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1. Introduction

The set-valued measures have been the subject of many thesis. In the
school of Pallu De La Barriére, we have the one’s of: Thiam, Costé and
Siggini; in the school of C. Castaing, the one of Godet-Thobie; and in the
school of D. S. Thiam, the one’s of Dia [4], Thiam [27], and Ndiaye. In the
set-valued integration field, the works are mainly done, for set-valued
measures with weakly compact values. We had got the project to look at
integration with respect to set-valued measures with closed convex
values. The work in [11], is done for a set-valued measure with closed
convex values, or a set-valued Radon measure with closed convex
bounded values. For that, we had introduced in [11], respectively, the
concept of sequentially compact (s-compact, for short), set-valued
measures and set-valued Radon measures, to go beyond the weakly
compact case of the previous works [3], [18], [25]. The concept of
s-compact is equivalent to o -finite of the scalar case. The results we have
obtained from [9] to [16], are applied here. We consider a set-valued
Daniell integral I, associated to: A monotone s-compact set-valued
measure, or set-valued Radon measure, or a relatively weakly compact

vector measure, or a weakly compact vector Radon measure. In previous
papers, we had defined and studied the spaces L'(I) and L*(I): see [9] to
[16]. Here, we define the spaces LP(I), with p € |1, +o[. This notion do
not appear in [11], [3], [5], [18], [25]. Let us denote by L(p)(I), the
quotient space for the I-almost everywhere (I-ae) equivalence relation. We
show first that L?)(I) is a Banach space. Secondly, we show that L?)(I)

1s uniformly convex, therefore by the Milman’s criterion, it is reflexive.

We establish also that the dual of L? )(I ) is L(Q)(I ), where p and ¢ are

conjugate. From that, we deduce that L(p)(I) is uniformly smooth,

therefore, it’s norm is uniformly strongly differentiable. Something

relevant is: most of the proofs, are direct adaptations, of the methods and
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techniques, used in the classical L(P) spaces. We wonder if these
adaptations, could be possible, from the previous existing works in this
field, before the results we presented in [11]. Working with a set valued

integral, like in the positive scalar case, is quite surprising and unusual.
2. Notations and Preliminaries

Let E be a normed space, and the associated topological dual is
denoted by E' and the usual duality between E and E' by ().

Respectively by (cc(E), +), (cfb(E), +), (¢f(E), +), we shall indicate the

collection of all the nonempty weak compact convex subsets, the

nonempty closed convex bounded subsets, and the nonempty closed convex

subsets of E. For any A and B in cf(E), we set: §"(y/ A) = sup {(x, ),
x € A}, and A+ B = (A + B), to define, respectively, for the set A the

support function 8"(./ A), and for the sets A, B the sum. The topology in
cf(E) is the Hausdorff one cf. [1]. The order relation is the inclusion. We
consider a nonempty set T, RT the set of the collection of all the

numerical functions defined on 7T, and H a Riesz subspace of RT. IfTisa

topological space, we shall denote, for a numerical function f, defined

on T, ie, feRY, it's carrier as supp(f) = {t e T, f(t) # 0}. We set

f* =sup(f, 0), and f~ = sup (- f, 0). We denote by Cp(A), the closed
convex hull of a subset A of E. If O is a family of closed convex subsets
of E, we have inf{A:AcO'=N{A:Ac0}, and sup{A: A e O} =Cp
UWA:AeO}. Weset H. ={he H:h>0}. Let I: H, — cc(E) be a

set-valued function. We say that I is a secondary Daniell integral if I is
additive, 0 € I(h) for each h € H,, i.e., I is monotone, and if (A, ) is a

decreasing sequence of H, which converges pointwise to 0 (we denote
h, ¥ 0), then inf, I(h,) = 0.

We go now throughout some situations we could have to do with. We

denote by Q a clan of subsets of T.
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Case 1. Let M : Q — c¢f(E) be a set-valued mapping, M is a weak

set-valued measure if §"(y / M(.)) is a scalar measure for each y € E’,
with M(0) = {0}. M is said to be sequentially compact (s-compact), if

there exists 7, € Q an increasing sequence with U, 7, = T (we denote

T, T T) such that M(T, ) € cc(E), for each n € N*.

