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Abstract 

We derive finite difference formulae for approximating higher order  
derivatives, which are applicable to evenly or unevenly spaced grids with 
arbitrary order of accuracy. Using these formulae, we describe quadrature 
formulae and linear multistep methods for approximating integrals and 
numerical solution of differential equations. 

1. Introduction 

Finite difference approximations are often used for approximating 
derivatives to solve differential equations [4]. The recursion relations to 
calculate the weights of finite difference formulae with arbitrary order of 
accuracy are given in [7]. Khan et al. have presented direct formulae for 
the explicit forward, backward, and central difference formulae of finite 
difference approximations with arbitrary order for first derivative, and 
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the central difference approximations for higher derivates [10-13]. 
General explicit formulae for first and higher order derivatives on the 
basis of the generalized Vandermonde determinant with arbitrary order 
of accuracy for approximating first and higher order derivatives are given 
in [14]. Some simple and conventional expressions of central difference 
formulae for first and second derivatives are found in [6]. This method of 
undetermined coefficients is limited to evenly spaced grids. A class of 
linear multistep methods, such as Adams-Bashforth and Adams-Moultan 
methods for the numerical solution of the initial value problem is based 
on the principle of numerical integration [1, 3, 5, 9]. The range of 
numerical integration formulae based on different interpolating 
polynomials is limited, as a rule, to finite points of interpolation. In the 
present study, we present finite difference formulae in terms of 
barycentric weights for approximating derivatives and construction of 
linear multistep methods to solve differential equations with simple and 
convenient expressions. 

2. Explicit Finite Difference Approximations 

2.1. Recursive formula for numerical differentiation 

Let ( )njx j ,,2,1,0, …=  are 1+n  distinct numbers in the interval 

[ ]ba,  together with corresponding ( ).,,2,1,0, njfj …=  Let x be any 

number distinct from each jx  and [ ]kxxxxf ,,,, 210 …  denotes k-th 

order divided difference of ( )xf  at the points .,,,, 210 kxxxx …  We know 
that 

( )( ) [ ].,,!
times1
�
�	�…

+

=
k

k
xxfk

xf   (2.1) 

Expanding right hand side of (2.1) by Lagrange interpolation formula, 
then 

( )( ) [ ] ( ) ( ),,,,!
times0

xExlxxxfk
xf

ii
k

n

i

k
+= ∑

=
�
�	� …  (2.2) 
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where 

( ) ,:0,
,0

nixx
xx

xl
ji

j
n

jij
i =

−
−

= ∏
≠=

 

and 

( )
( )( )

( ) ( ),!1
1

xlkn
fxE

kn

++
ξ

=
++

 

where ( ) ( )j
n
j xxxl −= ∏ =0  and [ ]., ba∈ξ  On the other hand, using 

recursive formula of divided difference [2, 5], we have 

[ ]
( )( )

( )
( )

( )
.1

!,,,
1

0times
k

i

i
jk

i

jk

j
i

k xx
xf

xxj
xfxxxf

−
+

−
−=

−

−

=
∑�
�	� …   (2.3) 

Substituting (2.3) in (2.2) and after simplification, we find that 

( )( ) ( )
( )

( ) ( )
( )

( ).!
000

xE
xx

xlxf
xx
xl

j
xf

k
i

ii
n

i
jk

i

i
n

i

jk

j
+

−
=

− ∑∑∑
=

−
==

  (2.4) 

Setting ( ) ( )
( )

,:0,0 kr
xx

xlx r
i

in
ir =

−
=ρ ∑ =

 we obtain the following 

recursive formula connecting functional values njfj :0, =  and 

derivatives up to order k at x: 

( )( ) ( ) ( ) ( )
( )

( ).!
00

xE
xx

xlxfxj
xf

k
i

ii
n

i
jk

jk

j
+

−
=ρ ∑∑

=
−

=

  (2.5) 

Note that the recursive formula (2.5) can be applied only when x is 
different from each .ix  Suppose that x coincide with any one of ix        

,)(i.e., ixx =  we can still use the recursive formula to estimate 

derivatives up to order k as follows: 
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( )( ) ( )
( )

( )( ) ( ) ,:0,!!

