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Abstract

Given an ordinary differential equation with polynomial coefficients, Wiener
and Cooke [5] gave a necessary and sufficient condition for the simultaneous
existence of solutions to ordinary differential equations with polynomial
coefficients in the form of finite order linear combination of the Dirac delta
function and its derivatives and the rational function solutions by using the

Laplace transform and functional differential equations techniques.

In this paper, we prove a similar result by using the theory of boundary values
and the Cauchy transform. This method has an advantage over the method in
Wiener and Cooke [5] as it gives a closed form expression for the resulting
polynomial in case the finite order distributional solution and the rational
function solution do not satisfy similar differential equations.
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1. Introduction

In Kanwal and Littlejohn [4], during the presentation of results on
the distributional solutions of the hypergeometric differential equation
that appear in the form of infinite series of the Dirac delta functions and
their derivatives, noted some interesting observations about their

coexistence, Wiener and Cooke [5].
Example 1.1. The ordinary differential equation

t1 —t)x"(t) + (1 - 3t)x'(t) — x(¢) = 0,

has the distributional solution, §(¢ — 1) and the rational function solution,

lLt' Both solutions exhibit intriguing similarities: T3

order 1 at £ =1 and similarly, the distributional solution has a simple

has a pole of

pole at ¢ = 1.
Example 1.2. The ordinary differential equation
t1 —t)x"(t) + (1 - 5t)x'(¢) — 4x(t) = 0,
has the distributional solution, &'(t —1)-8"(( —1) and the rational

function

)3 . Again each of the solutions have a pole of order 3 at

i =1.

Note 1.1. The variable ¢ in the rational solutions is complex, whereas

in the singular distribution it is real.

Wiener and Cooke [5] gave a necessary and sufficient condition for
the simultaneous existence of solutions to ordinary differential equations
with polynomial coefficients in the form of finite order linear combination
of the Dirac delta function and its derivatives and the rational function
solutions by using the Laplace transform and functional differential

equations techniques.
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In this paper, we explain the coexistence of rational function solutions
and singular distributional solutions that are finite order linear
combinations of the Dirac delta function and its derivatives by using the
theory of boundary value distributions and the Cauchy transform of

distributions with compact support on the closed subset of the real line.
2. Preliminaries

In this section, we state and prove some results that will be used to
explain/prove the coexistence of rational and distributional solutions to

ordinary differential equations with polynomial coefficients.

2.1. Boundary value distributions (Db) on the real line

Let S(R) be the Schwartz space of rapidly decreasing and infinitely

differentiable functions on the real line (C*(R)) and S'(R) be the space
of tempered distributions on the real line. If f(z) is an analytic function
defined in a domain near the real axis such as the open rectangle defined
by

{(x, y):0<x<a:0<y<b}
where a and b are small finite real numbers, then it is said to have

moderate or temperate growth when we approach the real axis if each

compact subinterval a <x <B of (a, b), there exists some integer

N > 0 and a constant C such that
If(x +iy)| < C- y_N. 2.1)

This moderate growth is a necessary and sufficient condition for the

complex valued function f(z) to have a boundary value f(x + i0) given by

a distribution u(f) € S'(R) defined on the real axis by the limit

flx+i0) = lim j : g)f(x + ic)dx : g(x) e CT(0, ), 2.2)

(see Hormander [2], Theorem 3.1.13).
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Definition 1. The limit integral in (2.2) yields a linear functional on
test functions, which give a distribution denoted by b(f) and called the

boundary value distribution of the analytic function f(z).

2.2. Schwartz reflection principle

Let A, ={x+iy,0<x<A:0<y<B} and A_={x+iy,0<x<A:
— B < y < 0} be opposite rectangles in the upper and, respectively, lower
half plane on the real line with A, B>0. Let ge O(A.) and
h € O(A_) satisfy the moderate growth condition. Then g(z) and h(z)
will have boundary values bg and bh, respectively (Héormander [2],
Theorem 3.1.11).

