € L7(@), ¢;(0) =0, ¢;(0) = 0.

Therefore, in (26), we can take ¢; = y;(¢; u) - v;(¢; u’) so that

0
2 / ,
[0 ] pite tru®) =) = [ (i 78 0®) = 2i0) (i 785 )

- yi(x, 78; v0 ))dx.

Condition (24) then becomes
n Tg
ZJ. J. p;(u; - ulo )dxdt > 0, Vu e ng. (27)
im0 e

We have thus proved.

Theorem 8. We assume that (2), (6) hold. Then, there exist the adjoint

state

p = (P € L2(0, 75; (L2(Q))"),
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such that the optimal control u’ of problem (TOP2) is characterized by
(25),(27) together with (1) with u; = u’, i =1, 2, ..., n).

i
5. Boundary Control -Position Observation Problem

In this section, we consider the following third time-optimal control

problem with boundary control u, position observation y(x, ¢; v) :
(TOP3): min {¢ : y(x, t; v) € K, v e Ug}.

As in the above section, we can prove that for large 7, the following

controllability condition is hold:

There exists a 7 > 0 and v € Uy with y(7; v) € K, (28)

and if we set
) = inf {t : y(7; v) € K for some v e Us . (29)

Then in this case, we can prove the following theorem:

Theorem 9. If (2) and (6) are hold, then there exist an admissible

0

control v° to the problem (TOP3), which steering y(t; v°) to hitting a

target set K[' in minimum time Tg (defined by (29)). Moreover,

n
D] 0i(e8: V) - 2ia) (i v) = i 0D 2 0. v € UF.(30)
1=1

which can be interpreted as the above sections to obtaining the following

theorem:

Theorem 10. We assume that (2), (6) hold. The time-optimal control

v0 of problem (TOP3) is characterized by the solution of the following

systems of equations and inequalities:
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2 .
0 t: vO) = (AQ@)y(E; v0)) = u;, x € Q, t € 10, T3],
ot? Lo ’
yi(x, 0, vY) = 3 ox), xeQ 1)
%(x, 0; v0) = yi1(x), xeQ,
i 0 0 0
a—y’(x,t;v):vi, xel,te]o, s,
®pi .. 0 O 0
atz (t7 v )_ (A(t)p(t7 v ))L = 07 X € Q’ l e ]0’ TS[y
p;(x, Tg; v?) =0, x eQ, 32
i X, TO; v0) = y;(x, TO; v0)-z; ,x € Q,
ot 3 i 3 id
i (x, ¢ VO) =0, xel, telo, Tg[,
ov
n T0
ZI 3I p; (v; —vio)dl"dt >0, Vv=(v,vq,..,0,)e UL,
o 0 r
=1
together with
pi(t; v0) e I2(0, 78; H)(Q)),
(33)

Pi (15 v0) < 12(0, 18; (@),

il v0),
6. Boundary Control -Velocity Observation Problem

In this section, we consider the following fourth time-optimal control

problem with boundary control v and velocity observation y(x, ¢; v) :
(TOP4) : min {¢ : y'(x, t; v) € K, v e Ug}.

As in the above section, we can prove that for large T, the following

controllability condition is hold:

There existsa 7 > 0 and v € Ug with y'(t; v) € K7, (34)
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and if we set
79 = inf {r: y'(; v) € K" for some v e Us . (35)

Then in this case, we can prove the following theorem:

Theorem 11. If (2), (6), and (34) are hold, then there exist an
admissible control v° to the problem (TOP4), which steering y'(t; VO) to

hitting a target set K' in minimum time 72 (defined by (35)). Moreover,

n
D[ i v = 2 i ) = 5 O Ddx 0, W < UL, (36
i=1

which can be interpreted as the above sections to obtaining the following

theorem:

Theorem 12. We assume that (2) and (6) hold. The time-optimal

0

control v- of problem (TOP4) is characterized by the solution of the

following systems of equations and inequalities:

2 .
T (1 vO) = (A@(E vO)); = iy x € Q¢ € 10, 791,
ot

v;(x, 0; vo) = yi’o(x), x eQ,

5 (37
%(x, 0; VO) =yi1(x), xeQ,
%(x, t v0)=v?, xel, te]o, 72[,
0% p; .0 0 0
2 (t’ v )_ (A(t)p(t’ v ))l - 0’ X € Q> l e ]O’ T4[’
ot
pi(x’ Tg; VO) = (yé(x’ Tg; VO)_Zid)’ x € Q,
(38)

on:
;:L (x, 72; VO) =0, xeQ

a .
%(x,t;v0)=0, xel, telo
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n -0

E I 3I p; (v; —vio)dl"dtZO, vv = (v, Vg, ..., U, ) € UL,
: 0 r

1=1

together with

yi(t: 0°), pi(t; v°) € L2(0, 795 L (). (39)
7. Comments

e We note that, in this paper, we have chosen to treat a special
systems involving Laplace operator, just for simplicity. Most of the
results we described in this paper apply, without any change on the
results, to more general parabolic systems involving the following second
order operator:

n 2 n
0 0
Lix, ) = i;bl,(x, Vo * ]Zlbj(x, Ve + o),

with sufficiently smooth coefficients (in particular, b;, bj, by € L*(@),

bj, by > 0) and under the Legendre-Hadamard ellipticity condition
n n
nn; > sz’ V(x, t) € Q,
Q=1 i—1
for all n; € ® and some constant ¢ > 0.

In this case, we replace the first eigenvalue of the Laplace operator by

the first eigenvalue of the operator L (see [6]).

e In this paper, we have taken a simple target set K. In (TOP1)

(for example), if we take

N
0z;
K = {  (PQ)" : Iz - zializ) + )l 5 - ziallzo) < }
=t
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then the necessary optimality conditions coincide with (19), (20), (1)
(with v; = v?, i=1,2) and (y;(x, 'r?; v0)- z;jg) in (19) is replaced by

(= Ay + 1) (3i(x, 783 v0) = 219).

e The results in this paper, carry over to the optimal control problems
with fixed-time ([1], Chapter 4), for example, the results of (TOP1) carry
over to the fixed-time problem

n

minimize E I lyi(x, T; u) - zid(x)|2dx, T fixed,
i) 0
1=1

subject to (1) [except in the trivial case where z;4(x) = y;(x, T; v) for

some admissible control v = (v;):";]. This can proven in an analogous
manner, as the necessary and sufficient conditions for optimality for this

problem coincide with (19), (20), and (1) (with v; = v?, 1=1,2,...,n).

e As a final coment, we note that the control problem for the second
order evolution system (1) can be reduced to a similar control problem

y

first order system; in the usual way: set y = and rewrite (1) in the

%y
ot
first order form. However, the existing results on the time-optimal
problem ([1], [10], [11]) pertain to the case, where the observation is only

one case (position-velocity) but here we can take different cases.
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