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Abstract 

In this paper, we obtain Fourier expansions of generalized Apostol-Bernoulli and 
Apostol-Euler polynomials. Using these expansions, we establish asymptotic 
behaviour of these polynomials for fixed positive integer µ  and ,C∈z  as 

.∞→n  We also investigate the cases ,0=µ ,,2,1 …−−  asymptotically. 

1. Introduction 

The generalized Apostol-Bernoulli and Apostol-Euler polynomials 
with complex variable z and complex order ,µ  are defined by means of 

the generating functions, respectively, ([8, 9]) 
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where α+α=α argloglog i  with π≤α<π− arg  and α= logc  or π2  

depending on 1≠α  or .1=α  

For ,1=µ  we have ( ) ( )α=α ,,1 zz nn BB  and ( ) ( ),,,1 α=α zz nn EE  

which are called as Apostol-Bernoulli and Apostol-Euler polynomials. 
Using the Lipschitz summation formula, the Fourier expansion of 
Apostol-Bernoulli polynomials is first given in [11, Theorem 2.1] by 
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where ( ) 0, =αδ zn  or 
( )

,
log
!

nz
n

α−α
 according as 1=α  or .1≠α  This 

expansion is also established in [2] via residue theorem and in [14] 
depending on Riemann integral and algebraic properties of ( )., αznB  

Also, similar expression is proved for the Apostol-Euler polynomials in  
[2, 11, 14]. 

Navas et al. in [14, Theorem 3, p.7] derived asymptotic approximation of 
Apostol-Bernoulli polynomials with the help of (1.3). They also gave 
asymptotic behaviour for ( )α,znB  by Corollary 6 and Proposition 7 in 

their paper. Similar expressions are obtained for Apostol-Euler 
polynomials by using relations between ( )α,znB  and ( )., αznE  

Explicit formulas and basic properties for the (generalized) Apostol-
Bernoulli and Apostol-Euler polynomials can be found in [1, 3, 4, 7-12,  
15, 17] and cited references therein. 

These polynomials are extensions of generalized Bernoulli and Euler 

polynomials; ( ) ( )zBz nn
µµ =1,B  and ( ) ( )zEz nn

µµ =1,E  ([13]). Weinmann 

[16] defined ( ) ( )µ+= µµ
2
1

!
1 zBnzF nn  and derived asymptotic forms for 
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these polynomials for sufficiently large values of n when C∈z  and 
Z∈µ  are fixed. Moreover, there were obtained asymptotic form for 

( )zF an
bn
+
+  as ,∞→n  where za,  being arbitrary complex numbers and 

.Z∈b  

López and Temme [5] obtained asymptotic forms of generalized 
Bernoulli and Euler polynomials for large values of ,µ  with n fixed. In 

[6], they gave asymptotic representations of the generalized Bernoulli and 
Euler polynomials for fixed ,, C∈µz  as .∞→n  Using two-point Taylor 

expansion, they also obtained new type expansions for .C∈µ  

The aim of this paper is to obtain analogous asymptotic estimates for 

( )αµ ,znB  and ( )αµ ,znE  valid for any C∈z  and ,Z∈µ  as .∞→n  In the 

following section, utilizing the Cauchy’s integral formula and the 
generating function, we obtain the Fourier expansion of generalized 
Apostol-Bernoulli polynomials. Using this expansion, we derive the 

asymptotic behaviour of ( )αµ ,znB  for positive integer .µ  We also 

establish estimates of ( )αµ ,znB  for ,,2,1,0 …−−=µ  asymptotically. In 

the last section, similar results are obtained for the generalized Apostol-
Euler polynomials by the same way, as well. 

From now on, we assume Z∈µ  and { }.0\C∈α  Also, we recall that 

the falling factorial denoted by ( )mx  and defined by ( ) ( )axx
m

a
m −= ∏

−

=

1

0
 

for positive integer m, with the convention ( ) .10 =x  

2. The Polynomials ( )αµ ,znB  

By Cauchy’s integral formula, for ( )αµ> µ ,, zn nB  can be written as 

follows: 
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where C is a circle around the origin, with radius less than c given in 

(1.1). Note that ( ) 0, =αµ znB  for 1≠α  and ....,3,2,1, =µµ<n  

We first state the asymptotic behaviour of ( )α,zm
nB  when m is 

positive integer. 

