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Abstract 

Let m be a positive integer. Denote to the ring ( )mZ  by ,mR  and a Cartesian 

product of n copies of ( )mZ  by .n
mR  Let ( )xf  be a quadratic polynomial in 

[ ].,,1 nxx …Z  Write ( ) ( ) ,cQf +⋅+= xaxx  where ,nZ∈a  ,Z∈c  and ( )xQ  

is a quadratic form given by ( ) ,2
1 TAQ xxx =  where A is a symmetric nn ×  

matrix with integer entries. Assume ( ) ,1,detgcd =mA  unless we mention  

else. Let V be the set of points in n
mR  satisfying the congruence 

( ) ( ) .mod0 mf ≡x  If md  and ,, n
mR∈yx  we shall say ( )dmodyx ≡  if x is 

congruent to y modulo the ideal .mdR  For any subset S of n
mR  and divisor d of 

m, let ( ) {( ) ≡×∈=η 121 :,, sSSssdS ( )} ,mod2 ds  where  denote to the 

cardinality. Let φ  denote the Euler phi-function, ( )mτ  denote the number of 

distinct positive divisors of m, and for positive integers nm,  set 
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( ) ( ) .2
,1

n
mddn ddm −

>
φ=Φ ∑  In this paper, we shall prove that for any 

subsets S and T of ,n
mR  with ,TS ≤  we have 

( ) ( ) ( ) ( ) .,, 21212111 dTdSddSmTmVTS n

md
md

ηηφ−≥+ ∑
>

−−−∩  

We also show that the above result can be made more precise when TS +  is a  

box of points in .n
mR  

1. Introduction 

Let ( )mRm Z�=  be a finite ring. Let ( )xf  be a quadratic polynomial 

in [ ].,,1 nxx …Z  We can write 

( ) ( ) ,cQf +⋅+= xaxx   (1) 

where ,, ZZ ∈∈ cna  and ( )xQ  is a quadratic form given by 

( ) ,2
1 TAQ xxx =  (2) 

where A is a symmetric nn ×  matrix with integer entries. Throughout 
this paper (with the exception of Lemma 2), we shall assume that 

gcd ( ) .1,det =mA  Let V be the algebraic subset of n
mR  defined by 

( ) ( ).mod0 mf ≡x  

If md  and ,, n
mR∈yx  we shall say that ( )dmodyx ≡  if x is 

congruent to y modulo the ideal .mdR  For any subset S of n
mR  and 

divisor d of m, let 

( ) {( ) ( )} .mod:,, 2121 dssSSssdS ≡×∈=η  

Let φ  denote the Euler phi-function, ( )mτ  denote the number of distinct 

positive divisors of m, and for positive integers nm,  set 
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( ) ( ) .2

1

n

d
n ddm

md

−

>

φ=Φ ∑  

Our main result is 

Theorem 1. For any subsets S and T of ,n
mR  with ,TS ≤  we have 

( ) ( ) ( ) ( ) .,, 21212111 dTdSddSmTmVTS n

md
md

ηηφ−≥+ ∑
>

−−−∩  

The proof of the theorem will be given latter in Section 3. The result 

can be made more precise when TS +  is a box of points in ,n
mR  that is, 

the image B  of a box B in nZ  under the canonical mapping of nZ  onto 

,n
mR  where 

{ },: iiii
n maxaB +<≤∈= Zx   (3) 

for some Z∈ii ma ,  with .1,0 nimmi ≤≤≤<  In this case, we obtain 

Corollary 1. Suppose that .4≥n  Let B  be a box in ,n
mR  whose sides 

are all of the same length ,mM <  that is, let B  be the image of a box B 

as given in (3), where .1, niMmi ≤≤=  Put ( )[ ].21+= Mc  Then 

( ) ( ) ( )
.1221

12














 +−−Φ−≥

+

m
c

c
m

c
mmm

cVB n
n

m
n

n
n τ∩  

In particular, if 6≥n  and ,121 nmM +>>  then VB ∩  is nonempty. 

The second part of the corollary follows immediately from Lemma 1 of 
next section. The first part of the corollary will be proven after the proof 
of Theorem 1. 

