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Abstract 

In this paper, we consider various time-optimal control problems for nn ×          
co-operative hyperbolic linear system involving Laplace operator with 
distributed or boundary controls and with observations act in position or in 
velocity. For each problem, the optimal controls are characterized in terms of  
an adjoint system and shown to be unique and bang-bang. 

1. Introduction 

Time-optimal control of distributed parameter systems governed by a 
system of hyperbolic equations is of special importance for the active 
control of structural systems for which, the equations of motion are 
generally expressed by hyperbolic differential equations. A typical 
application of a hyperbolic equation is the vibrating system. Time-optimal 
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control of distributed parameter systems governed by a system of 
hyperbolic equations have been studied in many papers, we mention only 
[2], [3] in which time optimal distributed control problems of vibrating 
systems has been studied. In our paper [4], the results in [2] and [3] have 
been extended to the time optimal control problems for systems governed 
by nn ×  hyperbolic systems, involving Laplace operator with different 
cases of observations. 

In this paper, we will consider various time-optimal control problems 
for the following nn ×  co-operative linear hyperbolic system involving 
Laplace operator (here and everywhere below the vectors are denoted by 
bold letters): 
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where NR⊂Ω  is a bounded open domain with smooth boundary ,Γ    

ν∂
∂  is the normal derivative at ,Γ  towards the exterior of 1,0, ,, ii yyΩ  are 

given functions, iu  represents either a distributed control or a given 

function defined in ivQ,  represents either a boundary control or a given 

function defined in Q, and ( ) ] [( )TttA ,0∈  are a family of nn ×  

continuous matrix operators 
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with co-operative coefficient functions iji aa ,  satisfying the following 

conditions: 
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This problems are, steering the initial vector state ( ) ( )( )0,0 yy ′  for 

system (1), with a control ( )nuuu ,,, 21 …=u  belonging to a given 

control set n
QU  or with a vector control ( )nvvv ,,, 21 …=v  belonging to a 

given control set nU∑  so that an observation ( )ty  or ( )ty′  hitting a given 

target set nKε  in minimum time 

{ ( ) ( ( )) ( ) },:,,, 22
21 ≤φ∈φφφ=φ= QLi

n
n

n
Q QLU …  

{ ( ) ( ( )) ( ) },:,,, 22
21 ≤φ∑∈φφφ=φ= ∑∑ Li

n
n

n LU …  

{ ( ) ( ( )) ( ) },:,,, 22
21 ≤−Ω∈== Ωε Lidi

n
n

n zzLzzzzK …   (3) 

and 0, >ε  and ( )Ω∈ 2Lzid  are given. 

First, we establish the well posedness of the system (1) under 
conditions on the coefficients stated by the principal eigenvalue of the 
Laplace eigenvalue problem. Then, we formulate various time optimal 
control problems with distributed or boundary controls. In each problem, 
we derive the necessary and sufficient conditions, which the optimal 
controls must satisfy in terms of the adjoint. 
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2. nn ×  Co-operative Hyperbolic Systems 

Let ( )Ω1H  ([5]) be the usual Sobolev space of order one which 

consists of all ( ),2 Ω∈φ L  whose distributional derivatives ( )Ω∈
∂
φ∂ 2Lxi

 

with the scalar product norm 
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Lemma 1. If Ω  is a regular bounded domain in ,NR  with boundary 
,Γ  and if m is positive on Ω  and smooth enough (in particular, 

( ) ),Ω∈ ∞Lm  then the eigenvalue problem 
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possesses an infinite sequence of positive eigenvalues 

( ) ( ) ( ) ( ) .,;0 21 ∞→∞→λλ≤λ<λ< kasmmmm kk ……  



SOME TIME-OPTIMAL CONTROL PROBLEMS FOR … 67

Moreover, ( )m1λ  is simple, its associate eigenfunction me  is positive, and 

( )m1λ  is characterized by 

( ) .22
1 dxydxmym ∇≤λ ∫∫ ΩΩ

 (5) 

Proof. See [6]. 
 

Now, let 

( ) .,,2,1,1 ninai …=≥λ   (6) 

Lemma 2. If (2) and (6) hold, then the bilinear form (4) satisfy the 
Gårding inequality 
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From (6), we have 
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Add ( ( ) )nL Ω2y  to two sides, then we have the result. 
 

