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Abstract 

We introduce a new concept of pL  spaces, for an s-compact set-valued measure 
or set-valued Radon measure, a relatively weakly compact vector measure, or a 
weakly compact vector Radon measure. We establish that the quotient spaces 
are reflexive Banach spaces, since there norms are uniformly convex. We prove 
that these spaces are also uniformly smooths, therefore there norms are 
uniformly strongly differentiable. 
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1. Introduction 

The set-valued measures have been the subject of many thesis. In the 
school of Pallu De La Barrière, we have the one’s of: Thiam, Costé and  
Siggini; in the school of C. Castaing, the one of Godet-Thobie; and in the 
school of D. S. Thiam, the one’s of Dia [4], Thiam [27], and Ndiaye. In the 
set-valued integration field, the works are mainly done, for set-valued 
measures with weakly compact values. We had got the project to look at 
integration with respect to set-valued measures with closed convex 
values. The work in [11], is done for a set-valued measure with closed 
convex values, or a set-valued Radon measure with closed convex 
bounded values. For that, we had introduced in [11], respectively, the 
concept of sequentially compact (s-compact, for short), set-valued 
measures and set-valued Radon measures, to go beyond the weakly 
compact case of the previous works [3], [18], [25]. The concept of                
s-compact is equivalent to σ -finite of the scalar case. The results we have 
obtained from [9] to [16], are applied here. We consider a set-valued 
Daniell integral I, associated to: A monotone s-compact set-valued 
measure, or set-valued Radon measure, or a relatively weakly compact 
vector measure, or a weakly compact vector Radon measure. In previous 

papers, we had defined and studied the spaces ( )I1L  and ( ):IL∞  see [9] to 

[16]. Here, we define the spaces ( ),IpL  with ] [.,1 ∞+∈p  This notion do 

not appear in [11], [3], [5], [18], [25]. Let us denote by ( )( ),IpL  the 

quotient space for the I-almost everywhere (I-ae) equivalence relation. We 

show first that ( )( )IpL  is a Banach space. Secondly, we show that ( )( )IpL  

is uniformly convex, therefore by the Milman’s criterion, it is reflexive. 

We establish also that the dual of ( )( )IpL  is ( )( ),IqL  where p and q are 

conjugate. From that, we deduce that ( )( )IpL  is uniformly smooth, 

therefore, it’s norm is uniformly strongly differentiable. Something 
relevant is: most of the proofs, are direct adaptations, of the methods and 
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techniques, used in the classical ( )pL  spaces. We wonder if these 
adaptations, could be possible, from the previous existing works in this 
field, before the results we presented in [11]. Working with a set valued 
integral, like in the positive scalar case, is quite surprising and unusual. 

2. Notations and Preliminaries 

Let E be a normed space, and the associated topological dual is 
denoted by E′  and the usual duality between E and E′  by ., ⋅⋅  

Respectively by ( )( ) ( )( ) ( )( ),,,,,, +++ �� EcfEbfcEcc  we shall indicate the 

collection of all the nonempty weak compact convex subsets, the 
nonempty closed convex bounded subsets, and the nonempty closed convex 

subsets of E. For any A and B in ( ),Ecf  we set: ( ) { ,,sup yxAy =δ∗  

},Ax ∈  and ( ),BABA +=+�  to define, respectively, for the set A the 

support function ( ),. A∗δ  and for the sets BA,  the sum. The topology in 

cf(E) is the Hausdorff one cf. [1]. The order relation is the inclusion. We 

consider a nonempty set TT R,  the set of the collection of all the 

numerical functions defined on T, and H a Riesz subspace of .TR  If T is a 
topological space, we shall denote, for a numerical function f, defined      

on T, i.e., ,Tf R∈  it’s carrier as ( ) ( ){ }.0,upps ≠∈= tfTtf  We set 

( ),0,sup ff =+  and ( ).0,sup ff −=−  We denote by ( ),ACO  the closed 

convex hull of a subset A of E. If O is a family of closed convex subsets         
of E, we have { } { },::inf OAAOAA ∈=∈ ∩  and { } OCOAA =∈:sup  

{ }.: OAA ∈∪  We set { }.0: ≥∈=+ hHhH  Let ( )EccHI →+:  be a 

set-valued function. We say that I is a secondary Daniell integral if I is 
additive, ( )hI∈0  for each ,+∈ Hh  i.e., I is monotone, and if ( )nh  is a 

decreasing sequence of H, which converges pointwise to 0 (we denote 
0↓nh ), then ( ) .0inf =nn hI  

We go now throughout some situations we could have to do with. We 
denote by Ω  a clan of subsets of T. 
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Case 1. Let ( )EcfM →−Ω:  be a set-valued mapping, M is a weak 

set-valued measure if ( )( ).My∗δ  is a scalar measure for each ,Ey ′∈  

with ( ) { }.00 =/M  M is said to be sequentially compact (s-compact), if 

there exists Ω∈nT  an increasing sequence with TTnn =∪  (we denote 

TTn ↑ ) such that ( ) ( ),EccTM n ∈  for each .∗∈ Nn  

We consider now a weak set valued measure M, which is monotone 
and s-compact. We set ( ) ( ){ }.: EccAMA ∈Ω∈=Λ  If we take ( ) =hI  

( ),ii AMa∑  where iAiah 1∑=  is a nonnegative step function based on 

the clan ,Λ  and if H is the Riesz subspace of ,TR  of the collection of all 
the steps functions based on the clan ,Λ  then ( ),: EccHI →+  is a 

secondary Daniell integral. 