Theorem 1. Let g € O(A,) and h e O(A_) be a pair such that

bg = bh holds as distributions. Then g and h are analytic continuations

of each other, i.e., there exists an analytic function F defined in
{-B<y<B:0<x<A} suchthat F =g in A, and F =h in A_.

Proof. See Hérmander [2]. O

2.3. Distributions with compact support and their Cauchy
transforms

Let p € Db be a boundary value distribution with compact support
on the closed subset [0, 1] of the real t-line (u could be a singular

distribution). If z 1s fixed, then the function

1
z—t

t =

>

belongs to the class of C*(R) functions on the real ¢-line.

Definition 2. The Cauchy transform of p denoted by C,(z) is

defined by the action of u on a C*® function % This function is

holomorphic everywhere in the complex z-plane except on [0, 1] and is

defined by
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1
C“(Z):M<z—t > zeC\][0,1].

Example 2.1. If p = §, for 0 < a <1, then C,(2) = . i 4 for z # a.

The Cauchy transform by definition is an analytic function in

C\ [0, 1]. The Cauchy transform also satisfies the moderate growth

condition (2.1) as we approach the real axis. If f(x) e Cy(R), then for

every Cauchy transform of a boundary value distribution p, C H(z), there

exists two boundary value distributions, C,(x +i0) and C,(x —i0)

defined by
1
C (.’)C + lO) < f > = }I_I)I(l) xERH < m > f(x)dx, (23)
and
Culx—i0) < f > = lim n < ; > f(x)dx. (2.4)
e>0J xeR Xx—t—1e€

Lemma 1. Given that p e Db with support on the interval [0, 1]

including the case of singular support distributions, then the boundary

value distributions of its Cauchy transform C “(2) satisfies the equation

u(f)z%r{cu(x+i0)< f>-Culx—i0)<f >},

where f(x) e Cy (R).

Proof. Consider the difference C,(x +ic) < f > -Cy(x —ie)< f >,

which is equal to

J. p< f(X)dx—J. u < + > f(x)dx
:j‘:ju< x+3e—t_x_i16_t > flx)dx
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- 9" n< (t)ﬁ > f(x)dx. (2.5)
-0 x — €

We consider p in (2.5) as a distribution on the ¢-line for a fixed x and e.

By linearity of the integral operator, the right hand side of (2.5) is

equal to
- ZLuI > f(o)dx. 2.6)
—o0 — t) + e

We now use the fact that the function

fo=[" T8,

o (x — t)? + ¢
converges to nf(t) in the space of C* functions on the real ¢-line.
Therefore, in the limit as ¢ — 0, lir% w(f.(¢)) = u(f) and therefore,
e—>

Culx +i0) < f > = C(x —i0) < f >= - 2mif (t),

implying that
%{Cu(x Fi0) < f>-Cux—i0) < f >} =f(t).

0

Remark 1. Lemma 1 shows that we can recover a distribution with
compact support (including the singular support distributions) via the

boundary values of the Cauchy transform C,,(2).

2.4. The boundary value distributions of the analytic function

f(z) = 2%, where a = -k, keN

Most of what is exposed in this subsection can be found, for example,

in Héormander [2]. By the analysis in the Subsection 2.1, the function

f(z) = 2%, defined in C\ R, as e*!°¢?  where log z is real for z € R,
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has boundary values (x +i0)* as we approach the real axis from the
upper half plane and, respectively, (x —i0)* from the lower half plane. If

Re(a) > 0, then the functions (x +i0)* are both entire in the complex
z-plane. However, when o is a negative integer, — k& for 2 € N, then the

boundary values are no longer entire functions. For its necessity in this
chapter, we re-state and prove below a lemma, which could also be found

in Hérmander [2].
Lemma 2. Let k be a nonzero integer, i.e., k € N. The difference
between the two boundary values (x + iO)_k and (x - iO)_k is given by

k-l
G+ i0) " — (x —do)* = - 2HCED) T ()

k-1 % @7

where SE)k_l) is the (k —1)-th derivative of the Dirac delta function at the
origin.
Proof. We first prove that
. ko (k-1)
vk ok ek (= 1)"8p
(x+20)" = x " +(-1)"x2" + S
and

in(- 1)" 8"

(x - iO)fk =xF 4+ (- l)kak ST Roy

and their difference will yield Equation (2.7).