For optimal control problems, it is of importance to consider the cases 

where the control iu  or iv  belongs to ( )QL2  or ( ).2 ∑L  For these cases, 

we have the following results (by apply Theorem 1.1 and Remark 1.3, 

Chapter 4 in [1] with ( ( ))nHV Ω= 1  and ( ( )) ) :2 nLH Ω=  

Theorem 1. Let (2), (6) be hold and let iiii vuyy ,,, 1,0,  be given with 

( ) ( ) ( ) ( ).,,, 122
1,

1
0, ∑∈∈Ω∈Ω∈ −HvQLuLyHy iiii  

Then, there exist a unique solution ( ( ( )) )

 Ω∈∈ ,;,0: 12 nHTLyyy  

( ( ))
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∂
∂ nQLt

2y  satisfying the Neumann problem (1). Moreover, y is continuous 

from [ ] ( ( ))nHT Ω→ 1,0  and t∂
∂y  is continuous from [ ] ( ( )) .,0 2 nLT Ω→  

By transposition (see [1], [7]), we deduce the following: 

Theorem 2 (Transposition theorem). Let (2), (6) be hold and let ,0,iy  

iii vuy ,,1,  be given with 
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problem (1) such that 
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In the next sections, we will denote by ( )uy ;t  to the unique solution of 

(1), at time t corresponding to a given control n
QU∈u  and a given 

functions iiii vuyy ,,, 1,0,  satisfying the hypothesis of Theorem 1. 

Similarly, we will denote by ( )vy ;t  to the unique solution of (1), at time t 

corresponding to a given control nU∑∈v  and a given functions ,0,iy  

iii vuy ,,1,  satisfying the hypothesis of Theorem 2. Occasionally, we write 

( )uy ;, tx  or ( )vy ;, tx  when the explicit dependence on x is required. 

3. Distributed Control -Position Observation Problem 

In this section, we consider the following first time-optimal control 
problem with distributed control u and position observation ( ) :;, uy tx  

(TOP1):                 { ( ) }.,;,:min n
Q

n UKtxt ∈∈ ε uuy  

Theorem 3. If (2) and (6) are hold, then the system whose state is 
given by (1) is controllable ([8], [9]), 

i.e., there exists ] ]Ta ,0∈τ  and n
QU∈u  with ( ) .; nKε∈uy τ   (8) 

Proof. Let us first remark that by translation, we may always reduce 
the problem of controllability to the case where the system (1) with 

=0,iy  .01, == ii vy  We can show quite easily that (1) is approximately 

controllable in ( ( ))nL Ω2  in any finite time ,0>τ  if and only if { ( ) :; uy τ  

( ( )) }nQL2∈u  is dense in ( ( ) ) .2 nL Ω  By the Hahn-Banach theorem, this 

will be the case if 
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( ) ( ) ( ),,0;, 2 Ω∈=∫Ω Lzdxxyxz iii uτ   (9) 

for all ( ( )) ,2 nQL∈u  implies that ( ) .,,2,1,0 nixzi …==  

Let us introduce the adjoint state ( )u;tp  by the solution of the 

following system: 
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The existence of a unique solution for the problem (23) can be proved by 
using Theorem 1 with an obvious change of variables. 

Multiply the first equation in (23) by ( )u;tyi  and using Green 

formula, we obtain the following identity: 
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hence ( ) .0; =uτip  But from the continuity property, ( ) ( ) 0;; ≡
∂
∂

≡ uu ττ t
pp i

i   

and hence ( ) .0=xzi  
 

Now, set 

{ ( ) }.somefor;:inf0
1

n
Q

n UK ∈∈= ε uuy τττ  (11) 

The following result holds: 

Theorem 4. If (2), (6) are hold, then there exist an admissible control 
0u  to the problem (TOP1), which steering ( )0; uy t  to hitting a target set 
nKε  in minimum time 0τ  (defined by (11)). Moreover, 
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We deduce from the equality 
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and so, ( ) nKε∈00
1 ; uy τ  as nKε  is closed and convex, hence weakly 

closed. This shows that nKε  is reached in time 0
1τ  by admissible control 

.0u  

For the second part of the theorem, really, from Theorem 1, the 

mapping ( )uy ;tt →  and ( )uy ;tt ′→  from [ ] ( ( ))nHT Ω→ 1,0  and 

[ ] ( ( )) ,,0 2 nLT Ω→  respectively, are continuous for each fixed u and so 

( ) ,int;0
1

nKε∈/uy τ  for any ,nU∈u  by minimality of .0
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1 uyu τ→  
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Dividing the inequality (22) by λ  gives the desired result. 
 