We consider now a weak set valued measure M, which is monotone
and s-compact. We set A = {A € Q: M(A) € cc(E)}. If we take I(h) =

Za;M(4;), where h = Y a;1,, is a nonnegative step function based on

the clan A, and if H is the Riesz subspace of ]RT, of the collection of all
the steps functions based on the clan A, then I: H, — cc(E), is a

secondary Daniell integral.

Case 2. We suppose that E is a Banach space. We consider m : Q - E

a vector measure, this mean’s M(0) = 0, and if {4,,n =1, 2,...} is an

Q-partition of A € Q, then m(A) = lim Zéf{‘ m(4;), for the topology of
n—+w -

E. We say that m 1is relatively weakly compact, if for each

AeQ {mB), BeQ, Bc A} is relatively weakly compact. By the

Theorem 3 ([10], page 53), a vector measure is relatively weakly compact,
if and only if it can be extended to a §-clan; but this is equivalent to say
that m is with finite variation. Like in [25], page 140, see also [10] or [11]:
if AeQ, let M,,(A) be the closure in E of all the sum X;_; A;m(4;),

where {4;, i € I} is an Q -partition of A and where A; € R with [A;] < 1.

We have 8"(y : M,,(A)) = |m,|(A), where |m,| is the total variation

of the scalar measure m, =< m(.), y >, y € E’ (cf. [25], Lemma 5.1, page

y
141). We have therefore that M,, : Q — cc(E), is a weak set-valued

measure, which is s-compact and monotone. We have the situation of
Case 1.
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In the two following cases, T will be a locally compact space, which is
metrizable and separable. We denote by K(T'), the collection of all the

numerical continuous functions, defined on T, with compact carrier.

Case 3. The set-valued function, I : K, (T) — cf(E), is said to be
s-compact, if there exists an increasing sequence (A, ) of K,(T'), which is

convergent pointwise to 17 (we denote h, T 17), and such that for each

ne N*, I(h,) € cc(E). The set-valued function I is said to be monotone,
if 0 € I(f), for each f € K,(T). If we take on K_,(T') the inductive limit
topology, defined by the spaces K(K), where K is a compact subset of T,
and on cfb(E) the Hausdorff one, a set-valued Radon measure I, is a
mapping I : K. (T) - ¢fb(E), which is additive, homogeneous, and
continuous. For a set-valued Radon measure I, let wus set
H ={f e K(T),I(f|) € ce(E)}, and I : H, — cc(E), I(f) = I(f). The
set H is a Riesz subspace of K(T'). By the Proposition ITI-1-1 [11], see also

Proposition 3.2 [16], I; is a secondary set-valued Daniell integral.

Case 4. We suppose that E is a Banach space, and Cy(T) is the
collection of all the continuous functions null at infinity. Let v : K(T') —» E,

be a weakly compact Radon measure, i.e., which transform the unit ball of

Co(T), to a relatively weak compact subset of E. Like in [25], page 155,

or [16], if we set M, (f) = {u(g): g € K(T), |g| < f}, with f e K, (T),
then M, : K.(T) - cc(E), is a secondary Daniell integral, since
8"(y, My(f)) = |uy|(f), where |u,| is the absolute value of the scalar
Radon measure u, defined by u,(g) =< u(g), y >, g € K(T'). We have
given in [16] the link with [28] and [18].

In all these four cases, we have the following situation:

We consider H a Riesz subspace of RT, and I a secondary Daniell

integral, defined on H, with values in cc(E), which is s-compact; I is
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said to be s-compact, if there exists an increasing sequence (h,,) of H,,

which is convergent pointwise to 17 (we denote h, T 1p), and such that

for each n € N*, I(h,,) € cc(E).