Assume that ¢(x) € Cy(R). Let the distribution < x¢, ¢(x) > be
denoted by I, (¢(x)) and defined by

Lo (60) = [ "ol d 29)

The distribution in (2.8) is analytic for Re(a) > —1. Applying the

integration by parts formula once on the integral (2.8) gives that
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Talow) =~ [ “ae ey = - L),

a+1 a+1

Applying the integration by parts formula twice successively on the

integral (2.8) yields
100 = o g L2 @)

Applying the same integration by parts formula k-times successively on

the integral (2.8) gives

RV ATI[C)
L) = )@+ 2) (o v B @9

Note that the right hand side of Equation (2.9) is analytic except for

simple polesat . = -1, - 2, ..., — k.

At o = —k, k € N, the residue of the function I, (¢(x)) is computed

by the formula

res(I,(6(x), ~F) = lim (@ + K, (6(x)
Therefore,

T e
sl (660, =) = Jim o+ ) T

res x)), — k) = (- 1)kIO(¢(k)(x)) _ (¢(k71)(0))
ald) =1 - C1fk-1)(k-2)..1 (k=10

(k-1)
Since < Sgk_l), d(x) >= (- 1)(k 1) '(I)(kfl()?)’ then it means that

5(-)

(o + R — (1) T

as a - — k. (2.10)
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Note 2.1. The boundary values (x +i0)* and (x —i0)* are given,

respectively, by x¢ + ™ x% and x¢ + e ™ x 2.

From Equation (2.10), it is true that

M (k-1) 55 —k
X+_(—1) 'm_)x+ aSOL—)—k. (2.11)
The Taylor series expansion of f(a) = e about o = —k is
e = (1)1 + (a + k)in + O(a + k)2 ], (2.12)

where O(a + k)2 are the terms with powers of a + £ greater or equal to

2.

0
Note 2.2. H,(x) = -H_(x). In case of the integral j_ x%dx, this

means that
1 (4(x) = =[ x4 d.

Using Note 2.2, Equations (2.11) and (2.12), then as a — — %, we have

that
g, CDISET i) .
TR k) (k1) - (=1)%xZ" (2.13)
Similarly,
)5k (k1)
o, CODPTISETY i 1) 1RG ko ok
(k) *k—-1) - (=1)"xZ". (2.14)

Note 2.1 together with Equations (2.11), (2.13), and (2.14) gives

in(— 1)(k ~1js Y
(B -1) ’

(x +i0)" = x® + (- 1Fxh +
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and

i1
k-1

(x —i0)* = x® + (- 1)Fah -
whose difference yields (2.7). O

3. Main Results

Given an ordinary differential equation with polynomial coefficients

D @i @) = o. (3.1)
=0

Let z be a complex variable such that z = x + iy, where x and y are real

variables. Let f(z) be a rational function of the form
Zakz , ap =0, (3.2)

and p be a finite order (m) distributional function consisting of the Dirac

delta function and its derivatives up to order m, i.e.,

m
p = Zaksgk), a,, # 0. (3.3)
k=0

We state below our main theorem, whose proof heavily depends on the
existence of boundary value distributions and the Cauchy transform of
distributions with compact support.

Theorem 2. If Equation (3.1) admits a rational function solution
f(2) of the form (3.2), then it also has a distributional solution of order m

of the form (3.3). Conversely, if (3.1) admits a distributional solution (3.3)
of order m, then there exists a polynomial q(t) such that the equation

D a0 = q(0),
i=0

has a rational solution f(z) of the form (3.2).
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We give an illustration of Theorem 2.