1

0,0
krxj

xf
xx
xlf

r
xf

jr
jr

j
r

i

ii
n

xxi

r

i

=ρ−
−

= −

−

=≠=
∑∑   (2.6) 

where 

( ) ( )
( )

,:0,
,0

rm
xx

xlx m
i

i
n

xxi
m

i

=
−

=ρ ∑
≠=

  (2.7) 

and 

( ) .:0,
,0

nixx
xx

xl
ji

j
n

xxxj
i

ji

=
−
−

= ∏
≠≠=

  (2.8) 

2.2. Explicit finite difference formulae with Lagrangian coefficients 

We often need approximation of derivatives for designing difference 
schemes to solve differential equations. Table 1 shows some examples of 
explicit finite difference approximations [7].  

Table 1. Examples of explicit finite difference formulae 

Case Description Examples of explicit finite difference formulae Error level 

1 Centered, 
regular grid 

( ) [ ( ) ( ) ( )afhafhafaf 2
5

3
4

12
1 2 −−+−−≈′′  

   ( ) ( )] 2
12
1

3
4 2 hhafhaf +−++  

( )4hO  

2 Staggered, 
regular grid 

( ) [ ( ) ( )hafhafaf 2
1

8
9

2
3

24
1 −−−≈′  

  ( ) ( )] hhafhaf 2
3

24
1

2
1

8
9 +−++  

( )4hO  

3 Regular grid ( ) [ ( ) ( )hafhafhaf 23 3
1

4
1 −−−≈+′  

    ( ) ( ) ( )] hhafafhaf ++−−+ 12
2543  

( )4hO  

Suppose one use (2.6) to find t-th derivative of ( )xf  at x, we get the 

following form of the explicit approximation: 
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( )( ) ( ) ( ),!
0

xfaaxMt
xf

tsst

t

s

t
χ+= −

χ−

=
∑   (2.9) 

where 







≠

=
=χ

,if,0

,if,1

i

i

xx

xx
  (2.10) 

and 

( )
( )

( )
( )( )
( ) ( ),!1

1

0
xlkn

fxl
xx

fxM k
kn

ik
i

i
n

i
k ++

ξ
+

−
=

++

=
∑   (2.11) 

and sa  is unknown function in x. Now substituting all M ’s in (2.9) and 

after simplification, we obtain 

( )( ) ( )
( )

( ) ( ),;!
00

xaExfa
xx

axlft
xf

Dtkt
i

k
t

k
ii

n

i

t
+χ+

−
=

−

χ−

==
∑∑   (2.12) 

where 

( ) ( )
( )( )
( ) .!1;

1

0
mnt

faxlxaE m
mnt

m

t

m
D −++

ξ
=

−++χ−

=
∑  

To find all ,sa′  set ( ) 1=xf  in (2.12), when ,0=t  we find 10 =a  and 

for …,3,2,1=t  

( )
( )

.0
1

00
=+

− −

−

==
∑∑ tkt

i

s
t

s
i

n

i
a

xx
axl  

Rearranging above equation and setting ( ) ( )
( )

:0,0 =
−

=ρ ∑ =
r

xx
xlx r

i

in
ir ,t  

we find that 
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( ) .0
0

=ρ −
=
∑ xa ktk

t

k
  (2.13) 

Since ,10 =a  all other unknown a’s can be found recursively from (2.13). 