The above condition (12) can be simplified by introducing the 

following adjoint equation. For each ,0 nU∈u  we define ( )0;, utxp  as 

the solution of the following system: 
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As the proof of Theorem 3, we multiply the first equation in (23) by 
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1τ  we obtain the 
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This result can be summarized as 
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such that the optimal control 0u  of problem (TOP1) is characterized by 

(19),(20) together with (1) (with niuu ii ,,2,1,0 …== ). 

The maximum conditions (20) of the optimal control leads to the 
following result: 

Theorem 6 (Bang-bang theorem). We assume that (2), (6) hold. If the 

coefficients of the operator ( )tA  are analytic in [ ]T,0×Ω  and if Ω  has 

analytic boundary, then the optimal control of (TOP1) is bang-bang 

( ( ) ),..,1,0 eatxui ≡  unique, and it is the unique solution of (19), (20) 

together with (1) (with niuu ii ,,2,1,0 …== ). 
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and so by [12], ( )0;, up tx  must be analytic in ] [.,0 0
1τ×Ω  As ( )0;, up tx  

is zero in ] [ ,,0 0
1τ×Ω  it must be identically zero in ] [ ,,0 0

1τ×Ω  From 

Theorem 1, the mapping ( )u;tpt i→  is continuous from 
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and so 
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Since n
QU  is strictly convex, then the optimal control is unique. 

 
 

4. Distributed Control -Velocity Observation Problem 

In this section, we consider the following second time-optimal control 
problem with distributed control u and velocity observation ( ) :;, uy tx′  

(TOP2) :                  { ( ) }.,;,:min n
Q

n UKtxt ∈∈′ ε uuy  

As in the above section, we can prove that for large T, the following 
controllability condition is hold: 

There exists a ] ]T,0∈τ  and n
QU∈u  with ( ) ,; nKε∈′ uy τ   (22) 

and if we set 

{ ( ) },somefor;:inf0
2

n
Q

n UK ∈∈′= ε uuy τττ  (23) 

then similar to (TOP1), we can prove the following theorem: 

Theorem 7. If (2) and (6) are hold, then there exist an admissible 

control 0u  to the problem (TOP2), which steering ( )0; uy t′  to hitting a 

target set nKε  in minimum time 0
2τ  (defined by (23)). Moreover, 

( ( ) ) ( ( ) ( )) .,0;;; 00
2

0
2

00

1

n
Qiiidi

n

i
Udxyyzy ∈∀≥′−′−′∫∑ Ω=

uuuu τττ (24) 

Introduce the adjoint state ( )0; utp  by the solution of the following system: 
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( ) ( ( ) ( )) ] [

( ) ( ( ) )

( )

( ) ] [ 















×Γ=
∂
∂

Ω=′

Ω−′=

×Ω=−
∂

∂

.,0on0;,

,in0;,

,in;,;,

,,0in0;;

0
2

0

00
2

00
2

00
2

0
2

00
2

2

τ
ν

τ

ττ

τ

u

u

uu

upu

txp

xp

zxyxp

ttAt
t
p

i

i

idii

i
i

 (25) 

Since ( ( ) ) ( ),;, 200
2 Ω∈−′ Lzxy idi uτ  the existence of a unique solution 

for system (25) can be proved by using transposition theorem (Theorem 2 
with an obvious change of variables); ( )up ,t  is the unique element of 

( ( ( )))nLL Ω20
2

2 ;,0 τ  such that 

( ) ( ) ( ( ) ) ( )

( )( ) ( ) ( ) ( )









=φ′=φ∈









φ+

∂

φ∂

φ∀φ′−′=φ′ ∫∫ ΩΩ

.00,00,

,;;

2
2

2

0
2

00
2

0
2

00

iii
i

iidiii

QLtA
t

dxzydxp ττττ uu
 (26) 

Therefore, in (26), we can take ( ) ( )0;; uu tyty iii −=φ  so that 

( ) ( ) ( ( ) ) ( ( )uuu ;,;,;, 0
2

00
2

00
0

0
2 ττ

τ
xyzxydxuutxp iidiiii ′−′=− ∫∫∫ ΩΩ

 

( )) .;, 00
2 dxxyi vτ′−  

Condition (24) then becomes 

( ) .,00
01

0
2 n

Qiii

n

i
Udxdtuup ∈∀≥−∫∫∑ Ω=

u
τ

 (27) 

We have thus proved. 