Theorem 2.1. Let C∈z  and m be positive integer. For ,∞→n  when 
m=µ  and z are fixed, we have 
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for ( ) { },10,\ ∪−∞∈α C  and 
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for ( ).0,−∞∈α  

Proof. Let 1≥m  and .mn ≥  We start with the integral 
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where Kγ  is a circle around the origin, with radius ( ) α−π+ log12 iK  

( K<0  an integer). It can be shown that the integral tends to 0 over ,Kγ  
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as ,∞→K  provided 10 << z  if mn =  and 10 ≤≤ z  if .mn >  Let the 

integrand be denoted by ( ) ( ).,,: α= zwfwf mm  By residue theorem and 

formula (2.1), it follows that ( ) ( ( ) ).0,!, wfesRnz m
m
n =αB  So, we can 

write 
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and ( ) =αξ ,,1 nzk 1 for all k (see (1.3)). To obtain ( )αξ ,, nzm
k  for ,1>m  

we need the residues of ( )wfm  at ( ).log2 α−π= ikwk  To do this, it is 

enough to compute the coefficients rb  given by 
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Differentiating both sides of (2.5) with respect to the variable w by 
( )1−m  times, we get 
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Also, by writing kwsw +=  in (2.5), we conclude that 

( )

1

1
0

1
1

−−

−+

∞

=






 +

−
=∑

nm

kms

szm

mn
k

zw
r

r
r

w
s

e
es

w
esb

k
 

 ( ) .
1

!
00

1
rrv

k

m
v

r

vr
mn

k

zw
sw

vr

nm

v
zB

w
e k





























−

−−
= −

=

∞

=
−+ ∑∑  

From this, it follows that 



ILYAS YAKAN and MÜMÜN CAN 96

( ) .
1

1

!

1

0
1

v
k

m
v

m

v
n
k

zw
m w

vm

nm

v
zB

w
eb

k















−−

−−
= ∑

−

=
−  (2.7) 

By (2.6) and (2.7), we obtain 
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Furthermore, since 
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From (2.4) and (2.9), we get 
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which is a Fourier expansion for 10 << z  when .mn >  For other values 
of z, we can use this for asymptotic expansion as .∞→n  It is enough to 
examine the values of α  in two cases, ( ) { }10,\ ∪−∞∈α C  and 

( ).0,−∞∈α  In both cases, it is obvious that 

( ) ,0 1+±± ≤< kk ww   (2.11) 
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for all .0≥k  

For ( ) { },10,\ ∪−∞∈α C  we have 10 ∓ww <  and =
αlog
1∓w

 

.1log
21 >

α
π± i  So, in (2.10), only the term with 0=k  is in accordance for 

the asymptotic behaviour of ( )α,zm
nB  when m and z are fixed as .∞→n  

This and formula (2.10) yield (2.2). 

For ( ),0,−∞∈α  we have <=α−π=α−= 10 log2log wiw  1−w  

and .1log
21log

1 >
α

π+=
α

− iw  Then, in (2.10), only the terms with 1,0=k  

are in accordance for the asymptotic behaviour. Thus, the formula (2.3) 
follows from (2.10).  

Note that formula (2.9) may be used for the asymptotic behaviour of 

coefficients ( ).,, αξ nzm
k  For sufficiently large values of n, in (2.9), the 

main term occurs at ,0=v  this gives 
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Moreover, asymptotic forms given by (2.2) and (2.3) in Theorem 2.1 can be 
simplified as follows: 
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for ( ),0,−∞∈α  respectively. 
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Remark 2.2. As a result of (2.10), we obtain the well-known Fourier 
expansion of the generalized Bernoulli polynomials. In addition, for 

1=m  in Theorem 2.1, we get Corollary 6 and Proposition 7 derived in 
[14] except for order constant. 

With the help of (2.1) and the binomial theorem, we have the following: 

Theorem 2.3. Let C∈+= iyxz  and m be nonnegative integer. For 

,∞→n  when m−=µ  and z are fixed, we have the following. If ,2
mx −>  
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Proof. For ,m−=µ  the formula (2.1) gives 
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When ,∞→n  the maximal values of rz +  give a large contribution 

to sum in (2.18). To get the maximal value(s) of ,rz +  it is enough to 

investigate the maximal values of the function ( ) ( )2rxrh +=  on interval 



ASYMPTOTIC BEHAVIOUR OF GENERALIZED APOSTOL … 99

[ ].,0 m  When ,2
mx −>  we have ( ) ( )mhrhmr =≤≤0max  and then the 

proof of (2.15) follows. In the case ( ) ( ),0max,2 0 hrhmx mr =−< ≤≤  which 

gives (2.16). Finally, if ,2
mx −=  then ( ) ( ) ( ),0max0 mhhrhmr ==≤≤  so we 

get (2.17).   

Note that the formulas (2.4), (2.5), and (2.6) given in [6, p. 198] are 
special cases of Theorem 2.3. 