2.3. For equally spaced grids 

In a few special cases (e.g., for explicit approximations on equispaced 
grids), the optimal weights are known in closed form. Cases 1 to 3 in 
Table 1 show three such examples. Let ( ,0,1,2,,, −−−=+ …miiha  

)n,,2,1 …  are equally spaced grids. Setting ihaxi +=  in (2.8) and 

replacing Lagrangian coefficients ( )ali  by ( ),, nm
iA  then 

( ) ( ) ( ) ( ) .!!
!!1 1,

inim
nmA inm

i +−
−= −   (2.14) 

It follows that 

( ) ( ).11 ,

0,

nm
ir

n

imi
rr A

ih
a ∑

≠−=

=ρ  

Setting ( ) k
kkrrr habW

h
a ==ρ ,1  in (2.13) and after simplification, we 

have 

,0,1
0

0 == −
=
∑ ktk

t

k
Wbb   (2.15) 

where ( ).,1
0,

nm
ii

n
imir AW r∑ ≠−=

=  Thus, for evenly spaced grids, (2.12) 

gives 

( )( ) ( ) ( ) ( ).! 1
1

0

,

0,

tn
tkt

k
t

k
i

nm
i

n

imi
t

t hOafb
i
bfA

h
taf −+

−

−

=≠−=

++= ∑∑   (2.16) 
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2.4. Explicit finite difference formulae with barycentric weights 

The formula given in (2.12) can be modified to even more elegant 
form with barycentric weights. Divide ( )xl  on both sides of (2.8) 

( ) ( ) ,
i

i
i xx

wxlxl
−

=   (2.17) 

where 

.:0,1

,0
nixxw

ji

n

xxxj
i

ji

=
−

= ∏
≠≠=

 (2.18) 

We find that 

( )
( ) ( )

( ).say1
0

rr
i

i
n

i

r
xx

w
xl
x

δ=
−

=
ρ

+
=
∑   (2.19) 

Now dividing (2.13) by ( )xl  and using (2.19), after simplification that 

.0
0

=δ −
=
∑ ktk

t

k
a   (2.20) 

Dividing both numerator and denominator of (2.12) by ( ),xl  using (2.17) 

and after simplification, we obtain 

( )( )
( )

( ) ( ).1
! 1

000
xExfa

xx
awft

xf
tkt

i

k
t

k
ii

n

i

t
+χ+

−δ
=

−+

χ−

==
∑∑   (2.21) 

All the unknown a’s can be found from (2.20). 

3. Quadrature Formulae and Linear Multistep Methods 

Table 2 shows some examples of quadrature formulae and linear 
multistep methods. Cases 1-2 and Case 3 are examples of Newton-Cotes 
integration formulae and Adams formulae for linear multistep methods. 
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3.1. Formula for numerical integration 

Let nxxxx ,,,, 210 …  are distinct numbers on the closed interval 

[ ]hxx +,  and ( )[ ].,1 hxxCf n +∈ +  The problem of numerical integration 

is to approximate the definite integral ( ) .dttf
hx

x∫
+

 Since polynomials are 

easy to integrate by using Taylor series, we find that 

( )
( )( )

( ) ( ).!1
21

0

++

=

+
+

+
= ∑∫ nk

kn

k

hx

x
hOhk

xfdttf   (3.1) 

Replacing higher order derivatives ( )( ) ,:0, nkxf k =  using (2.12), we 

have 

( ) ( ) ( ).1
2

1

00

+
+

−

χ−

==

+
+

+












χ+= ∑∑∫ n

k
kjkj

k

j

n

k

hx

x
hOk

hxfaaMdttf  

Table 2. Examples of quadrature formulae and linear multistep methods 

Case Description Examples of quadrature formulae Error level 

1 Simpson rule 
( ) [ ( ) ( )hxfxfdxxf hhx

x
++≈∫

+
43

2
 

               ( )]hxf 2++  

( )5hO  

2 Newton-Cotes 
open formula ( ) [ ( ) ( )hxfhxfdxxf hhx

x
223

44
+−+≈∫

+
 

      ( )]hx 32 ++  

( )5hO  

3 Adams-Moultan 
corrector formula 

[ 231 5 −−+ −+≈ nnnn ffhyy  

   ]nn ff 8
3

124
19 ++ −  

( )5hO  

Setting nkmk
ha

mk
m

kn
mk :0,1

1

0 =
++

=γ
++−

=∑  and after simplification, 

we find that 



FORMULAE FOR FINITE DIFFERENCE APPROXIMATIONS … 9

( ) ( ) ( ).2

1
0

+

=

+
+γ+χγ= ∑∫ n

kk

n

k

hx

x
hOMxfdttf  

Substituting all the values of sM ′  from (2.11) and after simplification, we 
obtain 