Case 2. We suppose that E is a Banach space. We consider Em →Ω:  
a vector measure, this mean’s ( ) ,00 =/M  and if { }…,2,1, =nAn  is an 

partition-Ω  of ,Ω∈A  then ( ) ( ),lim 1 i
ni

in
AmAm =

=+∞→
∑=  for the topology of 

E. We say that m is relatively weakly compact, if for each 
{ ( ) }ABBBmA ⊂Ω∈Ω∈ ,,,  is relatively weakly compact. By the 

Theorem 3 ([10], page 53), a vector measure is relatively weakly compact, 
if and only if it can be extended to a clan;-δ  but this is equivalent to say 

that m is with finite variation. Like in [25], page 140, see also [10] or [11]: 
if ,Ω∈A  let ( )AMm  be the closure in E of all the sum ( ),iiIi Amλ∑ ∈  

where { }IiAi ∈,  is an Ω -partition of A and where Ri ∈λ  with .1≤λi  

We have ( ( )) ( ),: AmAMy ym =δ∗  where ym  is the total variation 

of the scalar measure ( ) Eyymmy ′∈>=< ,,.  (cf. [25], Lemma 5.1, page 

141). We have therefore that ( ),: EccMm →Ω  is a weak set-valued 

measure, which is s-compact and monotone. We have the situation of 
Case 1. 
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In the two following cases, T will be a locally compact space, which is 
metrizable and separable. We denote by ( ),TK  the collection of all the 

numerical continuous functions, defined on T, with compact carrier. 

Case 3. The set-valued function, ( ) ( ),: EcfTKI →+  is said to be      

s-compact, if there exists an increasing sequence ( )nh  of ( ),TK+  which is 

convergent pointwise to T1  (we denote Tnh 1↑ ), and such that for each 

( ) ( )., EcchINn n ∈∈ ∗  The set-valued function I is said to be monotone, 

if ( ),0 fI∈  for each ( ).TKf +∈  If we take on ( )TK+  the inductive limit 

topology, defined by the spaces ( ),KK  where K is a compact subset of T, 

and on cfb(E) the Hausdorff one, a set-valued Radon measure I, is a 
mapping ( ) ( ),: EcfbTKI →+  which is additive, homogeneous, and 

continuous. For a set-valued Radon measure I, let us set 
{ ( ) ( ) ( )},, EccfITKfH ∈∈=  and ( ) ( ) ( ).,: 11 fIfIEccHI =→+  The 

set H is a Riesz subspace of ( ).TK  By the Proposition III-1-1 [11], see also 

Proposition 3.2 [16], 1I  is a secondary set-valued Daniell integral. 

Case 4. We suppose that E is a Banach space, and ( )TC0  is the 

collection of all the continuous functions null at infinity. Let ( ) ,: ETKu →  

be a weakly compact Radon measure, i.e., which transform the unit ball of 
( ),0 TC  to a relatively weak compact subset of E. Like in [25], page 155, 

or [16], if we set ( ) ( ) ( ){ },,: fgTKggufMu ≤∈=  with ( ),TKf +∈  

then ( ) ( ),: EccTKMu →+  is a secondary Daniell integral, since 

( ( )) ( ),, fufMy yu =δ∗  where yu  is the absolute value of the scalar 

Radon measure yu  defined by ( ) ( ) ( ).,, TKgyguguy ∈>=<  We have 

given in [16] the link with [28] and [18]. 

In all these four cases, we have the following situation: 

We consider H a Riesz subspace of ,TR  and I a secondary Daniell 
integral, defined on +H  with values in ( ),Ecc  which is s-compact; I is 
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said to be s-compact, if there exists an increasing sequence ( )nh  of ,+H  

which is convergent pointwise to T1  (we denote Tnh 1↑ ), and such that 

for each ( ) ( )., EcchIn n ∈∈ ∗N  

We denote by ∨H  (resp., ∧H ), the collection of all the functions, 
which are increasing (resp., decreasing) limits of functions of { ,HhH ∈=+  

}.0≥h  If fhn ↑  and ,gkn ↓  with +∈ Hhn  and ,+∈ Hkn  we set 

( ) ( ),sup n
n

hIfI =∨  and ( ) ( ).inf nn
kIgI =∧  We denote by ,∗I  the upper 

integral of I; see [9], [11] or [15]: ( ) { ( ) },,,inf fHIfI ≥ψ∈ψψ= ∨∨∗  if 

this set is nonempty, otherwise, we take ( ) ,EfI =∗  and by ( ):fI∗  

( ) { ( ) },,,sup fHIfI ≤φ∈φφ= ∧∧
∗  and we set, ( ) { ,1 TfIL ++ ∈= R  

( ) ( ) ( )},EcfbfIfI ∈= ∗
∗  for the space of integrable functions, which is a 

reticulated convex cone, see [9] or [11]. If ( ) ( )fIfIILf ∗
+ =∈ ∫,1  is 

additive and positively homogeneous. We will denote this by ( ) I.∫  or I. 