We denote by H” (resp., H"), the collection of all the functions,

which are increasing (resp., decreasing) limits of functions of H, = {h € H,
h>0}. If h, T f and k, { g, with h, € H, and k, € H,, we set

IV(f) = sup I(h, ), and I"(g) = inf I(k, ). We denote by I", the upper
n n

integral of I; see [9], [11] or [15]: I*(f) = inf {IY(y), v € HY, y > f}, if
this set is nonempty, otherwise, we take I'(f) = E, and by I.(f):
L(f)=sup{I"(¢). 0 € H", ¢ < f}, and we set, LL(I)={feR],
I'(f) = I.(f) € ¢fb(E)}, for the space of integrable functions, which is a
reticulated convex cone, see [9] or [11]. If f e L(I), j fI = I'(f) is
additive and positively homogeneous. We will denote this by I()I or I.
We set if h e H,, I(h) = 8"(y, I(h)), and if h e H, I,(h) = I,(h*)-
I,(h7). Ifweset H = {f e R, I"(f]) € ¢fb(E)}, then (H*,+, <) isa
Riesz subspace of RT. We denote by V(0) the collection of all the
neighbourhoods of 0 in E, and if V e V(0), weset V* = {f e R” I*(f)c v}
We denote by V*(0), the collection of all the V*, where V e V(0). The
set V*(0), is a filter basis of 0 of H*. We have defined in H" a topology

for which H™ is a locally convex space.
Definition 2.1. (1) A function fof R” is I-negligible, if I* (f]) = {o}.
(2) A subset A of T'is I-negligible, if 14 is I-negligible.

(3) A propriety p(t) is true almost everywhere (l-a.e or a.e), with

respect to I, if the set of ¢ where [non p(t)] is true is negligible.
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(4) A function defined I-a.e on T, with values in R, is I-measurable, if

it is limit I-a.e of a sequence of H.
(5) A subset A of T'is I-measurable, if 14 I-measurable.
(6) We set &L (I) = {f defined I'a.eon T, 3g e LL(I), f = gL-a.e}.
(7) We set also F(T, R) = {f defined I-a.e on T, I"(f]) € cfb(E)}.
(8) Wet denote by ¢1(I), the closure of Hin H*.
For f € F(T, R), wedenote N;(f)=sup{8"(y/I"(f])),y<cE’|y| <1}.
A sequence (f,),cn* of F(T,R) converges in mean to f, if lim
n

Ny(f, — f) = 0. The topology of F(T, R), defined by the semi-norm N7,

is the topology of the convergence in mean. The topology of H" is the one

induced by N;. Now, we set L'(I)= [I?]N1 = the closure of H in

F(T,R). The following Proposition 2.2, gives successively, the

Propositions 7 and 13, the Theorems 6 and 1, we had obtained in [9].

Proposition 2.2. We consider f € RY, and y e E
(1) We have (1,)"(f]) = 8"(y / I"(f])).
@) I L.(|f]) € cfb(E), then we get (I,,),(f]) = 8 (v / L(fI))-
(3) We have also L\(I) = Nyep LY (1), and if f € LL(I), then
8 (y/[f1) = [A*(y/10) = [f1,.
@) If (f,) is an increasing sequence of R™, we have sup I*(f,) =

I'( sup (f2))-
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Remark 2.3. We note that Ny (f) = sup{8"(y / I"(f])), ¥ € E", |»]| < 1}

= sup {|x|, x € I"(f])} = DH(I*(f]), 0), where DH is the Hausdorff
distance. The reason why we use the first expression is to do not loose the

statements 1, 2, and 3 of Proposition 2.2, i.e., the relation between the !
over set-valued measures and scalar measures. Indeed, this will be very

important in this paper, specially in the proof of Theorem 3.13.

The Theorem 2.3 is Theorem 3.3 of [11]. The Theorem 2.4 is Theorem
4.17 of [12], the Corollary 2.5 is Corollary 4.19 of [12]. The Theorem 2.6 is
Theorem 2 of [10], the Proposition 2.7 is Proposition 3.7 of [16], and
Proposition 2.8 is Proposition 3.5 of [16].

Theorem 2.4. (1) If f is I-measurable and nonnegative, and if I*(f)
e ¢fb(E), then f e £L(I).

(2) If f is I-measurable and if I"(f]) € cc(E), then f LH(D).

Theorem 2.5. (1) Let (f,) be an increasing sequence I-a.e of £L(I),
such that there exists g € F(T,R), with f, <g I-a.e for each n,

and I*(g) e cc(E), then f =supf, e £L(I), f, converges to f in mean,
n
j 1 e co(E).