( ) ( ) ( )
( )

( ),;
0

0 xE
xx

xlfxfdttf Ik
i

k
n

k
ii

n

i

hx

x
γ+

−

γ
+χγ= ∑∑∫

χ==

+
  (3.2) 

where χ  is still defined by (2.10) and 

( ) ( )
( )( )
( ) ( ).!1; 2

1
+

++

χ=

+γ
++
ξ

=γ ∑ n
m

m
mnn

m
I hOmn

fxlxE  

Now dividing ( )xl  on both numerator and denominator of (3.2), using 

identity (2.17) and after simplification, we get 

( ) ( )
( )

( ).;1
1

00
0 xE

xx
wfxfdttf Ik

i

k
n

k
ii

n

i

hx

x
γ+

−

γ
δ

+χγ=
+

χ==

+

∑∑∫   (3.3) 

3.2. Newton-Cotes formulae  

Let ( )0,,3,2,1, ≠=+= hniihaxi …  are equally spaced grids. 

Now, replacing x by a and h by nh in (3.2) and after simplification, we 
obtain 

( ) ( ) ( ),1 2

1

1

1
00

+

=

−

=

+
+

α













−+α= ∑∑∫ n

k
k

n

k
i

i
n

i

nha

a
hO

i
f

i

n
hhfdxxf   (3.4) 

where 

.,,2,1,1
1

0
nkmk

na
mk

m

kn

m
k …=

++
=α

++−

=
∑  

The Equation (3.4) is ( ) th-1+n  point formula for Newton-Cotes closed 

integration formula. 
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Since the open quadrature formulae do not require the functional 
values at the limit points of integration, assume that ,ihaxi +=  

1,,2,1 −= ni …  and .0≠h  Now, replacing x by a and h by nh in (3.2) 

and after simplification, we get 

( ) ( ) ( ),
1

1
1

1

1
1

1

n
k
k

n

k
i

i
n

i

nha

a
hO

i
f

i

n
hdxxf +

β












 −
−= ∑∑∫

−

=

−
−

=

+
  (3.5) 

where 

.1,,2,1,1
11

0
−=

++
=β

++−−

=
∑ nkmk

na
mk

m

kn

m
k …  

The Equation (3.5) is ( ) th-1−n  point formula for Newton-Cotes open 

integration formula. 

3.3. Linear multistep methods 

Let pnnnn xxxx −−− ,,,, 21 …  are 1+p  distinct numbers on the 

interval [ ],, 1+nn xx  where .1 hxx nn +=+  If we integrate the differential 

equation ( )yxfy ,=′  from nx  to ,1+nx  using (3.3) and after 

simplification, we find that 

( )
( ),1 2

1
110

01
+

+
−=

−
=

+ +
−

ξ′
δ

+ξ′+= ∑∑ p
k

nin

k
p

k
ini

p

i
nnn hO

xx
ywyyy   (3.6) 

where 

.,,2,1,0,1
1

0
pkmk

ha
mk

m

kp

m
k …=

++
=ξ

++−

=
∑  

The ma  are still defined by (2.20) at the points .,,,, 21 pnnnn xxxx −−− …  

This kind of multistep formula (4.6) is known as ( )1+p -point predictor 

formula. 
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If we integrate the differential equation ( )yxfy ,=′  from nx  to 

,1+nx  using (3.3) and after simplification, we find that 

( )
( ),1 3

1
11

1

1
1

1

10
011

+
+

+−+

+

=
−+

+

=
++ +

−
′

δ
+′+= ∑∑ p

k
nin

k
p

k
ini

p

i
nnn hO

xx
ywyyy τ

τ  

(3.7) 

where 

.1,,2,1,0,1
11

0
+=

++
=

++++

=
∑ pkmk

ha
mk

m

kp

m
k …τ  

This kind of multistep formula (3.7) is known as ( )2+p -point corrector 

formula. 