We set if ( ) ( )( ),,, hIyhIHh y
∗

+ δ=∈  and if ( ) ( ) −=∈ +hIhIHh yy,  

( ).−hI y  If we set { ( ) ( )},, EcfbfIfH T ∈∈= ∗∗ R  then ( )≤+∗ ,,H  is a 

Riesz subspace of .TR  We denote by ( )0V  the collection of all the 

neighbourhoods of 0 in E, and if ( ),0VV ∈  we set { ( ) }., VfIfV T ⊂∈= ∗∗ R   

We denote by ( ),0∗V  the collection of all the ,∗V  where ( ).0VV ∈  The 

set ( ),0∗V  is a filter basis of 0 of .∗H  We have defined in ∗H  a topology 

for which ∗H  is a locally convex space. 

Definition 2.1. (1) A function f of TR  is I-negligible, if ( ) { }.0=∗ fI  

(2) A subset A of T is I-negligible, if A1  is I-negligible. 

(3) A propriety ( )tp  is true almost everywhere (I-a.e or a.e), with 

respect to I, if the set of t where [non ( )tp ] is true is negligible. 
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(4) A function defined I-a.e on T, with values in ,R  is I-measurable, if 

it is limit I-a.e of a sequence of H. 

(5) A subset A of T is I-measurable, if A1  I-measurable. 

(6) We set ( ) {fI =+
1£ defined I-a.e on ( ) }.a.e-,, 1 IgfILgT =∈∃ +  

(7) We set also ( ) {fTF =R, defined I-a.e on ( ) ( )}., EcfbfIT ∈∗  

(8) Wet denote by ( ),1 IA  the closure of H in .∗H  

For ( ),, RTFf ∈  we denote ( ) { ( ( )) }.1,,sup1 ≤′∈δ= ∗∗ yEyfIyfN  

A sequence ( ) ∗∈Nnnf  of ( )R,TF  converges in mean to f, if 
n

lim  

( ) .01 =− ffN n  The topology of ( ),, RTF  defined by the semi-norm ,1N  

is the topology of the convergence in mean. The topology of ∗H  is the one 

induced by .1N  Now, we set ( ) [ ] ==
1

1
NHIL  the closure of H in 

( )., RTF  The following Proposition 2.2, gives successively, the 

Propositions 7 and 13, the Theorems 6 and 1, we had obtained in [9]. 

Proposition 2.2. We consider ,Tf R∈  and ;Ey ′∈  

(1) We have ( ) ( ) ( ( )).fIyfI y
∗∗∗ δ=  

(2) If ( ) ( ),EcfbfI ∈∗  then we get ( ) ( ) ( ( )).fIyfI y ∗
∗

∗ δ=  

(3) We have also ( ) ( ),11
yEy ILIL +′∈+ = ∩  and if ( ),1 ILf +∈  then 

( ) ( ( )) .. yIfIyfIfy ∫∫∫ =δ=δ ∗∗  

(4) If ( )nf  is an increasing sequence of ,T
+R  we have ( ) =∗

n
n

fIsup  

( ( )).sup n
n

fI ∗  
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Remark 2.3. We note that ( ) { ( ( )) }1,,sup1 ≤′∈δ= ∗∗ yEyfIyfN  

{ ( )} ( )( ),0,,sup fIDHfIxx ∗∗ =∈=  where DH is the Hausdorff 

distance. The reason why we use the first expression is to do not loose the 

statements 1, 2, and 3 of Proposition 2.2, i.e., the relation between the 1L  
over set-valued measures and scalar measures. Indeed, this will be very 
important in this paper, specially in the proof of Theorem 3.13. 

The Theorem 2.3 is Theorem 3.3 of [11]. The Theorem 2.4 is Theorem 
4.17 of [12], the Corollary 2.5 is Corollary 4.19 of [12]. The Theorem 2.6 is 
Theorem 2 of [10], the Proposition 2.7 is Proposition 3.7 of [16], and 
Proposition 2.8 is Proposition 3.5 of [16]. 

Theorem 2.4. (1) If f is I-measurable and nonnegative, and if ( )fI ∗  

( ),Ecfb∈  then ( ).1 If +∈ £  

(2) If f is I-measurable and if ( ) ( ),EccfI ∈∗  then ( ).1 If L∈  

Theorem 2.5. (1) Let ( )nf  be an increasing sequence I-a.e of ( ),1 I+£  

such that there exists ( ),, RTFg ∈  with gfn ≤  I-a.e for each n,          

and ( ) ( ),EccgI ∈∗  then ( ) nn
n

fIff ,sup 1
+∈= £  converges to f in mean, 

( ).EccIf ∈∫   

(2) If nf  is a decreasing I-a.e sequence of ( ),1 I+£  with ( ),EccIfn ∈∫  

then ( ) ( ),,inf 1 EccIfIff nn
∈∈= ∫+£  and nf  converges in mean to f. 

(3) Let ( )nf  be a sequence of ( ),1 I+£  such that there exists 

( ),, RTFg ∈  with gfn ≤  I-a.e for each ,∗∈ Nn  and ( ) ( ).EccgI ∈∗  If 

( )nf  converges pointwise I-a.e to f, we have ( )If 1
+∈ £  and ( )nf  converges 

in mean to f. In all these three cases, we have ,lim IfIfnn ∫∫ =
+∞→

 for 

topology of ( ).Ecc  
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Corollary 2.6. Let ( )nf  be a sequence of ( ),1 IL  which converges I-a.e 

to f, if there exists ( ),1 Ig +∈ L  with ( ),EccIg ∈∫  and gfn ≤  I-a.e for 

each ,∗∈ Nn  then ( )If 1L∈  and IfIf nn ∫∫ +∞→
= lim  for the Hausdorff 

topology of ( )Ecc  and ( )nf  converges in mean to f. 