3. The Polynomials ( )αµ ,znE  

The proofs of next theorems follow precisely along the same 
arguments as in Section 2. So, we omit details. 

By Cauchy integral formula and (1.2), ( )αµ ,znE  can be written as 
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where C is a circle around the origin, with radius less than ( ) .log α−  

When µ  is positive integer, we obtain the following: 

Theorem 3.1. Let C∈z  and m be positive integer. For ,∞→n  when 
m=µ  and z are fixed, we have 
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for π≤α< arg0  and ,1−≠α  
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Proof. We write m=µ  in (3.1). For ,1≥m  we get 
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where ( ) ( )α= ,,: zwhwh mm  denotes the integrand in (3.1) and 

=kw ( ) .,log12 Z∈α−π+ kik  Note that ( ) knzk ∀−=α ,2,,1F  (see 

[7, Theorem 2.2], [2, Theorem 1.2] or [14, formula (31)]). This follows from 
the fact that the integral in (3.1) tends to 0 over ,KC  as ,∞→K  where 

KC  is a circle around the origin, with radius α−π log2 iK  ( K<0  an 

integer). To obtain ( )α,, nzm
kF  for ,1>m  we ought to compute the 
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+α

− ∑
∞

=
+

 (3.6) 
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After elementary calculations, we get 

( ) .,, 11 +− α= n
k

zw
m
km

w
enza

k
F  (3.7) 

Also, write kwsw +=  in (3.6) to obtain 

( ) ( ) .
1

1
!

2 1
1

0
11

+−
−

=
+− 








−−
−−−= ∑ mv

k

m
v

m

v
n
k

zwm
m w

vm
n

v
zB

w
ea

k
 (3.8) 

Formulas (3.7), (3.8), and the following equation: 

( ) ( )
( ) ,!1

!1
1

11
1!

1
1

1 1
−+
−−+









−
−+







 −

−=







−−
−− −−

mn
vmn

m
mn

v
m

vvm
n vm  

give 

( )
( )

( )
( ) ( ),1

1

1

12,,
1

0
1 zBmn

w

v

m

m

mn

w
nz m

v
v

v
k

m

v
m

k

m
m
k −+

−












 −















−

−+
−=α ∑

−

=
−

F  

so that 

( ) ( ) ( )
( ) .1

11

1

1
!2,

1

0
vmn

k

zw

v

m
v

vm

vk

mm
n

w
e

mn
zB

v

m

m

mn
nz

k

−+

−

=∈
−+

−












 −















−

−+
=α ∑∑

Z
E  (3.9) 

It can be verified that if π≤α≤ arg0  and ,1−≠α  then 

( ) ,0 11 ++−− ≤≤≤< kkkk wwww   (3.10) 

for all ,0≥k  and if ,0arg <α<π−  then 

( ) ,with0 20111 −−++−− <<≤≤≤< wwwwwww kkkk   (3.11) 

for all .1≥k  

For π≤α< arg0  and ,1−≠α  we have ≤<α−π= −10 log wiw  

."  So, the main term occurs at 0=k  in (3.9) for the asymptotic 

behaviour of ( )α,zm
nE  when m and z are fixed, as .∞→n  Then the 

formula (3.2) follows from (3.9). 
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For ( ),,0 ∞∈α  we have "≤<= − 110 www  and in (3.9), the 

terms with 1,0 −=k  give the main terms. Thus, we obtain (3.3). 

For ,0arg <α<π−  we have .01 "≤<− ww  In this case, the 

main term occurs at 1−=k  in (3.9), which gives (3.4).   

Remark 3.2. The expressions (3.2), (3.3), and (3.4) given in Theorem 
3.1 can be also simplified similar to (2.13) and (2.14). Also, (3.9) gives the 
Fourier expansion of generalized Euler polynomials for ,1=α  and 

Theorem 3.1 reduces to formulas (34) and (35) in [14, p.16] for .1=m  

By the same manner in Theorem 2.3, we can prove the following, 
which generalize the formulas (3.3), (3.5), and (3.4) given in [6, p. 205], 
respectively. 

Theorem 3.3. Let ,1, −≠α∈+= Ciyxz  and m be nonnegative 

integer. For ,∞→n  when m−=µ  and z are fixed, we have the following. 

If ,2
mx −>  then 

( ) ( ) ,112, 















+

−+++α=α −−
n

nmmm
n mz

mzmzz OE  (3.12) 

if ,2
mx −<  then 

( ) ,112, 














 ++=α −−
n

nmm
n z

zzz OE  (3.13) 

and if ,2
mx −=  then 

( ) .222~, 












 +α+





 +−α −−

n
m

n
mm

n iymiymzE  (3.14) 
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