 

 



ALI H. HAKAMI 42

2. Lemmas 

Lemma 1. If ,4≥n  then for any integer ,1>m  

( ) ( )( ) ,11 21 −+≤Φ −∏ n

mp
n pm  (4) 

where the product is over all primes p dividing m. In particular, if ,6≥n  

then for all ( ) ( ).2,1 22 n
n mm −≤Φ>  

Proof. Let 2ns =  and set ( ) ( ) ,s
md ddmg −φ= ∑  so that 

( ) ( ) .1−=Φ mgmn  Since ( )dφ  and sd−  are both multiplicative, ( )mg  is 
multiplicative. If p is a prime and ,1≥e  then 

( ) ( ) siii
e

i

e ppppg −−

=

−+= ∑ 1

1
1  

( ) ( )is
e

i
pp −

=

− ∑−+= 1

1

111  

( ) ( )is

i

s ppp −
∞

=

−− ∑−+< 1

0

1111  

s
s

p
pp
−

−
−

−

−+= 1

1
1

1
11  

,1 1 sp −+≤  

the last inequality follows since .2≥s  The first part of the lemma now 
follows from the multiplicative property of ( ).mg  

Now suppose that .6≥n  Again, letting ,2ns =  we can say that 

( ) ( ) ,
4
2

3
2

2
1 1

52

s

d
sss

s

d
n dddm −

∞

=

−
∞

=
∑∑ +++≤φ≤Φ  

since ( ) .dd <φ  But 
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( ) .42 211
4

1

5

sss

d
sdxxd −−−

∞
−

∞

=

−=< ∫∑  

Thus, 

( )
( ) 










−
++





+<Φ

−− 22
1

2
1

3
221

2
1

41 s
m ss

s

sn  

.3for,4
2
1 ≥⋅≤ ss   

To prove Theorem 1, we make use of exponential sums. Let 

( ) .
2 x

m m
i

exe
π

=  We shall abbreviate complete sums ( )∑ ∈ n
mRx  by simply 

( ).∑x  Also, we shall need to use the following fundamental identity: 

For any ,n
mR∈y  

( )






≠

=
=⋅∑

.if,0

,if,

0y

0y
yx

n

m
x

m
e  (5) 

Let ( )xf  and ( )xQ  be as defined by (1) and (2). By viewing n
mR  as a          

module,-Z the Gauss sums 

( ) ( )( ),, xyxy ⋅+= ∑
∈

QeQG m
Rx

m
n
m

 

and 

( ) ( )( ),, xyxy ⋅+= ∑
∈

fefG m
Rx

m
n
m

 

are well defined whether we take nZ∈y  or .n
mR∈y  

For any nn ×  matrix A with integer entries, we define ( )Amker  by 

( ) { ( )}.mod:ker mARA TTn
mm 0xx ≡∈=  
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We need the following lemmas: 

Lemma 2 ([5, Equation (13)]). Let ( )xQ  be a quadratic form given by 

(2), where now we allow A to be any symmetric integral matrix with even 

diagonal entries. Then given ,n
mR∈y  the Gauss sum ( )y,QGm  is zero 

unless ( ) ( )mQ mod0≡⋅+ xyx  for all ( ),ker Am∈x  in which case 

( ) .ker, 2 AmQG m
n

m =y  

Lemma 3. Let ( )xf  be a quadratic polynomial as given by (1) with 

gcd ( ) .1,det =mA  Let ( ),mod0,, mn ≡/λ∈λ∈ ZZy  and set ( )., md λ=  

Then 

( ) ( ) ( )
( )




≡/

≡=λ
.mod,0
,mod,,

2

dif
difmdfG

n
m 0y

0yy  

Proof. By (1), we have 

( ) ( )( )xyxy
x

⋅+λ=λ ∑ fefG mm ,  

( ) ( )( )cQem λ+⋅+λ+λ= ∑ xyax
x

 

( ) ( )( ) .xyax
x

⋅+λ+λ= ∑ Qem  

Now ( ) ( ) ,2
1 TAQ xxx λ=λ  so that by Lemma 2, ( ) 0, =λ yfGm  unless y 

satisfies the following condition: 

