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Abstract

Let m be a positive integer. Denote to the ring Z /(m) by R,,, and a Cartesian
product of n copies of Z/(m) by R},. Let f(x) be a quadratic polynomial in
Z[x1, ..., xp]. Write f(x) = Q(x)+a-x+c, where a € Z", c e Z, and Q(x)
is a quadratic form given by Q(x) = %XAXT, where A is a symmetric nxn
matrix with integer entries. Assume gcd(det A, m) =1, unless we mention
else. Let V be the set of points in Rj, satisfying the congruence
f(x) = 0(modm). If dlm and x, y € R}, we shall say x = y(modd) if x is

congruent to y modulo the ideal dR,,. For any subset S of R}, and divisor d of
m, let n(S, d) = |{(s1, s3) € Sx S : 51 = sg(mod d)}|, where || denote to the

cardinality. Let ¢ denote the Euler phi-function, T(m) denote the number of

distinct positive divisors of m, and for positive integers m,n set
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@, (m) = zd>1,d\m¢(d)din/2’ In this paper, we shall prove that for any

subsets S and T of R}, with |S| < |T|, we have

IS +T)NV| 2 m™YT| - mYY s Z o(d)d (S, )M (T, d)M2.

d>m
dlm

We also show that the above result can be made more precise when S + 7T is a
box of points in R]..

1. Introduction

Let R,, = Z /(m) be a finite ring. Let f(x) be a quadratic polynomial

in Z[xq, ..., x,,]. We can write
fx)=Qkx)+a -x+c, (1)

where a € Z", ¢ € Z, and Q(x) is a quadratic form given by
1 T
Q(X) = E xAx ’ (2)

where A 1s a symmetric n x n matrix with integer entries. Throughout

this paper (with the exception of Lemma 2), we shall assume that

ged(det A, m) = 1. Let Vbe the algebraic subset of R}, defined by
f(x) = 0 (mod m).

If dm and x,y e Ry, we shall say that x = y(modd) if x is
congruent to y modulo the ideal dR,,. For any subset S of R;, and
divisor d of m, let

NS, d) = [{(s1, s3) € Sx S : 8 = s (mod d)}.

Let ¢ denote the Euler phi-function, t(m) denote the number of distinct

positive divisors of m, and for positive integers m, n set
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() = 3 dd)d ™.

d>1
dlm

Our main result is

Theorem 1. For any subsets S and T of Ry, with |S| < |T|, we have

(S +T)YNV] = m T - m S| o(d)d" (S, d)/*n(T, d)'/*.

d>m
dlm

The proof of the theorem will be given latter in Section 3. The result

can be made more precise when S + T is a box of points in R,,, that is,

the image B of a box B in Z" under the canonical mapping of Z" onto

R}, where

B={xeZ" :q; <x; <a; +m;}, 3)
for some a;, m; € Z with 0 < m; < m, 1 <i < n. In this case, we obtain

Corollary 1. Suppose that n > 4. Let B be a box in R, whose sides

m»
are all of the same length M < m, that is, let B be the image of a box B
as given in (3), where m; = M,1<i<n. Put c = [(M +1)/2]. Then

n

_ n (m/2)+1
BNV 2%(1—Cbn(m)—2n tm) _m (2n%+1)].
C

1/2+1/n

In particular,if n =2 6 and M >> m , then BNV is nonempty.

The second part of the corollary follows immediately from Lemma 1 of
next section. The first part of the corollary will be proven after the proof

of Theorem 1.
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2. Lemmas

Lemma 1. If n > 4, then for any integer m > 1,

®,(m) < H(1 + pn/D)_q, (4)

plm
where the product is over all primes p dividing m. In particular, if n > 6,
then for all m > 1, ®,(m) < 92-(n/2)
Proof. Let s=n/2 and set g(m)= zd‘md)(d)dfs, so that

@, (m) = g(m)-1. Since ¢(d) and d™° are both multiplicative, g(m) is
multiplicative. If p is a prime and e > 1, then
e

g(p®) =1+ Z(pi -p! )p_Si

i=1

e
=1+1-p ")) ptr
=1

o0
1=0

1-s 1 - p_l

=1+p
1_p1—s

<1+p'*,

the last inequality follows since s > 2. The first part of the lemma now

follows from the multiplicative property of g(m).