Theorem 2.7. We denote by ( ),MS  the collection of all the additive 

sections of M. 

(1) We assume that M is monotone for each y of ,E ′  there exists       

( ),MS∈µ  such that ( )( ),.Myy
∗δ=µ  where ( ) .,. yy µ=µ  

(2) If E is complete, then M is with values in ( ),Ecc  if and only if 

( ) .0/≠MS  

Proposition 2.8. (1) If we take the closure in ,∗H  we will have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )., 1
1

1
1

1
1

1
1 TKITKandIILTKITK =⊂⊂⊂=⊂ +++++ AA £  

(2) In the same way, if we take the closure in ( ),, RTF  we will have 

( ) ( ) ( ) ( ) ( ) ( )., 1
1

1
1 TKITKandTKITK ++++ =⊂=⊂ LL  

Proposition 2.9. (1) If E is complete, then I is with weakly compact 
values. 

(2) If E is a normed space, we have 

(i) The inductive limit topology on ( )TK  is finer than the topology 

induced on ( ),TK  by ∗H  or ( ),, RTF  i.e., the topology of the convergence 

in mean; 

(ii) ( ) ( ) ( ) ∨
+++ ⊂⊂⊂ HTKHITK ,1A  and therefore ( )[ ] .∨+

∨ = TKH  

( ) 1. I∫  extend I; 
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(iii) I is uniformly continuous, since so is ( ) .. 1I∫  

We give now examples of s-compact set-valued measures: 

Example 2.10. Let ( )nRβ  be the Borelian tribe of nR  and λ  a        

σ -finite measure on ( ).nRβ  We set 

( ) ( ),: RR cfM n →−β  defined by 

( ) ( )[ ] ( ) ,if,,0 +∞<λλ= AAAM  

and ( ) [ [,,0 ∞+=AM  otherwise, 

M is a monotone set-valued measure, which is s-compact. The additivity 
comes from the Riesz decomposition property, see Perissini [19], page 8, 
or Thiam [25], page 173. 

Example 2.11. Let Ω  be the clan generated by the compact subset   
of a locally compact metrizable and separable topological space. If   

Ω:M  ( )Ecc→−  is a monotone set-valued measure, therefore M is          

s-compact. 

Example 2.12. Let ( )dxLET nn ,, 1 RR ==  and Ω  be the clan 

generated by the compact subset of .nR  For ,Ω∈A  let us set 

( ) { },10, AfEfAN ≤≤∈=  

N is a set-valued measure because 

( )( ) ( ).,1 dxLfdxfANy A
∞+∗ ∈∀=δ ∫  

Moreover, N is monotone and s-compact: From Valadier [29], we have 
( ) ( ).EccAN ∈  
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3. The Spaces ( )( ) ] [∞+∈ ,1, pIpL  

Definition 3.1. We set 

(1) {fFp = defined I-a.e on ( ) ( )},, EcfbfIT p ∈→ ∗R  with .1≥p  

(2) ,: +→ Rpp FN  if ( ) [ ( ( )] =δ=∈ ∗∗

≤′∈
pp

yEy
pp fIyfNFf

1

1,
sup,  

[ ( )] .
1

1 ppfN  

Proposition 3.2. If pFgf ∈,  and ,R∈a  we have pFgf ∈+  and 

.pFaf ∈  

Proof. If ,, R∈ba  we have [ ].,max2 bababa ≤+≤+  We 

deduce that [ [ ]] [ ].2,max2 ppppp bababa +≤≤+  We obtain for 

[ ],2:, pppp
p gfgfFgf +≤+∈  I-a.e. Since ∗I  is increasing, sub-

additive, and positively homogeneous, we get [ ] [ ( )ppp fIgfI ∗∗ ⊂+ 2  

( )].pgI ∗+   

Theorem 3.3. Hölder’s inequality: 

Let ,, qp FgFf ∈∈  where ] [,,1,,111 ∞+∈=+ qpqp  we have 

,1Ffg ∈  and ( ) ( ) ( ).1 gNfNgfN qp≤  

Proof. Let ,, +∈ Rba  we have .q
b

p
aab

qp
+≤  We get therefore 

q
g

p
ffg

qp
+≤  I-a.e, and ( ) ( ) ( ) ( ),11 EcfbgIqfIpfgI qp ∈+⊂ ∗∗∗ �  and 

.1Ffg ∈  If we set ( )fN
fa
p

=  and ( ) ,gN
gb
q

=  we obtain ( ) ( )gNfN
fg

qp
 

[ ( )] [ ( )]
,q

q

q

p
p

p

gNq
g

fNp
f

+≤  I-a.e, thus ( )
( ) ( )

( )
[ ( )]pp

p

qp fNp
fI

gNfN
fgI ∗∗

⊂  
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( )
[ ( )]

.q
q

q

gNq
gI ∗

+  This means ( )
( ) ( )

( )
[ ( )]