@) If f, is a decreasing I-a.e sequence of 1 (I), with Int € cc(E),

then f = inf f, e £L(I), IfI € cc(E), and f, converges in mean to f.
n

(3) Let (f,) be a sequence of $L(I), such that there exists
g € F(T, R), with |f,| < g I-ae for each n € N*, and I'(g) € cc(E). If
(f,) converges pointwise I-a.e to f, we have f  §.(I) and (f,) converges

in mean to f. In all these three cases, we have lim I fnl = I fI, for
n—+w

topology of cc(E).
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Corollary 2.6. Let (f,) be a sequence of L(I), which converges I-a.e

to f, if there exists g e L' (I), with IgI e cce(E), and |f,| < g I-a.e for

each n e N*, then f e X(I) and j fI= lim j f,I for the Hausdorff
topology of cc(E) and (f,,) converges in mean to f.

Theorem 2.7. We denote by S(M), the collection of all the additive

sections of M.
(1) We assume that M is monotone for each y of E', there exists

we S(M), such that p, = 8"(y/ M(.)), where p, = (u(), ).
(2) If E is complete, then M is with values in cc(E), if and only if
S(M) = 0.
Proposition 2.8. (1) If we take the closure in H*, we will have
K,(T) < (i(I}) = K.(T) c LY (L) < £4(1), and K(T) < (*(I;) = K(T).
(2) In the same way, if we take the closure in F(T, @), we will have
K.(T) c U.(I}) = K.(T), and K(T) < L'(I;) = K.(T).

Proposition 2.9. (1) If E is complete, then I is with weakly compact

values.

(2) If E is a normed space, we have

() The inductive limit topology on K(T) is finer than the topology
induced on K(T), by H* or F(T, R), i.e., the topology of the convergence
in mean,;

(i) K,(T)< ¢/(I), H, < K,(T)c H" and therefore H” =[K (T)]".

j(.)Il extend I,
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(111) I is uniformly continuous, since so is I(.)Il.

We give now examples of s-compact set-valued measures:

Example 2.10. Let B(R"™) be the Borelian tribe of R" and A a

o -finite measure on B(R"). We set
M : B(R") — cf(R), defined by
M(A) = [0, MA)], if MA) < +oo,
and M(A) = [0, +oof, otherwise,

M 1s a monotone set-valued measure, which is s-compact. The additivity
comes from the Riesz decomposition property, see Perissini [19], page 8,
or Thiam [25], page 173.

Example 2.11. Let Q be the clan generated by the compact subset
of a locally compact metrizable and separable topological space. If

M :Q —> cc(E) is a monotone set-valued measure, therefore M is

s-compact.

Example 2.12. Let 7' = R", E = I}(R”, dx) and Q be the clan

generated by the compact subset of R”. For A € Q, let us set
NA)={feE, 0<f<1,},

N 1s a set-valued measure because
8*(y/ N(A)) = IlAfJ“dx, Vf e L*(dx).

Moreover, N is monotone and s-compact: From Valadier [29], we have
N(A) € cc(E).
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3. The Spaces L)(I), p e ]1, +o]

Definition 3.1. We set

(1) F,, = {f defined I-a.eon T — R, I'(|f|”) € ¢fb(E)}, with p > 1.

@ N, F, >Ry if feFp Ny(f)=[ sup 8/ I"(AP)]r =
yek'|y<1

1
[NL(F1P)]P-
Proposition 3.2. If f, g € F, and a € R, we have f + g € F,, and
af € Fp.

Proof. If a,b e R, we have |a+0b|<|a|+b <2max]d|, [b]]. We
deduce that |a + 8" < [2max[|a|, |§]]]° < 2P[|a|” +[b|’]. We obtain for
f.geF,:|f+g’ <2P[|f|” +|g|P], I-a.e. Since I" is increasing, sub-
additive, and positively homogeneous, we get I'[|f + g’ ] < 2P[I*(|f]?)
+I"(lglP)]- O

Theorem 3.3. Holder’s inequality:

Let feF,, gekF,, where +==1,p,qe]l, +of, we have

1.1
P q

fg € Fy, and Ny(fg) < Np(f)Nq(g)'

p q
Proof. Let a,b € R,, we have ab < %+%. We get therefore

P q
Ifg] < A7 18" e and I*(fgl) %I*(|f|p )+ é I*(lgl?) € cfb(E), and

p q
/8]
N, (f)Ng(g)
rE) I
N, (f)Ng(2) PN, (NP

i and b = &

N, 7 N, @)’ we obtain

fe e F;. If we set a =

i

< , [I-a.e, thus
pIN, (NP a[Ny(9))f
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L) e o Ni(f)  _ Ni(AP) | Na(el?)
gl N, (g)]? Np(Ng(8) = pIN, (A alN, ()]

=l+l=1. U
p q

Theorem 3.4. Minkowski’s inequality:

Let f, g € F),, we have N,(f + g) < N,(f)+ N,(g).