Now suppose that n > 6. Again, letting s = n /2, we can say that

n(m)< Z(I)(d)d S < — pr +_+_+Zd1 s

since ¢(d) < d. But
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o0

Zdlfs < J x178dx = (s — 2)714%s,

d=5 4

Thus,

1 2\° 1 1
D, (m) < 2—8(1 + 2(5) M= = 2))
1
<—-.4, for s=3. O
28

To prove Theorem 1, we make use of exponential sums. Let

2mi
ep(x)=em *. We shall abbreviate complete sums er I () by simply
Zx( ). Also, we shall need to use the following fundamental identity:

For any y € R},

m”, if y=0,
D emlx-y) = 5)
x 0, if y # 0.
Let f(x) and Q(x) be as defined by (1) and (2). By viewing R, as a

Z-module, the Gauss sums

Gn(@ ¥)= D en(Q)+y-x),

xeR}},

and

Gulf,¥)= Y eml(fx)+y-x),

xeR),
are well defined whether we take y € Z" or y € R},

For any n x n matrix A with integer entries, we define ker,,(A) by

ker,,(A) = {x € R : Ax” = 07 (mod m)}.
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We need the following lemmas:

Lemma 2 ([5, Equation (13)]). Let Q(x) be a quadratic form given by
(2), where now we allow A to be any symmetric integral matrix with even
diagonal entries. Then given y € R}, the Gauss sum G,,(Q, y) is zero

unless Q(x)+y - -x = 0(modm) for all x € ker,,(A), in which case
|G (@, y)|2 = m"| ker,, A|.
Lemma 3. Let f(x) be a quadratic polynomial as given by (1) with

ged(det A, m)=1. Let y € Z", A € Z, . # 0(mod m), and set d = (\, m).
Then

_[ma)?, if y = 0(mod d),
G, (Af, =
(G 21 ¥) {o, if y % 0(mod d).

Proof. By (1), we have

|G OF, 3)| = D em (1 (x) + 3 - %)

X

= Zem(kQ(x) +(ha+y) x+2Ac)

X

=D en(Qx)+ (ha +y)-x)

X

Now rQ(x) = %X(}\,A)XT, so that by Lemma 2, G,,(Af, y) = 0 unless y
satisfies the following condition:

For all x € ker,,(A4), (Aa+y) -x+AQ(x)= 0(mod m). (6)
Now
ker,,(MA) = {x € R : 2Ax” = 0(mod m)}

= {x e R : Ax” = 0(mod m/d)},



THE DISTRIBUTION OF SOLUTIONS TO QUADRATIC ... 45

but as ged (det A, m) = 1, we conclude that
ker,,(AA) = {x € R}! : x = 0(mod m/d)}. (7)

Thus, setting x = (m/d)t (mod m), we see that (6) is equivalent to saying

that for all t € Z",

X(%)a t+ (%)y t+ X(%)z Q(t) = 0 (mod m). (8)

But X(%) = m(%) =0(modm) and similarly k(%f = m(%)(%) =0(modm)

m

djy -t = 0(mod m), that is,

so that (8) simplifies to the congruence (

y-t=0(modd). Hence y satisfies (6), if and only if for all

teZ", y -t=0(modd), thatis, y = 0(modd). If y = 0(mod d), then

by Lemma 2 and (7), we have

|G, O, ¥ = m?| ker,,(AA)| = m"d". O
3. Proof of Theorem 1

Let S, T be subsets of R],, and V be the set of points in R},
satisfying f(x) = 0(mod m). Let N be the number of triples (s, t, v) €
S xT xV such that s + t = v(mod m). By the fundamental identity (5),

m Y DD D ey (st -x)

xeVseSteT y

mt Y [ > em<xf<x>>]ZZZem (v (s+t-x)

xRl reR,, seSteT y

= m YD )Y em (M (%) - %)),
Ay X

N
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where

¥(y)= ) D emly - (s+1).