Example 3.1. Consider the differential equation
2f +tf —f = 0. (3.4)
In the complex domain, the differential equation will be
[ 4 2f —f =0,
which has a rational solution f(z) = % This rational solution satisfies

the moderate growth condition (2.1) as we approach the real axis and

1 .
h
50 and P in the upper and,

respectively, lower half plane. The linear combination of the two

therefore has boundary values

boundary values gives another solution, namely,

11
x+10 x-10

= - 2iTl560 ,

which i1s a Dirac delta distribution of order 0 in agreement with order

conditions in Theorem 2.

Example 3.2. Consider the singular distribution f =38, that

satisfies the ordinary differential equation
P(f) = t2f" +tf' + (t* = 1)f = 0.

The corresponding order zero rational function is f = 1 for z # 0. Note
z

that in the complex plane, the differential equation becomes
22 iz + (22 -1)f =0,

and its action on the rational function gives

P(1)=z,

where q(z) = z. Therefore, the rational function 1 is a solution to
z

P(f) = 2
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Proof of Theorem 2

Re-write the ordinary differential equation (3.1) with a complex

variable z = x + 1y, l.e.,

D pi(2)" () = o,
=0

with complex polynomial coefficients. We prove that the existence of the

rational solution

ap

- am £ 0
k+1’ ’
z

fz) =
k7

=0
implies the existence of m-th order distributional solution

m

ZakSE)k), a, #0.
k=0

Note 3.1. The rational solution f(z) satisfies the moderate growth

condition (2.1) as we approach the real axis and therefore has boundary

values f(x +i0) and f(x —i0) defined in the upper half plane

(respectively, lower half plane).

Now consider the difference between the boundary values

f(x +i0) - f(x —10) = ia { 1 - 1 }, a, * 0.

=T+ 0 (x 4+ i0)F*!

=

By Lemma 2, we have

m

f(x +10) - f(x —10) = Zakéigk), ay, # 0.

k=0

From the fact that if two functions are solutions to a differential equation,

then their linear combination is also a solution. Now, since f(x +:0) and

f(x —i0) are both solutions to the differential equation (3.1), then
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Zzzoaké‘)(k), a,, # 0, is also a solution. This completes the proof of the
first part of the theorem.

For the converse part, let the distributional solution be
p = agdy + a8V + .. + @, 50" (3.5)
Each component of p can be approximated by the residue formula
(Lemma 2) thus,

c—F L 2'_1k—1 _

Let R(z) be the rational function obtained from the approximations
by the residue formula, then

4,

22 m

R(z):d70+

By Lemma 2, we have that p = R(x +i0) — R(x —i0). p is a solution to
the differential equation implies that Q(¢, 9;)(p) = 0, where Q(¢, 0;) =

Z?: Oqi(t)anfi(t). Therefore, the boundary values of R(z) satisfy

Q(, 0;) (R(x +i0)) = Q(t, 0, ) (R(x - 00)). (3.6)

Since R(z) is known to be rational, then (3.6) means that the two

boundary values match or are equal as one moves from the upper half
plane to the lower half plane and vice versa. By the Schwartz reflection

principle and the fact that the rational function R(z) has no poles on the
real axis, therefore Q(¢, ;) (R(z)) is equal to a polynomial in z. O

3.1. An alternative proof of the converse part of Theorem 2

This alternative proof of the converse part of Theorem 2 is preferred

for the reason that, it gives a formula for computing the polynomial P(z)

via the Cauchy transform of the distribution p.
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Theorem 3. Let p be a distribution with compact support in [0, 1]

and C,(2) be its Cauchy transform defined by
_ [tan@)
Culz) = Jo z-t’

where z € C\ [0, 1] and t is a real variable. If v = Q(t, 0,)(n), where
Q(t, 0;) is an m-th order ordinary differential equation with polynomial

coefficients of the form

Qt, ) = Y a, ),

v>0
then

Q(z, 9;)(Cyu(2)) = C,(2) + p(2),

where p(z) is a polynomial in z. If y =0, then Q(u) =0 and therefore
Q(z, 9, )(Cyu(2)) = p(2).