4. Comparison with Other Formulae 

In this section, we compare the new explicit finite difference 
formulae, quadrature formulae, and predictor-corrector formulae with 
former formulae on various point distributions. 

4.1. Explicit finite difference approximations 

Algorithm 4.1. For any arbitrary spaced grids ,210 nxxxx <<<< …  

and known the function values ( )ixf  at ( ),,,2,1,0 nixi …=  if one 

applies an ( )1+n -point formula to estimate the k-th derivative of f at x, 

then there are five simple steps 

Step 1. For ,:0 ni =  calculate .1
,,0 ji

n
xxjiji xxw

ji −
= ∏ ≠≠=

 

Step 2. For ,:0 km =  calculate ( )
( )

.1,0 +≠= −
=δ ∑ m

i

in
xxim

xx
wx

i
 

Step 3. Set 10 =a  and for ,:1 kr =  calculate ( ) ∑ −
=

−=
1
0

r
kr xa  

.krka −δ  
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Step 4. For ,:0 ni =  calculate 
( )

,10 kt
i

kt
ki

xx
ac

−+
χ−
= −

= ∑  

where 






≠

=
=χ

.if,0

,if,1

i

i

xx

xx
 

Step 5. Calculate ( )( ) ( ) .1! 00








δ
+χ= ∑ = iii

n
it

t cwfxfatxf  

The Algorithm 4.1 requires cost of ( )nO  flops. The quantities that 

have to be computed in ( )nO  operations do not depend on the data .if  

One can easily obtain more numerical differentiation formulae for 
arbitrary spaced grids using Algorithm 4.1. We provide following 6-point 
numerical differentiation formulae of evenly spaced grids as examples for 

first, second, and third order derivatives, whose error levels are ( ),5hO  

( ),4hO  and ( ),3hO  respectively. 

( ) ( )

( ) ( )

( ) ( )












+−+−+−=′′′

−+−+−=′′

+−+−+−=′

,741981187117

,106115621415445

,1275200300300137

5432104
1

54321012
1

54321060
1

3

2

ffffffaf

ffffffaf

ffffffaf

h

h

h

 (4.1) 

( ) ( )

( ) ( )

( ) ( )












++−+−=′′′

−+−+−=′′

−++−+−=′

−−−

−−

−−−

,10147

,163016

,3302060152

2101234
1

2101212
1

21012360
1

3

2

ffffffaf

fffffaf

ffffffaf

h

h

h

  (4.2) 

( ) ( )

( ) ( )

( ) ( )












−−+−+−=′′′

+−+−+−=′′

+−+−+−=′

−−−−−

−−−−−

−−−−−

.177111898417

,451542141566110

,1373003002007512

0123454
1

01234512
1

01234560
1

3

2

ffffffaf

ffffffaf

ffffffaf

h

h

h

 (4.3) 
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Comparing the former formulae given in [6, 7, 10-14] with the 
corresponding forward, backward, and central difference formulae (4.1), 
(4.2), and (4.3), respectively, it could be found that they are equivalent. 
The above mentioned formulae are also found from (3.7), by varying the 
values of m and n. In particular, if ,0,0 == nm  and ,nm =  then (3.7) 

gives forward, backward, and central difference approximations of first 
and higher order derivatives. In fact, the first and second order derivative 
formulae in [6] are special cases of (3.7) for evenly spaced points. 

For unevenly spaced grids, we choose Chebyshev point distributions. 
The following are some examples of the 5-points and 7-points formulae 
for first, second, and third order derivatives on Chebyshev points of 
second kind as follows: 

( )

( )

( )





















+−+−≈′′′









−+−+−≈′′









+−+−≈′

−−

−−

−−

,626266

,464

,88

11
1

101
1

112
1

2
1

2
13

2
1

2
12

2
1

2
1

ffffaf

fffffaf

ffffaf

h

h

h

  (4.4) 

( )

( )

( )





