( )
[ ( )]qq

q

p
p

p

qp gNq
gN

fNp
fN

gNfN
fgN 111 +≤   

.111 =+= qp   

Theorem 3.4. Minkowski’s inequality: 

Let ,, pFgf ∈  we have ( ) ( ) ( ).gNfNgfN ppp +≤+  

Proof. Let ] [∞+∈ ,1p  and q so that ,111 =+ qp  since 

11 −− +++≤+ ppp gfggffgf  I-a.e, we get 

[ ] [ ( ) ] [ ( ) ].1
1

1
11

−− +++≤+ ppp gfgNgffNgfN  

We apply now the Hölder’s inequality Theorem 3.3 to get 

[ ] ( ) [( ) ] ( ) [( ) ],11
1

−− +++≤+ p
qp

p
qp

p gfNgNgfNfNgfN  

and this end the proof, since [( ) ] [( ) ] .
11

1
1 ppp

q gfNgfN −− +=+   

Definition 3.5. We set ( ) {fIp =+£  defined I-a.e on ( )},, 1 IfT p
+∈ £  

( ) [ ] == Np
p HIL  the closure of H in ,1, ≥pFp  for the topology of 

the convergence in mean of order p, defined by the semi-norm .pN  

The reason of the difference in the notation of the two spaces in the 
Definition 3.5, can be found in [12] or [13]. 

Theorem 3.6. (1) ( ) ( )II pp L,+£  are complete for the topology of the 

convergence in mean of order p, defined by the semi-norm .pN  

(2) Let ( )nf  be a sequence of ( ),Ip
+£  or ( ),IpL  which converges to f in 

mean of order p, therefore there exists a subsequence ( )knf  of ( ),nf  which 

converges I-a.e to f. 
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Proof. For ,1=p  this is the Theorem 4.6 of [12] or [13]. Let ( )nf  be 

a Cauchy sequence of ( ),Ip
+£  there exists a subsequence ( )knf  of ( )nf  

such that [ ] .1,311 ≥∀<− −
+

kffN kp
nn kk  We deduce that ( ∗∗δ Iy  

( )) .1,,31 ≥∀′∈∀<− −
+

kEyyff kp
nn kk  Since [ ] ≤−+− pkhgf  

[ ],2 ppp khgf −+−  we obtain ,2 11
11

y
p

nn
n

k

p
y

p
nn

n

k
IffIff kkkk −≤−

++ ∫∑∑∫
==

 

,Ey ′∈∀  and .32
11

1 +∞<≤− −
+∞

=

+∞

=
∑∫∑ +

yIff k

k

p
y

p
nn

k
kk  By the theorem 

of integration term by term of a series, and by the Theorem I-1-6 of [11], 

or Proposition 2.2 assertion (3), we get ( ),1

1
1 Iff p

nn
k

kk +

+∞

=
∈−

+∑ £  thus 

p
nn

k
kk ff −

+∑
+∞

=
1

1
 is finite I-a.e, by Proposition 3.4 statement (iii) of [12] 

or [13]. Let us set { }.21
p
k

kk nnk ffTtM
−

≥−∈=
+

 We have 

p
nnM

k
kkk ff −≤

+
−

112  I-a.e, and ,12 1 IffI p
nnM

k
kkk −⊂

+∫∫−  i.e., 

( ) ( ) .312 111
kp

nnM
k

kkk ffNN −− <−≤
+

 Let N be a nonnegative integer. 

If ,1 kNk Mt +∞
+=∈/ ∪  we have ( ) ( ) ,21

p
k

kk tftf nn
−

<−
+

 i.e., ( ) ( )tftf kk nn
k

−
+∑

+∞

=
1

1
 

., 1 kNk Mt +∞
+=∈/∀+∞< ∪  Let us set ,1 kNkN MM +∞

+== ∪∩  we get 

( ) ( ) .,1
1

Mttftf kk nn
k

∈/∀+∞<−
+∑

+∞

=
 Since ,kMM ⊂  and ( )kMN 10 1≤  

( ) ,3
2 k≤  we obtain ( ) ( ) .,3

210 1 kN k
M ∀≤≤  This mean’s that M is         

I-negligible, thus ,1
1

+∞<−
+∑

+∞

=
kk nn

k
ff  I-a.e. From the relation 1nn ff k =  

( ) ( ),112 −
−++−+ kk nnnn ffff …  we deduce ,1 gff nnk +→  I-a.e, where 
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( ) ( ( ) ( )),1
1

tftftg kk nn
k

−=
+∑

+∞

=
 if ( ) ( ) ,1

1
+∞<−

+∑
+∞

=
tftf kk nn

k
 otherwise, we 

take ( ) .0=tg  Now, if we set ,1 gfh n +=  we obtain 0→− p
n hf k  I-a.e. 

Since p
n hf k −  is a Cauchy sequence of ( ),1 I+£  and since, by Theorem 

4.6 of [12] or [13], ( )I1
+£  is complete, we obtain [( ) ] ,0lim 1 =−

+∞→
p

nn
hfN kk

 

i.e., [( )] .0lim =−
+∞→

hfN kk
npn

 From the inequality ≤− p
n hf  

[ ]p
n

p
nn

p hfff kk −+−2  I-a.e, we deduce that ( ) [ 11 2 NhfN pp
n ≤−  

( ) ( )].1
p

n
p

nn hfNff kk −+−  If we take ,knn ≤  and if ,+∞→n  then 

( ) ,0lim 1 =−
+∞→

p
nn

hfN  i.e., ( −
+∞→ npn

fNlim ) .0=h  We have also 

,hf kn →  I-a.e, and for the statement 2, hf =  I-a.e.   