Proof. Let p € |1, +[ and ¢ so that %+% =1, since

If + 8P <|fIIf + &P +gllf + 8" La.e, we get

N[If + &P 1< NyLIfI(F + 8P~ 1+ Nallgl(f + 8P~ ]

We apply now the Holder’s inequality Theorem 3.3 to get
Nillf + &P 1< Np(INGI(f + g™ 1+ Ny ()Ng[(f + &))" 1,
and this end the proof, since N,[(f + 2P = N(f + g))? ]1_%. O
Definition 3.5. We set £°(I) = {f defined I-a.e on T, |f|” € £ (1)},

LP(I) = [H]Np = the closure of H in F,, p > 1, for the topology of

the convergence in mean of order p, defined by the semi-norm N ,.

The reason of the difference in the notation of the two spaces in the
Definition 3.5, can be found in [12] or [13].

Theorem 3.6. (1) £2(I), LP(I) are complete for the topology of the

convergence in mean of order p, defined by the semi-norm N ,.

(2) Let (f,) be a sequence of £2(I), or LP(I), which converges to f in
mean of order p, therefore there exists a subsequence (fnk ) of (f,,), which

converges I-a.e to f.
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Proof. For p =1, this is the Theorem 4.6 of [12] or [13]. Let (f,,) be

a Cauchy sequence of £{(I), there exists a subsequence (f,, ) of (f,)
such that Ny[|f,, | — £, [P]< 3% Vk>1. We deduce that 5" (y/I"

(Fogsy = Fa IP)) < 37%3], vy € B, VR 2 1. Since [|f —g|+|h - K]P <
n n
2P(|f — g|P +|h — k[P ], we obtain j ;Vnkﬂ—fnk |PIyS2p];J|fnk+l ~fo, P 1,

+00 I®

Vy € E', and Z.ﬂfnh1 — fo, IP I, < 2P 23_k||y|| < +o. By the theorem
k=1 k=1

of integration term by term of a series, and by the Theorem I-1-6 of [11],

o0
or Proposition 2.2 assertion (3), we get Z:|fnk+1 - fnk|p e £1(I), thus
k=1

+o0
Z |fnk+1 = Iny [P is finite I-a.e, by Proposition 3.4 statement (iii) of [12]
k=1

_k
or [13]. Let us set M, ={te T/lfnk+1 —fnk| >2 P}, We have

k k .
2M g, <|fupy — fo P Tae, and 27 {1y I [Ify, = £, |1, de,
27k Ni(1pg,) € Ni(|fnyy = FrpIP) < 37*. Let N be a nonnegative integer.
_k +00
Ift¢Up” g My, wehave |f,,  (t)-f,, @) <2 7, ie, Z:|fnk+1 (t)~ f, @)
k=1
<+, Vt ¢ Uity M. Let us set M =Ny Uiln. My, we get

+00
Zlfnk+1(t)_ fry, @) < +o0, Vt ¢ M. Since M < My, and 0 < Ny(1p,)
k=1
S(%)k, we obtain 0 < Ny(1,) < (%)k, Vk. This mean’s that M is

+00
Inegligible, thus Z |fnk+1 - fnk| <+, I-a.e. From the relation f, = f,
k=1

+(fog = fay )+ oo+ (fny, = [y, )» We deduce f,, — f, +g, I-a.e, where
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g(t) = ), (Fagysy @) = fr, @), if > |frg.y ) = fny, (8)] < +0, otherwise, we
k=1 k=1

take g(t) = 0. Now, if we set h = f,, + g, we obtain |f,,, —h[" — 0 I-ae.
Since |fnk - h|? is a Cauchy sequence of ¢ (I), and since, by Theorem

4.6 of [12] or [13], £} (1) is complete, we obtain lim Ni[(fn, —RI)P]=0,
np—>+0 v

ie, lim N_[(|f,, —h])]=0. From the inequality |[f, —hl" <

M —>+o0
2P(|f, - T, [P+ |fnk —h|P] I-a.e, we deduce that N;(|f,, - h|’)<2P[N;
(| — Iny |p)+N1(|fnk —hlP)]. If we take n < ny, and if n — +o, then
nl_l)l}rloo Ni(|f, = hP)=0, ie, nlgiloo N,(|f, —h])=0. We have also

fnk — h, I-a.e, and for the statement 2, f = h I-a.e. O

Proposition 3.7. (1) L?(I) c {f I-measurable, |f| < $L(I)}.

