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Abstract 

Let A be a bounded linear operator acting on infinite dimensional separable 
Hilbert space .H  This paper has two purposes, the first is to give a large class 

of operators verifying ( )AI δ∉ ran  and generalize Stampfli’s results. The 

second purpose is to give a large class of operators verifying ( )AA δ∈/∗ ran  and 
generalize Ho’s results. 

1. Introduction 

A derivation on a Banach algebra ξ  is an endomorphism δ  on ξ  

verifying ( ) ( ) ( ) .YXYXXY δ+δ=δ  In the case ( )HB=ξ , where H  is a 

complex Hilbert space and ( )HB  is the algebra of all bounded linear 
operators on ,H  we know that any derivation is an inner derivation of 
the form ( ( ) )XAAXXAA −=δδ  with ( ).HBA ∈  The study of derivation 
led many work for the past years, and several problems of the range of 
derivation remain open [16]. 
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2. Preliminaries 

Let H  be a complex Hilbert space and ( )HB  denote the Banach 

space of all bounded linear operators on .H  A bounded operator A is called 

normal if .∗∗ = AAAA  Also, A is called p-hyponormal for 0>p  if 

( ) ( ) ,0≥− ∗∗ pp AAAA  log-hyponormal if A is an invertible operator, 

which satisfies ( ) ( )∗∗ ≥ AAAA loglog  [15], semi-hyponormal if 2
1=p  

[18]. Throughout this paper, we consider the case where ( ].1,0∈p  A is 

called hyponormal iff it is 1-hyponormal. We say that A is dominant if 

( ) ( )∗λ−⊂λ− AA ranran  for all .C∈λ  We also say that A is                 

p-quasihyponormal if (( ) ( ) ) 0≥− ∗∗∗ AAAAAA pp  and ( )kp, -quasihypo-

normal if (( ) ( ) ) ( ).0 N∈≥− ∗∗∗ kAAAAAA kppk  If ,1,1 == kp  and 

( ),1== kp  then A is said k-quasihyponormal, p-quasihyponormal, and 

quasihyponormal, respectively. Let ( ) ( ) ( )( ),,, pQHNHp −  and ( )( )kpQ ,  

denote the class of p-hyponormal, hyponormal, p-quasihyponormal, and 
( )kp, -quasihyponormal operators, respectively. A is called normaloid if 

( ),ArA =  this class is denoted by ( ).NL  These classes verify the strict 

inclusions [10, 11]: 

( ) ( ) ( )( ) ( )( ) ( )., NLkpQpQHpHN ⊂⊂⊂−⊂  

The derivation induced by the operator ( )HBA ∈  is the operator Aδ  

defined by ( ) ( )., HBXXAAXXA ∈−=δ  The kernel of Aδ  is called the 

commutant de A and denoted by { } .′A  

Definition 2.1 ([16]). We say that ( )HBA ∈  is finite if the distance 

( ( )) 1ran,dist ≥δAI  from the identity to the range of .Aδ  

In the following, for ( ),HBA ∈  we will denote the spectrum, 

approximate spectrum, and the spectral radius of A by ( ) ( ),, AA aσσ  and 
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( ),Ar  respectively. The essential norm (resp., essential spectral radius) of 

A is denoted by eA ( ( ))..,resp Are  Also, ( ) ( ( ))AA ran.,respran  denote 

the range of A (resp., the closure of ran (A)). 

3. The Classes of Operators Verifying ( )AI δ∉ ran  

In this section, we shall give a large classes of operators satisfying 

( ).ran AI δ∉  

Definition 3.1. An operator A is said to be weak finite (w-finite, in 

short) if ( ) ,ran w
AI δ∉  where wE  is the weak closure relatively to the 

weak operator topology of a subset in ( ).HB  

Definition 3.2. Let ( ).HBA ∈  An isolated point λ  in ( )Aσ  is called 

pole of order ν , if it is pole of order ν  of ( ) 1−− Az  in the sense of analytic 

functions. 

That is, equivalent [7] to ( ) 0=λ− λPA ν  and ( ) ,0≠λ− λPA ν−1  

where λP  is the Riesz projection associated to .λ  

We will give a more elegant proof of the Theorem 5 [12] with a slight 
generalization. 