( ) ( ) ( ) ( ).mod0,kerallFor mQAm ≡λ+⋅+λλ∈ xxyax   (6) 

Now 

( ) { ( )}mARA Tn
mm mod:ker 0xx ≡λ∈=λ  

{ ( )},mod: dmAR Tn
m 0xx ≡∈=  
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but as gcd ( ) ,1,det =mA  we conclude that 

( ) { ( )}.mod:ker dmRA n
mm 0xx ≡∈=λ   (7) 

Thus, setting ( ) ( ),mod mdm tx ≡  we see that (6) is equivalent to saying 

that for all ,nZ∈t  

( ) ( ).mod0
2

mQd
m

d
m

d
m ≡





λ+⋅





+⋅





λ ttyta  (8) 

But ( )mdmd
m mod0≡





 λ=





λ  and similarly ( )md

m
dmd

m mod0
2

≡









 λ=





λ  

so that (8) simplifies to the congruence ( ),mod0 md
m ≡⋅




 ty  that is, 

( ).mod0 d≡⋅ ty  Hence y satisfies (6), if and only if for all 

( ),mod0, dn ≡⋅∈ tyt Z  that is, ( ).mod d0y ≡  If ( ),mod d0y ≡  then 

by Lemma 2 and (7), we have 

( ) ( ) .ker, 22 nn
mm dmAmfG =λ=λ y   

3. Proof of Theorem 1 

Let TS,  be subsets of ,n
mR  and V be the set of points in n

mR  

satisfying ( ) ( ).mod0 mf ≡x  Let N be the number of triples ( ) ∈vts ,,  

VTS ××  such that ( ).mod mvts ≡+  By the fundamental identity (5), 

( )( )xtsy
ytsx

−+⋅= ∑∑∑∑
∈∈∈

−
m

TSV

n emN  

( )( ) ( )( )xtsyx
ytsx

−+⋅











λ= ∑∑∑∑∑

∈∈∈λ∈

−−
m

TS
m

RR

n efem
mn

m

1  

( ) ( )( )),1 xxy
xy

−λΨ= ∑∑∑
λ

−− fem m
n  
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where 

( ) ( )( ).tsyy
ts

+⋅=Ψ ∑∑
∈∈

m
TS

e  

Peeling off the 0=λ  term yields 

( ) ( )( ).
0

11 xyxy
xy

⋅−λΨ+⋅= ∑∑∑
≠λ

−−− femTSmN m
n  (9) 

Thus (from (9)), 

( )

( ) ( )( ),

,
11

11 xyxy
xy

⋅−λΨ=⋅− ∑∑∑∑
=λ
<λ≤<≤

−−− femTSmN m
mmd

n

dmmd

 

so that by Lemma 3, 

( )

( ) ,22

1

11

,

y
y

Ψ≤−
∗

<λ≤

−−− ∑∑∑
=λ<

nn

mmd

n dmmTSmN

dmmd

 

where the sum on y is over all ( ).mod d0y ≡  On replacing d by dm  

and ∗∑y  by ,∗∗∑y  the sum over all ( )( ),mod dm0y ≡  we obtain 

( )y
y

Ψ




φ≤−

∗−−− ∑∑
<

2121 n

md

n dd
mmTSmN

md

 

( ) ( ) .2

1

1 y
y

Ψφ=
∗∗−

>

− ∑∑ n

d
ddm

md

 (10) 

Now, 

( ) ( ) ( ) ( )tysyyy
tsyy

⋅⋅=ΨΨ ∑∑∑∑
∈∈

∗∗∗∗
m

T
m

S
ee  

( ) ( ) .