Theorem 8. We assume that (2), (6) hold. Then, there exist the adjoint 
state 

( ) ( ( ( )) ),;,0 20
2

2
1

nn
ii LLp Ω∈= = τp  
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such that the optimal control 0u  of problem (TOP2) is characterized by 

(25),(27) together with (1) (with niuu ii ,,2,1,0 …== ). 

5. Boundary Control -Position Observation Problem 

In this section, we consider the following third time-optimal control 
problem with boundary control u, position observation ( ) :;, vy tx  

(TOP3):           { ( ) }.,;,:min nn UKtxt ∑ε ∈∈ vvy  

As in the above section, we can prove that for large T, the following 
controllability condition is hold: 

There exists a 0>τ  and nU∑∈v  with ( ) ,; nKε∈vy τ   (28) 

and if we set 

{ ( ) }.somefor;:inf0
3

nn UK ∑ε ∈∈= vvy τττ   (29) 

Then in this case, we can prove the following theorem: 

Theorem 9. If (2) and (6) are hold, then there exist an admissible 

control 0v  to the problem (TOP3), which steering ( )0; vy t  to hitting a 

target set nKε  in minimum time 0
3τ  (defined by (29)). Moreover, 

( ( ) ) ( ( ) ( )) ,,0;;; 00
3

0
3

00
3

1

n
iiidi

n

i
Udxyyzy ∑Ω=

∈∀≥−−∫∑ vvvv τττ (30) 

which can be interpreted as the above sections to obtaining the following 
theorem: 

Theorem 10. We assume that (2), (6) hold. The time-optimal control 
0v  of problem (TOP3) is characterized by the solution of the following 

systems of equations and inequalities: 
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( ) ( ( ) ( )) ] [

( ) ( )

( ) ( )

( ) ] [ 















∈Γ∈=
∂
∂

Ω∈=
∂
∂

Ω∈=

∈Ω∈=−
∂

∂

,,0,,;,

,,;0,

,,;0,

,,0,,;;

0
3

00

1,
0

0,
0

0
3

00
2

2

τ
ν

τ

txvtxy

xxyxt
y

xxyxy

txutytAt
t
y

i
i

i
i

ii

ii
i

v

v

v

vv

 (31) 

( ) ( ( ) ( )) ] [

( )

( ) ( ( ) )

( ) ] [ 















∈Γ∈=
∂
∂

Ω∈−=
∂
∂

Ω∈=

∈Ω∈=−
∂

∂

,,0,,0;,

,,;,;,

,,0;,

,,0,,0;;

0
3

0

00
3

00
3

00
3

0
3

00
2

2

τ
ν

ττ

τ

τ

txtxp

xzxyxt
p

xxp

txtptAt
t
p

i

idi
i

i

i
i

v

vv

v

vv

 (32) 

( ) ( ) ,,,,,0 21
0

01

0
3 n

niii

n

i
Uvvvdtdvvp ∑Γ=

∈=∀≥Γ−∫∫∑ …v
τ

 

together with 

( ) ( ( ))

( ) ( ) ( ( )) 







Ω∈
∂
∂

Ω∈

.;,0;,;

,;,0;

20
3

200

1
0

0
3

20

LLtt
pty

HLtp

i
i

i

τ

τ

vv

v
 (33) 

6. Boundary Control -Velocity Observation Problem 

In this section, we consider the following fourth time-optimal control 
problem with boundary control v and velocity observation ( ) :;, vy tx  

(TOP4) :               { ( ) }.,;,:min nn UKtxt ∑ε ∈∈′ vvy  

As in the above section, we can prove that for large T, the following 
controllability condition is hold: 

There exists a 0>τ  and nU∑∈v  with ( ) ,; nKε∈′ vy τ   (34) 
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and if we set 

{ ( ) }.somefor;:inf0
4

nn UK ∑ε ∈∈′= vvy τττ   (35) 

Then in this case, we can prove the following theorem: 

Theorem 11. If (2), (6), and (34) are hold, then there exist an 

admissible control 0v  to the problem (TOP4), which steering ( )0; vy t′  to 

hitting a target set nKε  in minimum time 0
4τ  (defined by (35)). Moreover, 

( ( ) ) ( ( ) ( )) ,,0;;; 00
4

0
4

00
4

1

n
iiidi

n

i
Udxyyzy ∑Ω=

∈∀≥′−′−′∫∑ vvvv τττ  (36) 

which can be interpreted as the above sections to obtaining the following 
theorem: 