Lemma 3.3. Every operator A with a pole of order ν  is w-finite. 

Proof. The operator A can be written as CBA ⊕=  on ( )λ= PranH  

( ),ran PI −⊕  where ( ) 0=λ− νB  on ( ).ran λP  Since B is an algebraic 

operator, ( )wBI δ∉ ran  by [12]. Therefore ( ) .ran w
AI δ∉   

Lemma 3.4. Let ( )HBA ∈  and f be a function, which is analytic on 

the neighbourhood of ( ).Aσ  If { } ,′∈→− ATAXAX nn  then ( ) −nXAf  

( ) ( ) .TAfAfXn ′→  
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Proof. For a suitable Jordan curve ,γ  we have [9] 

( ) ( ) ( ) ( ) ( ) ( ) .2
1and2

1 21 λ−λλ
π

=′λ−λλ
π

= −

γ

−

γ ∫∫ dAfiAfdAfiAf  

Consequently, 

( ) ( ) ( ) [ ( )( ) ( ) 11
2
1 −−

γ
−λ−−λλ

π
=′−− ∫ AXXAfiTAfAfXXAf nnnn  

( ) ] .2 λ−λ− − dTA  

Since 

( ) ( ) ( ) ( ) [ ]( ) .11211 −−−−− −λ−−−λ=−λ−−λ−−λ ATAXAXATAAXXA nnnn  

Hence, 

( )[( ) ( ) ( ) ]TAAXXAf nn
211 −−− −λ−−λ−−λλ  

( ) ( ) 2sup −

γ∈λ
−λλ≤ Af ,TAXAX nn −−⋅  

and the last term converge to 0 uniformly on .γ   

Theorem 3.5. Let ( ).HBA ∈  If ( )Af  is normal or isometric for some 

analytic function f on the neighbourhood of ( )Aσ  such that f ′  is not 

identically zero on the neighbourhood of ( ),Aσ  then ( ).ran AI δ∉  

Proof. From Lemma 3.3, we may suppose that A is without pole. Let 
,IAXAX nn →−  where { } ( ).HBXn ⊂  Then by Lemma 3.4, 

( ) ( ) ( ) ( ) ( ( ) ) { ( )} .ranhence; ′δ∈′′→− AfAfAfAfXXAf Afnn I  

Since ( )Af  is normal (resp., isometric), we get ( ) 0=′ Af  [1] and, 

from the minimal equation theorem [7], f ′  is identically zero on the 

neighbourhood of ( ).Aσ   
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Remark 3.6. (1) In Lemma 3.3, the hypotheses f ′  is not identically 

zero on the neighbourhood of ( )Aσ  is indispensable. Indeed, it known 

that there is an operator ( )HBA ∈  such that ( )AI δ∈ ran  [2], however, 

( )Af  is normal for every function f identically zero in the neighbourhood 

of ( ).Aσ  So, the Theorem 5 of Stampfli as stated in [12] is false. 

(2) From the proof of Lemma 3.4, we can affirm that ( )AI δ∉ ran  if 

( ( ) ) { ( )} { }0ran =′δ AfAf I  for some analytic function f on the 

neighbourhood of ( )Aσ  such that f ′  is not identically zero on the 

neighbourhood of ( ).Aσ  

Theorem 3.7. If ( )HBA ∈  is polynomially compact, then ( ).ran AI δ∉  

Proof. Let P be a polynomial of degree n for which ( )AP  is compact. 

Suppose that { } ( ),, HBXIAXAX nnn ⊂→−  and let ( )kP  denotes the 

derivative of order k of P. Then, by (3.4), we get ( ) ( ) →− APXXAP nn  

( )( ),1 AP  this gives ( )( )AP 1  is compact. Also ( )( ) ( )( ) →− APXXAP nn
11  

( )( ),2 AP  implies ( )( )AP 2  is compact. Continuing in this way, this yields 

( )( )AP n  is compact, i.e., I is compact, contradiction.  

Remark 3.8. (1) The above theorem is an extension of the proposition 

of Stampfli [13] insuring that ( )AI δ∉ ran  when nA  is compact. 