Proposition 3.7. (1) ( ) {fIp ⊂L I-measurable, ( )}.1 If p
+∈ £  

(2) ( )IpL  is reticulated and ( ) ( ) ( ).III ppp
++ −= LLL  

(3) ( ) [ ] .p
p FinHI ++ =L  

(4) The mapping ( ) ( ),: EcfbII p →+£  is continuous. 

(5) and ( ) ( ).II pp
++ ⊂ £L  

Proof. If ( ),If pL∈  then f is I-measurable by Theorem 3.6, and using 

Theorem II-3-1 of [11], or 3.3 of [15], see also Theorem 2.4, we obtain the 

statement 1. If ,,,, Tdcba R∈  we have ( ) ( )dcba ,sup,sup −  

,dbca −+−≤  and ( ) ( ) .,inf,inf dbcadcba −+−≤−      

Therefore, we get ( ) ( ) [ ],2,sup,sup pppp dbcadcba −+−≤−  and 

( ) ( ) [ ].2,inf,inf pppp dbcadcba −+−≤−  If ,,,, dcba  are taken in 

,pF  these inequalities old I-a.e. For ,0>ε  and ( ),, 21 Iff pL∈  there 
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exists ,, 21 Hhh ∈  such that ( ) ,
2 1+
ε<− p

p
iip hfN  for .2,1=i  We obtain 

[( ( ) ( )) ] ( ( ) ( ) ] ,2,Sup,Sup 2111211
ppppp hfNhfNhhgfN ε≤−+−≤−  

we have therefore ( ( ) ( )) ,,Sup,Sup 21 ε≤− hhgfN p  thus ( )IpL  is 

reticulated and we get ( ) ( ) ( ).III ppp
++ −= LLL  If ( ) ,0, >ε∀∈ + If pL  

∈∃h ,H  such that ( ) ,ε<− hfNP  since hfhf −≤− +  I-a.e, we obtain 

( ) .ε<− +hfN p  We have therefore ( ) [( )++ ⊂ HIpL  in ,pF  thus ( ) =+ IpL  

[( )]+H  in .pF  Since ( )Ip
+£  is complete, therefore closed in ,pF  and since 

( ),IH p
++ ⊂ £  we get ( ) ( ).II pp

++ ⊂ £L  For the statement 4, if ( )nf  

converges to f in ( ),Ip
+£  we have p

n ff −  converges to 0 in ( )I1
+£  thus 

( )p
n ffI −∗  converges to 0 in cfb(E).   

Theorem 3.8. (1) Let ( )nf  be an increasing sequence of ( )Ip
+£  and 

pFg ∈  such that ( ) ( ),EccgI p ∈∗  with gfn ≤  I-a.e for all ,∗∈ Nn  we 

have ( ) ( ),,sup EccIfIff pp
n

n
∈∈= ∫+£  and ( )nf  converges to f in mean 

of order p. 

(2) Let ( )nf  be a decreasing sequence of ( ),Ip
+£  with ( ),EccIfn ∈∫  

then we have ( ),inf Iff p
nn +∈= £  and ( )nf  converges to f in mean of       

order p. 

(3) Let ( )nf  be a sequence of ( ),Ip
+£  which converges I-a.e to f, and 

pFg ∈  such that ( ) ( ),EccgI p ∈∗  with gfn ≤  I-a.e for each n, then 

( ),EccIf p ∈∫  and ( )nf  converges to f in mean of order p. 

(4) In all these cases, we have ,lim IfIf pp
nn ∫∫ =

+∞→
 in ( ).Ecc  
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Proof. We apply the Theorem II-1-3 of [11], see Theorem 2.5, to the 

sequence ( ) ,p
nf  to obtain in the three cases ( ) ,0lim 1 =−

+∞→
pp

nn
ffN  

( ),If pp
+∈ £  and ,lim IfIf pp

nn ∫∫ =
+∞→

 for the Hausdorff topology of 

( ).Ecc  Applying again the Theorem II-1-3 to the sequence ,p
n ff −  we 

get [ ] ,0lim 1 =−
+∞→

p
nn

ffN  i.e., ( ) .0lim =−
+∞→

ffN npn
  

Corollary 3.9. Let ( )nf  be a sequence of ( )IpL  such that there exists 

( ),Ig p
+∈ L  with ( ),EccIg p ∈∫  and gfn ≤  I-a.e .n∀  If ( )nf  converges 

to f I-a.e, then ( ),If pL∈  and ,lim IfIf p
nn

p ∫∫ +∞→
=  for the Hausdorff 

topology of ( ).Ecc  Moreover, we have ( ) .0lim =−
+∞→

ffN npn
 

Proof. We apply the Corollary II-1-1 of [11], see also 2.6 to the 

sequence ( ),p
nf  and to the sequence ( ),p

n ff −  to obtain the result.   

Theorem 3.10. We assume that E is a Banach space. 