+−+−+−≈′′′









+−+−+−≈′′









−+−+−≈′

−−−

−−−

−−−

.16320282832016

,3824382483

,44

11
1

1013
1

13
16

3
16

12
1

2
1

2
3

2
3

2
13

2
1

2
3

2
3

2
12

2
1

2
3

2
3

2
1

ffffffaf

fffffffaf

ffffffaf

h

h

h

  (4.5) 

The formulae given in [14] estimate higher order derivatives only at the 
sampling nodes, where the new formula given in (3.11) used to estimate 
derivatives even when the functional values at sampling nodes are known 
or not known. Unlike, recursion formulae for calculation of weights given 
in [7], this method of approximation gives explicit formulae that use given 
function values at sampling nodes directly and easily to calculate 
numerical approximations of arbitrary order at any sampling data for the 
first and higher derivatives. Also, it need less calculations burden, 
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computing time and storage space to estimate the derivatives than the 
other methods stated above. It can be directly used for designing 
difference schemes of ODEs and PDEs and solving them. 

4.2. Quadrature formulae and linear multistep methods 

Algorithm 4.2. For any arbitrary spaced grids ,210 nxxxx <<<< …  

and known the function values ( )ixf  at ( ),,,2,1,0 nixi …=  if one 

applies an ( )1+n -point formula to estimate the integral ( ) ,dttf
hx

x∫
+

 

then there are six steps 

Step 1. For ,:0 ni =  calculate .1
,,0 ji

n
xxjiji xxw

ji −
= ∏ ≠≠=

 

Step 2. For ,:0 nm =  calculate ( )
( )

.1,0 +≠= −
=δ ∑ m

i

in
xxim

xx
wx

i
 

Step 3. For ,:0 nr =  calculate ( ) .1
0 krk

r
kr axa −
−
=

δ−= ∑  

Step 4. For ,:0 nk =  calculate .1
1

0 ++
=γ

++−
=∑ mk

ha
mk

m
kn

mk  

Step 5. For ,:0 ni =  calculate 
( )

,1,0 +
χ−

≠= −

γ
= ∑ k

i

kn
xxki

xx
d

i
 

where 






≠

=
=χ

.if,0

,if,1

i

i

xx

xx
 

Step 6. Calculate ( ) ( ) .1
00

0 iii
n

i

hx

x
dwfxfdttf ∑∫ =

+

δ
+χγ=  

The Algorithm 4.2 requires some quantities dependent of x with cost of 

( )2nO  flops but do not depend on the data .if  Using this algorithm, one 

can easily get more formulae for arbitrary spaced grids with any degree of 
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accuracy. The following are some examples of Newton-Cotes closed 
integration formulae: 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

















+++++=

++++=

+++=

++=

∫
∫
∫
∫

+

+

+

+

.73212327

,33

,4

,

7
4321045

2
4

5
32108

3
3

5
2106

2

3
102

hOfffffdxxf

hOffffdxxf

hOfffdxxf

hOffdxxf

h
ha

a

h
ha

a

h
ha

a

h
ha

a

  (4.6) 

Similarly, we can obtain Newton-Cotes open quadrature formulae some of 
them are listed below: 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

















++++=

++−=

++=

+=

∫
∫
∫
∫

+

+

+

+

.1111

,22

,

,2

5
432124

5
5

5
3213

4
4

3
212

3
3

3
1

2

hOffffdxxf

hOfffdxxf

hOffdxxf

hOhfdxxf

h
ha

a

h
ha

a

h
ha

a

ha

a

 (4.7) 

For unevenly spaced points, we choose Chebyshev point distributions. 
The following are the 3-points, 4-points, and 5-points formulae on 
Chebysev points of second kind: 

( ) ( ) ( )

( ) ( )

( ) ( )













+







++++=

+





 +++=

+++=

−−
+

−

−−
+

−

−
+

−

∫
∫
∫

.8128

,88

,4

7
10115

5
119

5
1013

2
1

2
1

2
1

2
1

hOfffffdxxf

hOffffdxxf

hOfffdxxf

h
ha

ha

h
ha

ha

h
ha

ha

  (4.8) 

Similarly, the following are the 1-point, 3 points, and 5-points formulae 
on Chebyshev points of first kind:  
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( ) ( )