212212














⋅














⋅≤ ∑∑∑∑

∈

∗∗

∈

∗∗
tysy

tysy
m

T
m

S
ee  (11) 
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Setting ( ) ( ),mod mdm uy ≡  and letting u run through a complete set of 

representatives for ,n
dR  we can say 

( ) ( ( ))21

2

21

ssyty
ssyty

−⋅=⋅ ∑∑∑∑∑
∈∈

∗∗

∈

∗∗
m

SS
m

T
ee  

( ( ))21
21

ssy
yss

−⋅=
∗∗

∈∈
∑∑∑ m

SS
e  

( )




 −⋅= ∑∑∑

∈∈∈
21

21

ssu
uss

d
mem

RSS n
d

 

( ( ))21
21

ssu
uss

−⋅= ∑∑∑
∈∈

d
SS

e  

( )., dSdnη=  

Thus, by (11), 

( ) ( ) ( ) ,,, 2121 dTdSdn ηη≤Ψ
∗∗∑ y

y
 

and therefore by (10), 

( ) ( ) ( ) .,, 21212

1

11 dTdSdddmTSmN nn

d
md

ηηφ≤− −

>

−− ∑  (12) 

Theorem 1 now follows on observing that ( ) .1−≥+ SNVTS ∩  This 

inequality holds for there are at most S  ways of representing any point 

x as a sum ts +  with S∈s  and .T∈t  

4. Proof of Corollary 1 

Let 

{ },1,: niMaxaB iii
n ≤≤+<≤∈= Zx  
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{ },0: cxS i
n <≤∈= Zx  

( ),,,, 21 naaaST …+=  

for some ,1, niai ≤≤∈ Z  where .1




 += c
Mc  Let TSB ,,  be the 

images of B, S, and T in n
mR  under the canonical mapping of nZ  onto 

.n
mR  Then BTS ⊂+  and .21 Bc

MTS n
n

−≥



 +==  We claim 

that for any divisor d of m, 

( ) ,1,
n

n
d
ccdS 





 +



≤η  (13) 

and that the same inequality holds for ( )., dTη  Let ( )nss ,,1 …=s  be a 

fixed point in S. If ( )nuu ,,1 …=u  is a point in S such that su ≡  

( ),mod d  then ,iii dksu +=  for some .1, niki ≤≤∈ Z  Since ,0 cui <≤   

there are at most 1+




d
c  choices for each ,iu  and thus at most 

n

d
c






 +



 1  choices for u. Since ,ncS =  we obtain (13). It is clear that 

( ) ( )dTdS ,, η=η  so that (13) holds also for ( )., dTη  

We now apply Theorem 1 with S and T replaced by the sets S  and T  

just defined. We shall abbreviate the sum ∑ >
md

d 1  by simple .∗∑  From 

(12) and (13), we have 

( ) [ ]( )nnn dccddmTSmN 1211 +φ≤−
∗−− ∑  

( ) ( )nnnn dcdcddm +φ≤ −∗− ∑ 21  

( ) ( ) .21 nnnn dccddcm +φ= −∗− ∑  
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Now, since ( ) ( ) ,2 11 nnnnnn dcddccdc +++≤+ −−  we have 

( ) ( ) 211212211 2 nnnnn ddcmddcmTSmN −∗−−−∗−− φ+φ≤− ∑∑  

( ) ( ) ( ) .2 211211 nnnnn ddcmddcm φ+φ+
∗−−∗+− ∑∑  (14) 

The first sum on the right-hand side of (14) is just ( ).mnΦ  We make 

crude estimates for the remaining sums. For ,4≥n  we have 

( ) ( ) ( ) ( ),1121 mdddd n τ<≤φ≤φ
∗−∗−∗ ∑∑∑   (15)  

( ) ( ) ( ) ,2121212 nnnn mmmdmdd =⋅≤φ≤φ −∗−−∗ ∑∑   

( ) ( ) ( ) .1222 +∗∗
≤φ≤φ ∑∑ nnn mdmdd  

Thus by (14), we see that 

( ) ( )mcmmcmcmN nn
n

nn τ1212121 2 −−−− −Φ−≥  

( ) 1212112 +−+− −− nnnnn mcmmcm  

( ( ) ( )mcmcm n
n

n τ121 21 −− −Φ−=  

( ) ( )).12 112 +− −+− cmmc nnn  

The corollary now follows from the observation that 

( ) .1 nNcSNVTSVB −− =≥≥ ∩∩∩  

5. Remarks 

(1) It is clear from (15) and Lemma 1 that if ,8≥n  then in the 

statement of Corollary 1, we can replace ( )mτ  by ( ).2 23 n−  
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(2) Let ( )xf  be given by (1), V be the set of zeros of ( )xf  in n
mR  and 