(2) LP(I) is reticulated and LP(I) = LE(I) - LE(I).

@) L) = [H.]in F,
(4) The mapping I : £2(I) — cfb(E), is continuous.
(5) and LE(I) c £2(I).

Proof. If f € L?(I), then fis I-measurable by Theorem 3.6, and using
Theorem II-3-1 of [11], or 3.3 of [15], see also Theorem 2.4, we obtain the
statement 1. If a,b,c,d e R, we have | sup (a, b) — sup(c, d)|
Sle-¢c+b-d, and |inf(a, b) - inf(c, d)| < |a — d + b - d].
Therefore, we get |sup (a, b) — sup (¢, d)|P < 2P[la — |’ +|b - d|P], and
inf (a, b) —inf (¢, d)|P < 2P[la — |’ + b —d|”]. If a, b, ¢, d, are taken in

F,, these inequalities old I-a.e. For & >0, and fj, fy € LP(I), there



L” SPACES FOR RELATIVELY WEAKLY COMPACT ... 79

exists hy, hy € H, such that N, (f; — h;) < , for i =1, 2. We obtain

&
op+1
Ni[(Sup(f, &) = Sup (hy, hp))? ] < 2P(Ny(f = 1y)P + Ni(f = hg )P ] < &P,
we have therefore N,(Sup(f, g)-Sup(hy, hy)) <&, thus LP(I) is
reticulated and we get LP(I)=LE(I)-LE(I). If f elf(I), Ve > 0,
3h € H, such that Np(f — h) < ¢, since |f — h"| < |f — | I-a.e, we obtain
N,(f —h") < &. We have therefore L} (I) < [(H,) in F,, thus L2(I) =
[(H,)] in F,. Since £2(I) is complete, therefore closed in F),, and since
H, c ££(I), we get LE(I)c ££(I). For the statement 4, if (f,)

converges to f in £°(I), we have |f, — f|’ converges to 0 in £!(I) thus
I*(|f, - f|P) converges to 0 in cfb(E). O

Theorem 3.8. (1) Let (f,) be an increasing sequence of £¥(I) and
g € F, such that I*(|g|?) € cc(E), with f, < g I-a.e for all n e N*, we
have f = sup f, € £2(1), I|f|pI € cc(E), and (f,,) converges to f in mean

n
of order p.

(2) Let (f,) be a decreasing sequence of £2(I), with J-nt e cc(E),
then we have f = iréf fn € £2(I), and (f,) converges to f in mean of
order p.

(3) Let(f,) be a sequence of £P(I), which converges I-a.e to f, and
g € F,, such that I'(|g|”) € cc(E), with f, < g I-a.e for each n, then

I fPI € ce(E), and (f,,) converges to f in mean of order p.

(4) In all these cases, we have lim j|fn|pI = I|f|pI, in cc(E).
n—+0
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Proof. We apply the Theorem II-1-3 of [11], see Theorem 2.5, to the

sequence (|f,])”, to obtain in the three cases nllgloo Ni(fnI? =1AP) =0,
If|? e £2(I), and nli)rile|fn|pl = I|f|pI, for the Hausdorff topology of
cc(E). Applying again the Theorem II-1-3 to the sequence |f,, — f|¥, we
get Tim Ni[lf, ~ fP]=0,ie, lim N,(f, ~f)=0. 0
Corollary 3.9. Let (f,) be a sequence of LP(I) such that there exists
g e LE(I), with J.|g|pl e cc(E), and |f,| < g I-a.e Vn. If (f,,) converges
to f Iae, then [ e P(I), and [|fPI = lim [|f,[P1, for the Hausdorff
topology of cc(E). Moreover, we have nlirfrloo N,y(f, - f)=0.
Proof. We apply the Corollary II-1-1 of [11], see also 2.6 to the
sequence (|f,|”), and to the sequence (|f,, — f|¥), to obtain the result. [
Theorem 3.10. We assume that E is a Banach space.
(1) Let f be an I-measurable function such that I'(|f|’) e cc(E),

therefore f e LP(I).

