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Abstract

In this paper, we obtain Fourier expansions of generalized Apostol-Bernoulli and
Apostol-Euler polynomials. Using these expansions, we establish asymptotic
behaviour of these polynomials for fixed positive integer p and z e C, as

n — «. We also investigate the cases p =0, — 1, — 2, ..., asymptotically.
1. Introduction

The generalized Apostol-Bernoulli and Apostol-Euler polynomials

with complex variable z and complex order p, are defined by means of

the generating functions, respectively, ([8, 9])

u X n
(L] % = ZB%(Z, oc)L:L—!, w| < ¢, (1.1)

w
ae” -1 =0
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2 H = n
[w—ﬂj 0?0 Ze,*;(z, a)%, | < Jlog(-= o),  (1.2)
n=0 :

where log a = log|a| + iarg o with —n < arga < 7 and ¢ = [log of or 2=

dependingon a # 1 or a = 1.

For p=1, we have Bl(z, o) = B,(z, a) and &.(z, a) = &,(z, a),
which are called as Apostol-Bernoulli and Apostol-Euler polynomials.
Using the Lipschitz summation formula, the Fourier expansion of
Apostol-Bernoulli polynomials is first given in [11, Theorem 2.1] by

e2kniz

!
Bz, ) = =5, (2 o) = 1= — (1.3)
o pzNo) (2kni —log a)

n'

where §,(z,a) =0 or ————
a?(~log a)"

, according as a =1 or a # 1. This

expansion is also established in [2] via residue theorem and in [14]
depending on Riemann integral and algebraic properties of B, (z, o).
Also, similar expression is proved for the Apostol-Euler polynomials in

[2, 11, 14].

Navas et al. in [14, Theorem 3, p.7] derived asymptotic approximation of
Apostol-Bernoulli polynomials with the help of (1.3). They also gave
asymptotic behaviour for B, (z, a) by Corollary 6 and Proposition 7 in
their paper. Similar expressions are obtained for Apostol-Euler

polynomials by using relations between B,,(z, a) and &, (z, a).

Explicit formulas and basic properties for the (generalized) Apostol-
Bernoulli and Apostol-Euler polynomials can be found in [1, 3, 4, 7-12,

15, 17] and cited references therein.

These polynomials are extensions of generalized Bernoulli and Euler

polynomials; Bh(z, 1) = Bh(z) and &L(z,1) = EL(z) ([13]). Weinmann

[16] defined F}(z) = %B#(z +%u) and derived asymptotic forms for
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these polynomials for sufficiently large values of n when z € C and

u e Z are fixed. Moreover, there were obtained asymptotic form for

F;:ba (2) as n — o, where a, z being arbitrary complex numbers and

b e Z.
Loéopez and Temme [5] obtained asymptotic forms of generalized
Bernoulli and Euler polynomials for large values of p, with n fixed. In

[6], they gave asymptotic representations of the generalized Bernoulli and

Euler polynomials for fixed z, p € C, as n — o. Using two-point Taylor

expansion, they also obtained new type expansions for p e C.

The aim of this paper is to obtain analogous asymptotic estimates for
B4 (z, a) and €4 (z, o) valid for any z € C and p € Z, as n — . In the

following section, utilizing the Cauchy’s integral formula and the
generating function, we obtain the Fourier expansion of generalized

Apostol-Bernoulli polynomials. Using this expansion, we derive the

asymptotic behaviour of B! (z, a) for positive integer n. We also

establish estimates of BY(z, o) for p = 0, -1, — 2, ..., asymptotically. In

the last section, similar results are obtained for the generalized Apostol-
Euler polynomials by the same way, as well.

From now on, we assume p € Z and o € C\ {0}. Also, we recall that

m-1
the falling factorial denoted by (x), and defined by (x),, = [] (x - a)
a=0

for positive integer m, with the convention (x), = 1.
2. The Polynomials B (z, o)

By Cauchy’s integral formula, for n > u, B (z, o) can be written as

follows:

(2.1

u wz
P
2m C(aew —1)H Wt
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where C is a circle around the origin, with radius less than ¢ given in

(1.1). Note that BY(z, a) =0 fora #1 and n <, p =1, 2, 3, ....

We first state the asymptotic behaviour of B)'(z, o) when m is

positive integer.