again suppose that gcd ( ) .1,det =mA  Lemma 3 provides us with an easy 

means of estimating .V  For ,4≥n  we obtain 

( )( ),1 211 n
p

mp

n pmV −− θ+= ∏  (16) 

where the product is over all primes p dividing m, and for each such 

pp θ,  is a real number of absolute value .1≤  Equation (16) follows from 

the observation that 

( )( )x
x

femV
m

Rn
m

λ= ∑∑
−

=λ∈

−
1

0

1  

( )( ).
1

1

11 x
x

femm
m

n λ+= ∑∑
−

=λ

−−  

By Lemma 3, we then have 

,2

1

121 n

md

n
m

n dd
mmmV

md






φθ+= ∑

<≤

−−  

for some ,R∈θm  with .1≤θm  Since 

( ) ( ) ,
2

1

2

1

n

md

n

d
n m

d
d
mddm

mdmd












φ=φ=Φ ∑∑

<≤

−

>

 

we obtain 

[ ( )].11 mmV nm
n Φθ+= −   (17) 

To obtain (16), we apply (17) in turn to each prime power dividing m and 
use the Chinese remainder theorem to compute .V  That is, for each 

divisor d of m, we let ( )dv  be the number of points in n
dR  satisfying the 
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congruence ( ) ( ).mod0 df ≡x  Consequently, if ,1
ie

i
s
i pm ∏ =

=  then 

( ) ( ).1
ie

i
s
i pvmv ∏ =

=  Thus, by (17), we have 

( ) ( )( ( )),11

1

ii e
ini

ne
i

s

i
ppmvV Φθ+== −

=
∏  

for some R∈θi  with ,1,1 sii ≤≤≤θ  and by Lemma 1, we have 

( ) ( ),21 ne
n pp −≤Φ  

for any prime power ,ep  when .4≥n  Equation (16) is now immediate. 

Equation (16) indicates that we obtain roughly the expected quota of 

zeros for ( ),xf  namely, ,1−nm  when gcd ( ) .1,det =mA  When 

gcd ( ) ,1,det ≠mA  this is no longer the case. For example, suppose that 

,pqm =  where p and q are distinct primes. Let α  be a quadratic         
non-residue ( ) β,mod p  be a quadratic non-residue ( ),mod q  and 

( ) ( )4321 ,,, xxxxff =x  be defined by 

( ) ( ) ( ).2
4

2
3

2
2

2
1 xxqxxpf α−+β−=x  

If x is an integral solution of the congruence ( ) ( ),mod0 mf ≡x  then 

( )qxx mod02
2

2
1 ≡β−  and ( ),mod02

4
2
3 pxx ≡α−  so that ( )qxx mod021 ≡≡  

and ( ).mod043 pxx ≡≡  Thus, if V is the set of points in 4
mR  satisfying 

( ) ( ),mod0 mf ≡x  then ,222 mqpV ==  rather than expected quota of 

.3m  This example indicates that Corollary 1 does not hold when 
gcd ( ) .1,det ≠mA  

We have not been able to obtain an analogue of Theorem 1 when 
gcd ( ) .1,det ≠mA  The main difficulty is that ( )Am λker  no longer leads 

to such a simple description as in the case when gcd ( ) ;1,det =mA  see 

Equation (7). To overcome this difficulty, one may be able to use the 
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description of ( )Am λker  given in Section 4 of [4], which involved the 

invariant factors of A. Another possibility is to use the explicit 
evaluations of the Gauss sums ( )y,QGm  given by [6, Theorem 2]. But as 

a warning to the reader, the expression he gives for ( )y,QGm  is a 

product of terms 8 lines long in very fine print, involving a number of 
invariant factors associated with Q. 

(3) If we replace ( )mRm Z=  by a finite field ,qF  then the work of 

this paper has been investigated before by [1-3, 7-11], for any polynomial. 
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