(2) We have LP(I) = {f I-measurable,

fl € £2(I), I*(|f]*) € cc(E)}.
Proof. If f > 0, 3h,, € H., such that (h, ) converges I-a.e to f. If we
set ®, =inf{h,, ..., .}, we have @, Lo, = llegfzhk From the
Corollary 3.9, we get ®, € L(I). Since ®, T f, and I"(/f|”) € cc(E),
using again the Corollary 3.9, we get f e L?(I). If f is not positive, since
we have f=f"-f7, thus fel2(I)-LE(I)=L"(I), we obtain

{f I-measurable, |f| € £2(I), I"(|f|’) € cc(E)} < LP(1).
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The inclusion LP(I) < {f I-measurable, |f| e ££(I)} comes from
Proposition 3.7. Since E is complete, by Theorem 2.2 of [10], or Theorem
I-2-2 of [11], see also 2.7, if f e £2(I), then j(|f|p ) € cc(E). The

Theorem I1-2-2 of [11] comes from Theorem 1, page I-5 of [3], and the
theorem of James Pryce [20]. O

Notation. L”(I) = the quotient space of L”(I), for the equivalence

relation I-a.e.

Theorem 3.11. Setting ||f||p = N,(f), for fe f, we have
[L(p)(I), ||||p] is a Banach space.

Proof. This comes from the Theorem 3.6. O

Theorem 3.12. The space L(p)(]) is uniformly convex, therefore

strictly convex and reflexive.

Proof. The proof is the same as the one in page 358 of [6], he uses a
method of McShane [7]. Let € >0, and f, g € L(p)(I), such that
||f||p <1, ||g||p <1, with |f - g||p > &. Let us denote by M the collection of

all ¢t € T, such that

0~ 8O = E 1701 + |80 ]2 & sup Q)P [0 ] L-ae. (D)

If we take E =R in (9), page 357 of [6], we obtain the following

inequality on the I-measurable set M:

510 + 8@ < [1-8,( NSO + e[ 11 (3.2
4P

p
If we set N =T — M, we obtain from 3.1, j|f - gP1nI %j[|f|p +

lg|? 1, thus
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p e? p p e?
Ni(|f - g/P1n) < T[N1(|f| )+ Ny(|g[P)] < 5 -
We  obtain & < Ny[|f - gP ] < Ny[|f — gP1p ]+ N[|f - gP1n] <

P P
N1[|f—g|p1M]+87, thus 87 < Ny [If - glP1p] = Nplif — gy 1P, we
get
S

N0 - gtz 5 (3.9
QP

Since Ny [(/f - )P 131 < 27 (sup [N, (flLyr ). N,p(glLar )P, we get from
3.3,

% < [Np[lf - gllM ]] < 2sup [Np(lfllM )’ Np(lgllM )]7 (3.4)
9D
and
sup [N, (|flar), Np(|giar)] = 11 : (3.5)
9 P

Using the statement 3.2, we obtain

SN AP + (N @P1-[5 N, (7 + )P 25 —Fa G
b

where a = 3 [(N,(1)) +(N,(&))°] = 3sup (N, (1) (N, (&))"

DO =

&P
2p+1 ’

From 3.4 or 3.5, we deduce sup [(N,(f1p7))", (N,(g1p))" ]2

p
. With the statement 3.6, we

thus sup[(N,(f))’, (N,(g))"]= 2(;+1

obtain

WP = (N @P 1[G N, + ) 25,5
4P
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Since L [(N,(f)” + (N,(@)P1<1, we get [[f+agl,]” <[1-5, %

4]1
g? 1 g ¢ L
W], and [Ellf-l-g"p]ﬁ[].—Sp—lw]p, for all f,gEL(p)(I)
417

Such that, ||f||p <1, ||g||p <1, with |f- g||p > g. Therefore, by the
Clarkson criterion [2], L(P )(I ) is uniformly convex. O