Some illustrations:

Example 3.3. If u € ©b[0, 1] defined by

1,  xelo1],
u(x) ={
0, xeR\[0,1],

and ¢(x) e C*(R), then the derivative of p w.r.t. ¢ in the distribution

sense is given by

o = - ¥

thus, 0;(u) =8y —8; and the differential equation Q(¢, 9,) that

annihilates p is

Q(t, 0,) = t(1 —t)o;. (3.7)
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The Cauchy transform for p is given by

Lode
C = .
“(z) .[0 z-1
Its derivative w.r.t. z is given by

(3.8)

1
0,Cp(2) = _JO . ciltt)z .

Evaluating the definite integral on the right hand side of (3.8) and
multiplying through by z(z —1) gives the differential equation that

annihilates the transform as
Q(Z7 az) = 2(1 - Z)az(cu(z)) +1,
where vy = 0 and p(z) = -1.

Proof of Theorem 3

The derivative of C,(z) w.r.t. z is given by

0,(C,(2)) = - ;% (3.9)

Equation (3.9) is equivalent to C at(“)(z). By induction, the k-th derivative

of C,(2) w.rt.zis equal to Catk(“)(z), ie.,

k _
az(cp.(z)) = C@f(u)(z) (3.10)
Multiplication by z and its higher powers on the Cauchy transform gives

20u() = b+ [ O e o),

02—t -

1
where |u| = f Odu(t). Similarly, multiplication by 22 gives
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Z2C“(Z) = 2lu| + |ty + Ctzu(z),

generally, the expression for the multiplication by the n-th power of z is
n
—i,i-1
2"C,(2) = Z(z" N6 ) + € (). (3.11)
=1

If we consider a polynomial q,,(z) of degree atmost & such that q,,(0) = 0,
then from (3.11),

k
0,(2)Cu(2) = Cq @) + D D an(z* It ). (3.12)

k>1j=1

m
With Q(z, 0, ) = Z q,(2)0%, then from (3.10) and (3.12), we have

v>0

k
Q(Z7 az)(cu(z)) = CQ(t,at )(u)(z) + Z{Zak(zk_jltj_lul)}’

SEE
k o
where p(z) = Z{ ak(zk_]|t]_1u|)}. O
=1 =

Corollary 1. In Theorem 2, if p(z) =0, then p and its Cauchy

transform satisfy the same differential equations but in different

variables. Further if p is a singular distribution, whose support lies on

the zeros of the polynomial p(z).
Proof. From Theorem 2, if p(z) = 0, then we have
Q(z, 0;)(Cu(2)) = Cy(2). (3.13)

If we assume that C,,(z) satisfy the differential equation @(z, 0, ), then

C,(z) = 0 and this will immediately imply that p satisfies Q(¢, 9; ). O
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4. Discussion and Conclusion

The coexistence of rational function solutions and the singular
distribution solutions in form of the Dirac delta function and their
derivatives to ordinary differential equations with polynomial coefficients
is dependent on the degree of the leading polynomial coefficient. Special

ordinary differential equations have been studied before, for example.

Kananthai [3] considered a third order Euler differential equations
3 " 2 ” !
tof" +t°f" + tf + mf, 4.1)

where m is an integer and ¢ € (—», ©). The condition m = k> + 2k2 + 2k,
k=1,2, ... was derived for the Equation (4.1) to have a solution of the

form of the Dirac delta function and their derivatives.

This condition could be derived immediately from Lemma 2 and
Corollary 1 by representing the Dirac delta function and its derivatives
by

k
D bisy), b0,
1=0

where Sg) 1s the i-th derivative of the Dirac delta distribution. The

Cauchy transform of the distribution SE)k 1 s f(z) = Lk We find a
z

1

Zk

condition on m for which f(z) = is a solution to Equation (4.1). Since

fl2) = =k fr(2) = R(k + 1),
and
f"(z) = — k(k + 1)2(k + 2)7*3,

substituting these expressions into Equation (4.1) and multiplying

through by 2F , we get
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~k(k+1)(k+2)+k(k+1)—k+m =0,

on simplification, we get the required condition m = k3 + 2k2 + 2k,
k=123, ...
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