(1) Let f be an I-measurable function such that ( ) ( ),EccfI p ∈∗  

therefore ( ).If pL∈  

(2) We have ( ) {fIp =L I-measurable, ( ) ( ) ( )}., EccfIIf pp ∈∈ ∗
+£  

Proof. If ,,0 +∈∃≥ Hhf n  such that ( )nh  converges I-a.e to f. If we 

set { },,,inf knnn hhk +=Φ …  we have .inf knknn hk ≥
=Φ↓Φ  From the 

Corollary 3.9, we get ( ).Ip
n L∈Φ  Since ,fn ↑Φ  and ( ) ( ),EccfI p ∈∗  

using again the Corollary 3.9, we get ( ).If pL∈  If f is not positive, since 

we have ,−+ −= fff  thus ( ) ( ) ( ),IIIf ppp LLL =−∈ ++  we obtain           

{f I-measurable, ( ) ( ) ( )} ( )., IEccfIIf ppp L⊂∈∈ ∗
+£  
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The inclusion ( ) {fIp ⊂L I-measurable, ( )}If p
+∈ £  comes from 

Proposition 3.7. Since E is complete, by Theorem 2.2 of [10], or Theorem   

I-2-2 of [11], see also 2.7, if ( ),If p
+∈ £  then ( ) ( ).EccIf p ∈∫  The 

Theorem I-2-2 of [11] comes from Theorem 1, page I-5 of [3], and the 
theorem of James Pryce [20].   

Notation. ( ) =IpL  the quotient space of ( ),IpL  for the equivalence 

relation I-a.e. 

Theorem 3.11. Setting ( ),fNf pp =  for ,ff ∈  we have 

[ ( )( ) ]p
p I .,L  is a Banach space. 

Proof. This comes from the Theorem 3.6.   

Theorem 3.12. The space ( )( )IpL  is uniformly convex, therefore 

strictly convex and reflexive. 

Proof. The proof is the same as the one in page 358 of [6], he uses a 

method of McShane [7]. Let ,0>ε  and ( )( ),, Igf pL∈  such that 

,1,1 ≤≤ pp gf  with .ε≥− pgf  Let us denote by M the collection of 

all ,Tt ∈  such that 

( ) ( ) [ ( ) ( ) ] [ ( ) ( ) ] a.e.-,sup44 Itgtftgtftgtf ppppppp ε≥+ε≥−  (3.1) 

If we take R=E  in (9’), page 357 of [6], we obtain the following 
inequality on the I-measurable set M: 

[ ( ) ( )] [ ( )] [ [ ( ) ( ) ]].2
1

4
12

1
1

pp
p

p tgtftgtf
p

+εδ−≤+  (3.2) 

If we set ,MTN −=  we obtain from 3.1, [ +ε⊂− ∫∫ pp
N

p fIgf 41  

] ,Ig p  thus 
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( ) [ ( ) ( )] .241 111
pppp

N
p gNfNgfN ε≤+ε≤−  

We obtain [ ] [ ] [ ] ≤−+−≤−≤ε N
p

M
ppp gfNgfNgfN 11 111  

[ ] ,211
p

M
pgfN ε+−  thus [ ] [ ] ,112 1

p
MpM

pp
gfNgfN −=−≤ε  we 

get 

[ [ ]] .
2

1 1
p

Mp gfN ε≥−  (3.3) 

Since [( ) ] ( [ ( ) ( )]) ,1,1sup211
p

MpMp
p

M
p gNfNgfN ≤−  we get from 

3.3, 

[ [ ]] [ ( ) ( )],1,1sup21
2

1 MpMpMp gNfNgfN
p

≤−≤ε  (3.4) 

and 

[ ( ) ( )] .
2

1,1sup 11 p
MpMp gNfN

+

ε≥   (3.5) 

Using the statement 3.2, we obtain 

[( ( )) ( ( )) ] [ ( )] ,142
1

2
1 a

p

gfNgNfN p
p

p
p

p
p

p
εδ≥+−+  (3.6) 

where [( ( )) ( ( )) ] [( ( )) ( ( )) ].,sup2
1

2
1 p

p
p

p
p

p
p

p gNfNgNfNa ≥+=  

From 3.4 or 3.5, we deduce [( ( )) ( ( )) ] ,
2

1,1sup 1+
ε≥ p

pp
Mp

p
Mp gNfN  

thus [( ( )) ( ( )) ] .
2

,sup 1+
ε≥ p

pp
p

p
p gNfN  With the statement 3.6, we 

obtain 

[( ( )) ( ( )) ] [ ( )] .
24

2
1

2
1

21 +
εεδ≥+−+ p

p
p

p
p

p
p

p
p

p
gfNgNfN  
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Since [( ( )) ( ( )) ] ,12
1 ≤+ p

p
p

p gNfN  we get [ ] [
p

p
p

pgf 1
4

12
1 εδ−≤+  

],
2 2+
ε
p

p
 and [ ] [ ] ,

24
12

1 1
1 2 p

p
p

p
ppgf

+
εεδ−≤+  for all ( )( )., Igf pL∈  

Such that, ,1,1 ≤≤ pp gf  with .ε≥− pgf  Therefore, by the 

Clarkson criterion [2], ( )( )IpL  is uniformly convex.   