Theorem 12. We assume that (2) and (6) hold. The time-optimal 

control 0v  of problem (TOP4) is characterized by the solution of the 
following systems of equations and inequalities: 

( ) ( ( ) ( )) ] [

( ) ( )

( ) ( )

( ) ] [ 















∈Γ∈=
∂
∂

Ω∈=
∂
∂

Ω∈=

∈Ω∈=−
∂

∂

,,0,,;,

,,;0,

,,;0,

,,0,,;;

0
4

00

1,
0

0,
0

0
4

00
2

2

τ
ν

τ

txvtxy

xxyxt
y

xxyxy

txutytAt
t
y

i
i

i
i

ii

ii
i

v

v

v

vv

 (37) 

( ) ( ( ) ( )) ] [

( ) ( ( ) )

( )

( ) ] [ 















∈Γ∈=
∂
∂

Ω∈=
∂
∂

Ω∈−′=

∈Ω∈=−
∂

∂

,,0,,0;,

,,0;,

,,;,;,

,,0,,0;;

0
4

0

00
4

00
4

00
4

0
4

00
2

2

τ
ν

τ

ττ

τ

txtxp

xxt
p

xzxyxp

txtptAt
t
p

i

i

idii

i
i

v

v

vv

vv

 (38) 
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( ) ( ) ,,,,,0 21
0

01

0
3 n

niii

n

i
Uvvvdtdvvp ∑Γ=

∈=∀≥Γ−∫∫∑ …v
τ

 

together with 

( ) ( ) ( ( )).;,0;,; 20
4

200 Ω∈ LLvtpvty ii τ   (39) 

7. Comments 

● We note that, in this paper, we have chosen to treat a special 
systems involving Laplace operator, just for simplicity. Most of the  
results we described in this paper apply, without any change on the 
results, to more general parabolic systems involving the following second 
order operator: 

( ) ( ) ( ) ( ),.,.,.,., 0
1

2

1,
xbxxbxxxbxL

j
j

n

jji
ij

n

ji
+

∂
∂+

∂∂
∂= ∑∑

==

 

with sufficiently smooth coefficients (in particular, ( ),,, 0 QLbbb jij
∞∈  

0, 0 >bbj ) and under the Legendre-Hadamard ellipticity condition 

( ) ,,,
11,

Qtxi

n

i
ji

n

ji
∈∀ησ≥ηη ∑∑

==

 

for all ℜ∈ηi  and some constant .0>σ  

In this case, we replace the first eigenvalue of the Laplace operator by 
the first eigenvalue of the operator L (see [6]). 

● In this paper, we have taken a simple target set .nKε  In (TOP1)    

(for example), if we take 

( ( )) ( ) ( ) ,: 22

1

2













≤−
∂
∂

+−Ω∈= Ω
=

Ωε ∑ Lid
j
i

N

j
Lidi

nn zx
zzzLzK  
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then the necessary optimality conditions coincide with (19), (20), (1)   

(with 2,1,0 == ivv ii ) and ( ( ) )idi zxy −00
1 ;, vτ  in (19) is replaced by 

( ) ( ( ) ).;, 00
1 idix zxyI −+∆− vτ  

● The results in this paper, carry over to the optimal control problems 
with fixed-time ([1], Chapter 4), for example, the results of (TOP1) carry 
over to the fixed-time problem 

( ) ( ) ,fixed,;,minimize 2

1
TdxxzuTxy idi

n

i
−∫∑ Ω=

 

subject to (1) [except in the trivial case where ( ) ( )v;, Txyxz iid =  for 

some admissible control ( )niiv 1==v ]. This can proven in an analogous 

manner, as the necessary and sufficient conditions for optimality for this 

problem coincide with (19), (20), and (1) (with nivv ii ,,2,1,0 …== ). 

● As a final coment, we note that the control problem for the second 
order evolution system (1) can be reduced to a similar control problem 

first order system; in the usual way: set 
















∂
∂=/

t
v y

y
 and rewrite (1) in the 

first order form. However, the existing results on the time-optimal 
problem ([1], [10], [11]) pertain to the case, where the observation is only 
one case (position-velocity) but here we can take different cases. 
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