(2) The above theorem gives a large class of quasi-nilpotent operators 

Q for which ( ),ran QI δ∉  including the universal quasi-nilpotent 

operators (i.e., kQ  compact). It is well known [8] that the set of universal 

quasi-nilpotent operators is dense in the set of quasi-nilpotent operators. 
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Definition 3.9. The reducing approximate spectrum of an operator 
( )HBA ∈  denoted by ( )Araσ  is the set of the scalars λ  for which, there 

exists a normalized sequence { }nx  in H  verifying ( ) 0→λ− nxA  and 

( ) .0→λ−∗
nxA  

Note that for a dominant operator A (resp., log-hyponormal, semi-
hyponormal), the reducing approximate spectrum ( )Araσ  coincides with 

the approximate spectrum ( )Aaσ  of A [4] (resp., [14], [18]). 

Theorem 3.10. Let ( ).HBA ∈  If ( ) ,0/≠σ Ara  then A is finite. 

Proof. Let ( )Araσ∈λ  and nx  be a normalized sequence such that 

( ) 0→λ− nxA  and ( ) 0→λ− ∗
nxA . If ( ),HBX ∈  then we have 

( ) ( ) IAXXAIXAAX −λ−−λ−=−−  

(( ) ) ( ( ) ) .1,, −λ−−λ−≥ nnnn xxAXxXxA  

Letting ,∞→n  we obtain .1≥−− IXAAX   

In the two following propositions, we shall give some cases where the 
reducing approximate spectrum is not empty. 

Proposition 3.11 ([3]). Let ( ).HBA ∈  If ( ) ( == ArespArA ee .,  

( )),Ar  there exist a scalar λ  and an orthonormal (resp., normalized ) 

sequence { }nx  such that ( ) ( ) 0,., →λ−=λ=λ ne xAArespA  and 

( ) .0→λ−∗
nxA  

Proposition 3.12. Let ( ).HBA ∈  

(i) If ,0Re ≥A  then { ( ) } ( ).0Re: AA arσ⊂=λσ∈λ  

(ii) ( ) ( ) ( ),AAAW arσ⊂σ∂ I  where ( )AW  denotes the numerical 

range of A. 
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Proof. (i) Since ( ),Aσ∈λ  there exists a normalized sequence { }nx  

such that ( ) .0→λ− nxA  Then [( ) ( )]λ−+λ−== ∗AAAB 2
1Re  verify 

( ) .0→nn xBx  Since ,0≥B  this gives ,0→nBx  implying ( ) .0→λ−∗A  
Hence ( ).Araσ∈λ  

(ii) By replacing A by ,β+αA  where βα,  are appropriate scalars, the 
assumption ( ) ( )AAW σ∂∈λ I  may be reduced to ( ) ( ),0 AAW σ∂∈ I  
with .0Re ≥A  Since ( ) ( ),0 AAW aσ⊂∂∈  (i) shows that ( ).0 Aarσ∈   

Remark 3.13. It follows from the previous proposition that every 
normaloid operator is finite. 

Definition 3.14. ( )HBA ∈  is said to be class ( )1G  if ( ) 1−− zIA  

[ ( )( )] 1,dist −σ= Az  for all ( ).Az σ∈/  

Proposition 3.15. If ( )HBA ∈  is class ( ),1G  then A is finite. 

Proof. Since A is of class ( ),1G  by [5], we can suppose that 
( ) ( ),AA pa σ=σ  where ( )Apσ  denotes the point spectrum of A, 

consequently, ( ) ( ) ( ).AAA pa σ=σ⊂σ∂  Let ( )Aσ∂∈λ0  and show that 

there exists a normalized sequence { }nx  such that 

( ) ( ) .0and0 00 →λ−→λ− ∗AxA n  

For ,,3,2,1 K=n  let { },1: 0 nDn ≤λ−λλ=  since ( ),0 Aσ∂∈λ       

nD  contains the points nµ  of the resolvent of A, such that 

.2
1

0 nn <λ−µ  

Let nλ  such that dist ( ( )) ,, nnn A λ−µ=σµ  with this way 
( ),An σ∈λ  with nλ  belonging to the boundary of a closed disc centered 

at ,nµ  which not contains points of ( ).Aσ  Since A is of class ( ),1G  it 

follows from [6] that ( ) ( ) ;kerker ∗λ−=λ− nn AA  hence nλ  is an 

eigenvalue, and therefore ( ) ( ) 0=λ−=λ− ∗
nnnn xAxA , where nx  is a 

normalized vector. Then 
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( ) ( ) ( ) ( ) .000 nnnnnnn xxxAxA λ−λ=λ−λ+λ−=λ−  