Theorem 3.13. We assume that E is a Banach space. Let ∈qp,  

] [∞+,1  be conjugated, i.e., .111 =+ qp  Therefore, the topological dual of 

( )( )IpL  is ( )( ) [ ( )( )] ( )( ).: III qpq LLL =′  

Proof. By the Theorem 3.10, we have 

( ) {fIp =L I-measurable, ( ),If p
+∈ £  with ( ) ( )}EccfI p ∈∗  

{f= I-measurable, ( ),If p
+∈ L  with ( ) ( )}EccfI p ∈∗  

{f= I-measurable, ( )}.If p
+∈ L  

Moreover, by the Remark II-1-8, page 36 of [11], see also Remark 4.16 

[12] or [13], we have ( ) ( ) ( ).111 III yEy ++′∈+ == L££ ∩  We get 

( ) ( ),y
p

Ey
p II +′∈+ = LL ∩  and ( ) ( )( ) ( )( )III ppp

++ −= LLL ( )( ),y
p

Ey IL′∈= ∩  since 

.−+ −= fff  We obtain [ ( )( )] [ ( )( )] [ ( )( )] ,′=′⊂′ ′∈ III p
y

p
Eyy

p LLL ∩  we 

deduce that [ ( )( )] [ ( )( )] ,′⊂′′∈ II p
y

p
Ey LL∩  i.e., ( )( ) ( )( ) ⊂= ′∈ y

q
Ey

q II LL ∩  

[ ( )( )] .′IpL  Now, we set ( )( ),IG qL=  which is closed in 

[ ( )( )] [ ( )( )] ( )( )y
q

y
pp III LLL =′′ :  is closed in [ ( )( )] .′IpL  

Let [ ( )( )] [ ( )( )] ,: GII qp ′=′→″φ LL  i.e., ( ) ( ) [ ( ) ( )] ,: ′→φ II qp LL  be the 

canonical injection. The orthogonal of G is the kernel of ,φ  i.e., ( ).ker φ=⊥G  
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We get, since ( ) { },0ker =φ  that the quotient space [ ( )( )] ,⊥″ GIpL  is      

by (3), page 93 of [6], topologically isomorphic to .G′  On the other hand, 

[ ( )( )] ( )( ),II pp LL =″  we get ( )( ) [ ( )( )] .′= II qp LL   

Corollary 3.14. Let E be a Banach space. If ] [,,1 ∞+∈p  we have 
( )( )IpL  is uniformly smooth, this is equivalent to say that it’s norm is 

uniformly strongly differentiable. 

Proof. By the Theorem 3.13 [ ( )( )] ( )( ),II pq LL =′  since ( )( )IqL  is 

uniformly convex, by (9), page 365 of [6], ( )( )IpL  is uniformly smooth. 

This is equivalent, by (6), page 364 of [6], that it’s norm is uniformly 
strongly differentiable. 

Theorem 3.15. Let T be a locally compact space, which is metrizable 
and separable, and I be an s-compact set-valued Radon measure with 

values in ( ).Ecfb  We have ( )( ) [ ( )] ,
pN

p TKI =L  i.e., ( )TK  is dense in 

( )( ),IpL  for .1≥p  

Proof. Since we are in the quotient space, by ,pN  we denote the 

norm. By Proposition III-1-4 of [11], see also Proposition 2.9, we have the 
result for .1=p  

If ( ),TKf ∈  then ( ) ( )( ),1 ITKf p L⊂∈  

by Proposition III-1-3 of [11]. We deduce that ( ) ( )( ).ITK pL⊂  Since 
( )( )IpL  is complete, thus closed in the quotient space of ,pF  we obtain 

[ ( )] ( )( ).ITK p
N p

L⊂  In [15], we had set { ( ) ( ) ( )},, EccfITKfH ∈∈=  

and had obtain in Proposition 3.7 ( ) ( ),1 TKI =L  in the same way, we 

have ( ) [ ( )] .
pN

p TKI =L  Since ( ),TKH ⊂  we get the result. We note 

that if E is complete, then ( ),TKH =  since by Proposition 2, page I-15 of 

[17], cc(E) is closed in cfb(E).   
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Proposition 3.16. The inductive limit topology on ( ),TK  is finer 

than the one induced on ( )TK  by .pN  

Proof. Let K be a compact subset of T, and ( )TKf ∈  such that 

( ) .Supp Kf ⊂  We have ( ) ( ),11 Ku
pp NffN ϕ≤  where 

( ) ( ) [ ] ( ) .if1with,1,0, KttTttTK KKK ∈=ϕ∈∀∈ϕ∈ϕ  

We get [ ( )] [ ( )] .p
Kpu

pp
p NffN ϕ≤  Since there exists Kt ∈0  such that 

[ ] ( ) ,0
1

uu
p ftff p ==  we obtain ( ) ( ).Kpup NffN ϕ≤   

Remark 3.17. We have here, new kind of ( )pL  spaces, whose 
properties need to be investigated more deeply. For example, a problem is 

: how to define the duality ( )( ) ( )( ) ., II qp LL  

Remark 3.18. For other references about the professor Thiam, one 
may consult [21], [22], [23], [24], and [26]. 

Remark 3.19. Something relevant is: most of the proofs, are direct 

adaptations, of the methods and techniques, used in the classical ( )pL  
spaces. We wonder if these adaptations, could be possible, from the 
previous existing works in this field, before the results we presented in 
[11]. Working with a set valued integral, like in the positive scalar case, 
is quite surprising and unusual. 
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