( ) ( )

( ) ( )













+







++++=

+







++=

+=

−−

+

−

−

+

−

+

−

∫
∫
∫

.791397

,

,2

7
045

2

5
03

2

3
0

2
3

2
1

2
1

2
3

2
1

2
1

hOfffffdxxf

hOfffdxxf

hOhfdxxf

h
ha

ha

h
ha

ha

ha

ha

 (4.9) 

The following are the some special formulae for linear multistep methods. 
If we take ,4,3,2,1=p  we get Adams-Bashforth predictor formulae of 

2-points, 3-points, 4-points, and 5-points, respectively. 

( )

( )

( )

( )














+−+−+=

+−+−+=

+−+=

+−+=

−−−−+

−−−+

−−+

−+

.1901277426161274251

,5559379

,23165

,3

1234720,1

12324,1

1212,1

12,1

nnnnn
h

npn

nnnn
h

npn

nnn
h

npn

nn
h

npn

fffffyy

ffffyy

fffyy

ffyy

 

(4.10) 

Similarly, if we take ,3,2,1,0=p  we obtain Adams-Bashforth predictor 

formulae of 2-points, 3-points, 4-points, and 5-points, respectively. 

( )

( )

( )

( )














++−+−+=

+−++=

++−+=

++=

−−−++

−−++

−++

++

.25164626410619

,5199

,58

,

321,1720,1

21,124,1

1,112,1

,12,1

nnnnpn
h

ncn

nnnpn
h

ncn

nnpn
h

ncn

npn
h

ncn

fffffyy

ffffyy

fffyy

ffyy

 

(4.11) 

Also, we can generate formulae for arbitrary spaced grids. The following 
are 3-points, 4-points, and 5-points predictor formulae obtained by taking 

,4,3,2=p  respectively, to predict 21+ny  at .21+nx  
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( )

( )

( )












+−+−+=

+−+−+=

+−+=

−−−−+

−−−+

−−+

.4769406134891631314

,29718710725

,1772

12345760,

123384,

1224,

2
1

2
1

2
1

nnnnn
h

npn

nnnn
h

npn

nnn
h

npn

fffffyy

ffffyy

fffyy

 

(4.12) 

Similarly, the following are 3-points, 4-points, and 5-points corrector 
formulae obtained by taking ,3,2,1=p  respectively, to correct 21+ny  at 

.21+nx  

( )

( )

( )











++−+−+=

++−+=

++−+=

−−−++

−−++

−++

.4019268005102553423565

,40616

,1621

321,21201600,

21,21192,

1,2172,

2
1

2
1

2
1

nnnnpn
h

ncn

nnnpn
h

ncn

nnpn
h

ncn

fffffyy

ffffyy

fffyy

 
(4.13) 

It is easily found that these example formulae are the same as to those 
known corresponding numerical integration formulae based on 
interpolating polynomials for arbitrary spaced grids [5, 9]. 

5. Conclusion 

In conclusion, we note that finite difference formulae, quadrature 
formulae, and linear multistep methods in terms of barycentric weights 
have been developed in this article. Firstly, we have introduced recursive 
formula for approximating higher order derivatives. Using this recursive 
formula, we have derived explicit finite difference formulae for 
approximating higher order derivatives in terms of Lagrange coefficients 
and barycentric weights for arbitrary spaced grids. Moreover, using this 
new explicit formula and Taylor series, we have derived numerical 
integration formula for approximating definite integrals. Newton-Cotes 
formulae and Adams formulae are special cases of this new formula. 
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Secondly, we have compared the new explicit finite difference 
formulae with other formulae. We have seen that this new formula for 
approximating derivatives requires very less computation time and 
storage space. We have shown that the forward, backward, and central 
difference approximations are special cases of this new formula. 
Similarly, we have shown the comparison of new integration formula for 
quadrature formulae and construction of linear multistep methods with 
former formulae. Former formulae for integration and linear multistep 
methods are limited to evenly spaced grids, but new formula presented 
here is quite useful on arbitrary spaced grids. 
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