Consequently, 

( ) ( ) ,0hence,1
000 →λ−≤λ−λ=λ− nnn xAnxA  

also ( ) .00 →λ− ∗
nxA  By Theorem 3.10, A is finite.  

Definition 3.16. Let a be an element of a ∗C -algebra .A  a is said 

(i) dominant, if there exists 1≥λM  such that 

( ) ( ) ( ) ( ) ;allfor02 C∈λ≥λ−λ−−λ−λ− ∗−
λ

∗ aaMaa  

(ii) of class ( ),1G  if ( ) [ ( )( )] 11 ,dist −− σ=− azzIa  for all ( );az σ∉  

(iii) semi-hyponormal, if ( ) ( ) ;02/12/1 ≥− ∗∗ aaaa  

(iv) log-hyponormal, if a is invertible and such that ( ) ( );loglog ∗∗ ≥ aaaa  

(v) p-quasihyponormal, if (( ) ( ) ) ( );100 ≤<≥− ∗∗∗ paaaaaa pp  

(vi) ( )kp, -quasihyponormal, if (( ) ( ) ) 0≥− ∗∗∗ kppk aaaaaa  

( );,10 N∈≤< kp  

(vii) finite, if dist ( ( )) ,1ran, ≥δae  where e is the unit of .A  

Theorem 3.17. If A∈a  is dominant (resp., of class ( ),1G  semi-

hyponormal, log-hyponormal, ( )kp, -quasihyponormal ), then ∉e  

( ) .ran aδ  

Proof. We known [8] that there exist an -∗ isomorphism isometric Ψ  

and a Hilbert space ,H  with Ψ  preserving the order, so ( )aΨ  is a 

dominant operator (resp., of class ( ),1G  semi-hyponormal, log-
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hyponormal, ( )kp, -quasihyponormal). Hence by Theorem 3.10,  ( )aΨ  is 

finite, otherwise ( ( ) ,)ran aI Ψδ∉H  since Ψ  is isometric, it follows that 

( ).ran ae δ∉                                                                                                     

Corollary 3.18. Let ( ),HBA ∈  then ( )AI δ∉ ran  in one of the 

following conditions: 

(i)  =A  dominant + compact; 

(ii) =A  semi-hyponormal + compact; 

(iii) += TA  compact, where T is of class ( );1G  

(iv) logA = -hyponormal + compact; 

(v)  ( )kpA ,= -quasihyponormal + compact. 

Proof. Since the Calkin algebra is a ∗C -algebra, ( )Aπ  as an element 

of the algebra is dominant (resp., semi-hyponormal, of class ( ),1G         

log-hyponormal, ( )-, kp quasihyponormal) and so ( ) ( ( ) )AI πδ∉π ran  by 

Theorem 3.17. If ( ),HBX ∈  then 

( ) ( ) ( ) ( ) ( ) ( ) .1=π≥ππ−ππ−π=−− IAXXAIXAAXI  

Hence ( ).ran AI δ∉                                                                                        

These results generalize those of Stampfli [13]. 