Theorem 3.13. We assume that E is a Banach space. Let p, q €

1, +oo[ be conjugated, i.e., %+% = 1. Therefore, the topological dual of

LP)(1) is LO(T) : [L(p)(])]' = 191
Proof. By the Theorem 3.10, we have
LP(I) = {f I-measurable, |f| € £2(I), with I*(|f|") e cc(E)}
= {f I'measurable, |f| e L2(I), with I*(/f|”) € cc(E)}
= {f Imeasurable, |f| € L2(I)}.
Moreover, by the Remark II-1-8, page 36 of [11], see also Remark 4.16
[12] or [13], we have £1(I)=N,ps(I,) =1L (1). We get
L2(I) = Nyepl2(I,), and LP(I) = LPU(I) - LP)(1) = NyepLP)(1,), since
f=f"=f. We obtain [LPN(1,)] < [Nyep LPAI,)] = [LP(D)], we
deduce that N,z [LP(T1,)] < (D), ie., LD(1) = NyeplD(1,) <
LP(D)]. Now, we set G=L9(I), which is closed in
(WP(D)] : [(LP)(1,)] = L9(1,) is closed in [LP)(I)].

"

Let ¢: [LP(D)] > [l =6, ie, ¢:LP(1) = [LD(I)], be the

canonical injection. The orthogonal of G is the kernel of ¢, i.e., Gt = ker(¢).
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We get, since ker(¢) = {0}, that the quotient space L)1 )]” /Gt is
by (3), page 93 of [6], topologically isomorphic to G'. On the other hand,
(LD = L)1), we get LP)(I) = [L9(1)]. 0
Corollary 3.14. Let E be a Banach space. If p e |1, +oof, we have
L(p)(I) is uniformly smooth, this is equivalent to say that it’s norm is
uniformly strongly differentiable.
Proof. By the Theorem 3.13 [L(q)(l)]' = L(p)(l), since L(q)(I) is

uniformly convex, by (9), page 365 of [6], L(P )(I ) is uniformly smooth.

This is equivalent, by (6), page 364 of [6], that it’s norm is uniformly
strongly differentiable.

Theorem 3.15. Let T be a locally compact space, which is metrizable

and separable, and I be an s-compact set-valued Radon measure with
values in cfb(E). We have L(p)(I) = [K(T)]Np, i.e., K(T) is dense in
L)1), for p > 1.

Proof. Since we are in the quotient space, by N p» We denote the

norm. By Proposition III-1-4 of [11], see also Proposition 2.9, we have the
result for p = 1.

If f € K(T), then |f|P e K(T) < LY(I),

by Proposition ITI-1-3 of [11]. We deduce that K(T) c L)(I). Since
Lp )(I ) is complete, thus closed in the quotient space of F »» We obtain

[K(D)ly, = LP)(I). In [15], we had set H = {f e K(T), I(f]) € cc(E)},

and had obtain in Proposition 3.7 L1(I) = K(T), in the same way, we

have LP(I) = [K(T)]Np~ Since H c K(T), we get the result. We note

that if E is complete, then H = K(T'), since by Proposition 2, page I-15 of
[17], cc(E) is closed in cfb(E). O
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Proposition 3.16. The inductive limit topology on K(T), is finer
than the one induced on K(T') by N .

Proof. Let K be a compact subset of T, and f € K(T) such that

Supp(f) ¢ K. We have Ny(|f|”) < |fP|,Ni(¢g ), where

og € K(T), o (t) € [0,1]vt € T, with og(¢) =1 if t € K.

We get [N, ()P <|f?|,[N,(¢g)]”. Since there exists ¢, € K such that

71, To = 1£(t0)] = I, we obtain N,(f) < If], Np(ox ). O

Remark 3.17. We have here, new kind of L) spaces, whose

properties need to be investigated more deeply. For example, a problem is

: how to define the duality (L(p )(I ), L(q)(I ).

Remark 3.18. For other references about the professor Thiam, one
may consult [21], [22], [23], [24], and [26].

Remark 3.19. Something relevant is: most of the proofs, are direct

adaptations, of the methods and techniques, used in the classical L(P)
spaces. We wonder if these adaptations, could be possible, from the
previous existing works in this field, before the results we presented in
[11]. Working with a set valued integral, like in the positive scalar case,

1s quite surprising and unusual.
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