seSteT

Peeling off the AL = 0 term yields

N=m 1|S| IT|+m™" 122‘1’(y)2em M(x) -y - x). 9)

A£0 y

Thus (from (9)),

N -m 8- |T] = m™! D D )Y emf(x) -y - x),
y X

so that by Lemma 3,

IN = m 8|1 < m 1y Z m"2am 2" w(y)|,
d|m y

d<m( )
where the sum on y is over all y = 0(mod d). On replacing d by m/d

and z; by Z;*, the sum over all y = 0 (mod(m/d)), we obtain

2 1Z¢( ]dn/2z ¥ (y)|
d<m

IA

-1
[N —m™|S| [T

m™ Y ¢(d)d” ”/22 ¥ (). (10)

d>1
d|m

Now,

S @) =Y

y y

) [Z

y

D en(y-s)

seS

971/2
Zem<y-s)] [Z**
y

:E:em(Y't)

teT

D enly-t)

teT

seS

o 1/2
} . (11)
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Setting y = (m/d)u(mod m), and letting u run through a complete set of
representatives for R(’i’ , We can say
>

2
Syt =2 D enly- (s -52))

y teT s;eSsgeS
sk
Y S S ey (51 -s0))
s1eSsgeS y
m
303D WA CTRE)
51685268116}33

= > D D ealu-(s1—s2))

51€SSZES u
=d"n(S, d).

Thus, by (11),

> )] < dmn(s, @)*a(, @),

y
and therefore by (10),
IN = m S| [T < m ™Y ¢(d)d " 2a™n(S, a)'/*n(T, d)'/2, (12)
d>1
dlm

Theorem 1 now follows on observing that |(S + 7))\ V| > N|S|™!. This
inequality holds for there are at most |S| ways of representing any point

xasasum s+t withse S and t e T.
4. Proof of Corollary 1

Let

B={xeZ":q; <x;<a;+M,1<i<n},
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S={xeZ2":0<x <c},
T =S8+ (a,ay, ..., a,),

M+1
C

for some a; € Z,1 <i < n, where c=[ } Let B, §,T be the

images of B, S, and T in R;, under the canonical mapping of Z" onto

p— JE— p— —_— — n p—
R),. Then S+T < B and |S|=|T|= [M:l} > 27"|B|. We claim
that for any divisor d of m,
n(s, d) < cnqg} + 1) , (13)

and that the same inequality holds for n(T', d). Let s = (s, ..., s, ) be a
fixed point in S. If u = (uq, ..., u,) is a point in S such that u=s
(mod d), then u; = s; + dk;, forsome k; € Z,1 < i < n. Since 0 < u; < ¢,

C

d

there are at most [ }+1 choices for each u;, and thus at most

n
([%} + 1) choices for u. Since |S| = ¢”, we obtain (13). It is clear that

n(S, d) = n(T, d) so that (13) holds also for n(T, d).
We now apply Theorem 1 with S and 7 replaced by the sets S and T

just defined. We shall abbreviate the sum Z do1 by simple Z* From
dlm

(12) and (13), we have

N = m S| < m Y d(d)d™ 2" (fe/d] + 1"

IA

m > )" 2" (¢ + )"

mle™ > o(d)d " e (e + ).