4. The Classes of Operators Verifying ( )AA δ∉∗ ran  

Ho [9] showed that if ( )ArA =  and ,0≠A  then ( ).ran AA δ∉∗  We 

will extend this result and give other classes of operators satisfying 

( ).ran AA δ∉∗  
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Lemma 4.1. Let ( )HBA ∈  such that ( ) { }0−σ Ara  is not empty, then 

( ).ran AA δ∉∗  

Proof. Let ( ) { },0−σ∈λ Ara  then there exists a normalized sequence 

{ }nx  such that 

( ) ( ) .0and0 →λ−→λ− ∗
nn xAxA  

Let ( ),HBX ∈  then 

( ) ( ) ( ) λ−λ−−λ−−λ−=−− ∗∗ AAXXAAXAAX  

(( ) ) ( ( ) )nnnn xxAXxXxA ,, λ−−λ−≥  

(( ) ) ., λ−λ−− ∗
nn xxA  

Letting ,∞→n  we obtain 

.λ≥−− ∗AXAAX  

Hence ( ).ARA δ∉∗   

Corollary 4.2. Let ( ),HBA ∈  then ( )AA δ∉∗ ran  in one of the 

following conditions: 

(i) =A  non-quasinilpotent dominant + compact; 

(ii) =A  non-quasinilpotent semi-hyponormal + compact; 

(iii) =A  T + compact, where T is of class ( )1G  non-quasinilpotent;   

(iv) =A  log-hyponormal + compact; 

(v) ( )kpA ,= -non-quasinilpotent quasihyponormal + compact 

(non-quasinilpotent p-quasihyponormal + compact). 

Proof. In all cases, we have )compact-(Araσ  is not empty.  

Remark 4.3. It was given an example in [13] of a quasinilpotent 
dominant operator, which is a nonzero operator. 
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Theorem 4.4. Let ( ).HBA ∈  

(i)    If ( ),ArA =  then dist ( ( )) .ran, AA A ≥δ∗  

(ii)   If ( ),ArA ee =  then dist ( ( )) .ran, eA AA ≥δ∗  

(iii) If ( )22 ArA =  and ,0≠A  then ( ).ran AA δ∉∗  

(iv) If ( )22 ArA ee =  and A is not compact, then ( ).ran AA δ∉∗  

Proof. (i) By Proposition 3.11, there is a scalar λ  and a normalized 

sequence { }nx  such that ( ) 0, →λ−=λ nxAA  and ( ) .0→λ−∗
nxA  

If ( ),HBX ∈  then 

( ) ( ) ( ) λ−λ−−λ−−λ−=−− ∗∗ AAXXAAXAAX  

(( ) ) ( ( ) )nnnn xxAXxXxA ,, λ−−λ−≥  

(( ) ) ., λ−λ−− ∗
nn xxA   

(ii) The proof is the same as (i). 

(iii) By Proposition 3.11, there exist a scalar λ  and a normed system 

{ }nx  such that ( ) 0, 22 →λ−=λ nxAA  and ( ) .02 →λ−∗
nxA  

 If we suppose that ( ),ran AA δ∈∗  there exists a sequence { } ( )HBXn ⊂  

such that ,∗→− AAXAX nn  so, .22 AAAAAXXA nn
∗∗ +→−  For 

,0>  we can find ( )HBX ∈  verifying 

( ) ( ) ( ) ( ) .2222 ≤+−λ−−λ−=+−− ∗∗∗∗ AAAAAXXAAAAAAXXA nn  

Then, for all positive integer n, we obtain 

(( ) ) ( ( ) ) ( ) .,, 22 ≤+−λ−−λ− ∗
nnnnnn AxxAxxAXxXxA  

Letting ,∞→n  this yields 

( ) .lim 22 ≤+∗
nn AxxA  
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Since   is arbitrary, we have ( ) ,0lim 22 =+∗
nn AxxA  otherwise, 

0→nAx  and .0→∗
nxA  In particular, ;02 →nxA  or ( ) ,0→λ− nxA  

where .0→λ nx  We deduce that ,0=λ  this gives .02 =A  But 

22 AXXA nn −  ,AAAA ∗∗ +→  where 0=+ ∗∗ AAAA  implying .0=A  

(iv) The equality ( )22 ArA =  give a scalar λ  and a normed system 

{ }nx  such that ( ) 0, 22 →λ−=λ ne xAA  and ( ) .02 →λ−∗
nxA  If   

we suppose that ( ),ran AA δ∈∗  we obtain, with the same approach         

as in (iii), that [ ] ,02 =A  otherwise 2A  is compact. Then, from 

,22 AAAAAXXA nn
∗∗ +→−  we deduce that AAAA ∗∗ +  is compact, 

which implies that A is compact. 

 
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