THE DISTRIBUTION OF SOLUTIONS TO QUADRATIC ... 49

Now, since (¢ + d)"* < ¢ + 2"(c" 'd + ¢d™ 1) + d", we have
IN = mS|IT] < m7e2 > o(@)d ™+ m7rem e p(d)al 2

+m 72N ()T ey (@) (14)

The first sum on the right-hand side of (14) is just ®,(m). We make

crude estimates for the remaining sums. For n > 4, we have

Z*cb(d)dl_(n/ 2) < Z od)dt < 2*1 < (m), (15)
Z* ¢(d)d(n/2)—1

Z* ¢(d)d(n/2)

Thus by (14), we see that

IA

mn/2—1z* o(d) < m2 L, mn/Z,

IA

mn/2z* o(d) < mn/2+1‘

N > m % - m e, (m) - m™12"c®" Lr(m)
_mlonentln/2 _ o -1n (n/2)+1
=m (1 - @, (m) - 2" ¢ tr(m)
— e m 2 (gn eyt 4 1),
The corollary now follows from the observation that
BNV|2|(SNT)NV|= N|S|™" = Nc™.
5. Remarks

(1) It is clear from (15) and Lemma 1 that if n > 8, then in the

statement of Corollary 1, we can replace t(m) by 93-(n/2)
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(2) Let f(x) be given by (1), V be the set of zeros of f(x) in R, and
again suppose that ged (det A, m) = 1. Lemma 3 provides us with an easy

means of estimating |V|. For n > 4, we obtain

V| = mn_ln(l + eppl—(n/2)), (16)
plm

where the product is over all primes p dividing m, and for each such

D, 0, is a real number of absolute value < 1. Equation (16) follows from
the observation that

m-1

Vi=m™ D> e(rf(x)

xeR]! 1=0

m-1
=m" e m YN e(f(x).

A=1 x

By Lemma 3, we then have

_ . n-1 n/2-1 m) n/2
VI=m e 0mt 2 Y o a2

1<d<m
dlm

for some 0,, € R, with |0,,| < 1. Since

0, 0m) = Yol = Y o)L

d>1 1<d<m
dlm dlm
we obtain
V] = m" M1+ 0,0, (m)]. 17

To obtain (16), we apply (17) in turn to each prime power dividing m and

use the Chinese remainder theorem to compute |V|. That is, for each

divisor d of m, we let v(d) be the number of points in R satisfying the
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congruence f(x) = 0(mod d). Consequently, if m = szl pii, then

1

v(m) = Hj:l v(p{"). Thus, by (17), we have

S
VI = vim) = [ p{i" 1 + 0,0, (55),
i=1

for some 6; € R with |6;| <1,1 <i <s, and by Lemma 1, we have
(Dn(pe) S pl_(n/2)’

for any prime power p®, when n > 4. Equation (16) is now immediate.

Equation (16) indicates that we obtain roughly the expected quota of
zeros for f(x), namely, m" !, when gcd(detA, m)=1. When
ged (det A, m) = 1, this is no longer the case. For example, suppose that
m = pq, where p and ¢ are distinct primes. Let o be a quadratic
non-residue (mod p), B be a quadratic non-residue (modgq), and

f(x) = f(x1, g, x5, x4 ) be defined by

f(x) = p(xf - Bx¥) + q(x§ - ox}).
If x is an integral solution of the congruence f(x) = 0(modm), then
x? —Bx% =0(modq) and x% —ax? =0(mod p), so that x; =x9 =0(modq)
and x3 = x4 = 0(mod p). Thus, if Vis the set of points in R satisfying
f(x)=0(modm), then |[V| = p%g® = m?, rather than expected quota of

m3. This example indicates that Corollary 1 does not hold when

ged(det A, m) = 1.

We have not been able to obtain an analogue of Theorem 1 when
ged(det A, m) # 1. The main difficulty is that ker,,(AA) no longer leads
to such a simple description as in the case when ged(det A, m) = 1; see

Equation (7). To overcome this difficulty, one may be able to use the
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description of ker,,(AA) given in Section 4 of [4], which involved the

invariant factors of A. Another possibility is to use the explicit

evaluations of the Gauss sums G,,(Q, y) given by [6, Theorem 2]. But as

a warning to the reader, the expression he gives for G,,(Q,y) is a

product of terms 8 lines long in very fine print, involving a number of

invariant factors associated with @.

(3) If we replace R,, = Z /(m) by a finite field F,, then the work of

this paper has been investigated before by [1-3, 7-11], for any polynomial.
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