Theorem 2.1. Let z € C and m be positive integer. For n — o, when

u = m and z are fixed, we have

B (z, a) = nvﬂ{n _1J

a® (log a)n m-1
m-1
1 V(m-1 1
« Z%( ) jB{,”(z)+o — ||, @2)
v=0 v (min‘l + 12;5& )

for o € C\ (-0, 0)U {1}, and

\N—V )
g (loglod + miNTE oniz| ) 1 , (2.3)
log|o| — mz ‘1 L 2ni|"

log a

for a € (—», 0).

Proof. Let m > 1 and n > m. We start with the integral

n! J‘ wme? dw

Z_ni ((xew _1)m wn+1 ’

YK

where yg is a circle around the origin, with radius |(2K + 1)ni — log qf

(0 < K an integer). It can be shown that the integral tends to 0 over yg,
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as K — o, provided 0 < z<1if n=m and 0 < z <1 if n > m. Let the

integrand be denoted by f,(w) := f,,(w, z, @). By residue theorem and

formula (2.1), it follows that BJ'(z, a) = n! Res(f,,(w), 0). So, we can

write
B} (z, a) = —n! Z Res(f,,(w), wy,) = —n! Z & (2 n, oc) , (2.9)
keZ” keZ® k

where

Z\{0}, ifo=1,

wy, = (2kmi - lo , 7' =
& = (2mi — log o) {Z, if o =1,

and EL(z, n, a) = 1for all k (see (1.3)). To obtain & (2, n, a) for m > 1,
we need the residues of f,,(w) at wj, = (2kni —log o). To do this, it is

enough to compute the coefficients b, given by

(w - wk)m e Zb (w-wy). (2.5)

(aew m n+1

Differentiating both sides of (2.5) with respect to the variable w by

(m —1) times, we get

wpz

bm—l = ‘i;gn(z’ n, OL) g (2.6)

Wy,
Also, by writing w = s + wj, in (2.5), we conclude that

Wpz

® m sz m-n-1
r_ e s™e s

Zbrs - n+l-m 1 m (wk + 1)

r=0 (e )

wy,

From this, it follows that
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wkzm—lez m-n-1
b, 1 =% . Z va( ) w?. (2.7)
W v=0 ) m-1-v
By (2.6) and (2.7), we obtain
m-1 - m m-n-1
& (2, n, a)= By '(Z)[ ]wz (2.8)
v!
v=0 m-1-v

Furthermore, since

v! (m-1-v)v! (m -1)

[m—n—l]l_ (m-n-1)--(m-n-1-(m-2-v) (m-1)

m-1-v

v (m -1 (n — m)

KR e

and by (2.8), we find

_ [m - 1] (_ 1)m71*0 (n -1- U)‘

n

PG n a):(—l)m‘l[ _lJmZ_l[m_lJMBm(z) @9
e m-1)v=0{ v (n-1), ° 7 .

<

From (2.4) and (2.9), we get

n-1 m-1(m -1 v pm w2z
BZL(Z’ OL) = (_ 1)mn,[ ]Z Z[ J(_ 1) B, (2) ™k (2.10)

m—1),.7*v=0 v (2 =1), wy "

which is a Fourier expansion for 0 < z <1 when n > m. For other values
of z, we can use this for asymptotic expansion as n — . It is enough to

examine the values of o in two cases, a e C\ (-, 0)U{l} and

a € (-, 0). In both cases, it is obvious that

0 < [wip| < [wi(rsnl, 211
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for all £ > 0.
w-
For o e C\ (-0, 0)U{l}, we have |wy|<|ws;| and 7L
log a.
1+ fgla > 1. So, in (2.10), only the term with £ = 0 is in accordance for

the asymptotic behaviour of B)'(z, o) when m and z are fixed as n — .

This and formula (2.10) yield (2.2).

For a e (-, 0), we have |wy| = |-log o| = [2ni —log of = |w;| < |w_1]
and W f ‘1 + 2t > 1. Then, in (2.10), only the terms with £ = 0, 1
log a log a

are in accordance for the asymptotic behaviour. Thus, the formula (2.3)
follows from (2.10). O

Note that formula (2.9) may be used for the asymptotic behaviour of

coefficients &Zl(z, n, a). For sufficiently large values of n, in (2.9), the

main term occurs at v = 0, this gives

Mz, n, ) = (1) (r’;m—_i), [1 ; OGH (2.12)

Moreover, asymptotic forms given by (2.2) and (2.3) in Theorem 2.1 can be

simplified as follows:

B ) = COTE (xz(lcr)lg! o)’ (:zm—i)! [1 i O&ﬂ @19

for a € C\ (-, 0) U {1}, and

_q\rtm m-1 N\ .
Bl (z, o) = n! 2y n -1+ (loglal i m) ez 4 O(lj , (2.14)
a?(log )" (m—1)! log|a| — mi n

for a € (-, 0), respectively.
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Remark 2.2. As a result of (2.10), we obtain the well-known Fourier
expansion of the generalized Bernoulli polynomials. In addition, for
m =1 in Theorem 2.1, we get Corollary 6 and Proposition 7 derived in

[14] except for order constant.
With the help of (2.1) and the binomial theorem, we have the following:

Theorem 2.3. Let z = x + iy € C and m be nonnegative integer. For

n — o, when p = —m and z are fixed, we have the following. If x > —%,

mmﬂ (2.15)
WH (2.16)

then

z+m-—1

- n!
Bnm(z, (X,): amm(2+m)n+m|:1+0( P

if x < —%, then

z+1

B, (z, a) = (-1)™ (n+!m)!2n+m{1 + (’)(

and if x = —%, then
By e a) - SR {(% o) () } (2.17

Proof. For p = —m, the formula (2.1) gives

Zm m 1 (z+r) dw

| _1yn-r r_ L | jw(z+r) QW

n (-1) o omi e n+l+m
r C

r=0 w

B, (z, a)

- oo Z[ j(— D)™ o (z + )" (2.18)

!
(n + m) —l

When n — o, the maximal values of |z + r| give a large contribution

to sum in (2.18). To get the maximal value(s) of |z + 7|, it is enough to

investigate the maximal values of the function A(r) = (x + r)* on interval
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[0, m]. When x > —%, we have maxg<,<,, A(r) = h(m) and then the

proof of (2.15) follows. In the case x < —%, maxg<,<, M) = h(0), which

gives (2.16). Finally, if x = —%, then maxg<,<,, h(r) = h(0) = h(m), so we
get (2.17). O

Note that the formulas (2.4), (2.5), and (2.6) given in [6, p. 198] are
special cases of Theorem 2.3.

3. The Polynomials &} (z, a)

The proofs of next theorems follow precisely along the same

arguments as in Section 2. So, we omit details.

By Cauchy integral formula and (1.2), £} (z, o) can be written as

! u_owz
Eh(z, o) = LN 2%e dwl , o #—1, (3.1)
2mi % (ae + 1) w™*

where C'is a circle around the origin, with radius less than [log(-a)].
When p is positive integer, we obtain the following:

Theorem 3.1. Let z € C and m be positive integer. For n — o, when

u = m and z are fixed, we have

m ' n+m-1
£mz, Q)ZQ_A[

of (mi—loga)"™™ | -1

ni — log a
ni + log a

]

(3.2)

for 0 <arga < and a = -1,
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sre o= T e )
n] ,

. \n+m-v .
e I (0
(3.3)

3ni — log o

for a € (0, ©), and

gm n+m n+m-1
En(z, oc)— _ YTl ( ' ]

of (mi+loga)”™™ | -1
ni + log a

m_l(logoc+m')v m—1 ;
m —Tiz
x Z(n+m—1) ( v ij (2)e +o ni — log o
v=0 v

for —n < arg a. < 0.

nﬂ,(&él)

Proof. We write u = m in (3.1). For m > 1, we get

EM(z, a) = —n'ZRes(h (w), wk)——n'Z]-'k (z, n, (x) — (3.9

keZ keZ

where h,,(w) = h,,(w, z, a) denotes the integrand in (3.1) and

wy = (2k+1)mi —loga, k € Z. Note that Fk(z, n, a) = -2, Vk (see
[7, Theorem 2.2], [2, Theorem 1.2] or [14, formula (31)]). This follows from
the fact that the integral in (3.1) tends to 0 over Cg, as K — oo, where

Ck is a circle around the origin, with radius [2Kni —loga| (0 < K an
integer). To obtain ]—'Z(z, n,a) for m >1, we ought to compute the

coefficients a, given by

0

(w—wp)"2me® Zar(w —w, Y. (3.6)

(aew +])n%0n+1 ~
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After elementary calculations, we get

ol0k?
ap1 = Flzn, o) —-. (3.7)
k
Also, write w = s + w;, in (3.6) to obtain
-1
(- 2)"e™ Bé”(Z)( -n-1 J v-m+l
A1 = w . 3.8
= Z(; il SRR (3.8)
Formulas (3.7), (3.8), and the following equation:
-n-1 l:(_l)m_l_vm_l n+m-1 (n+m—v—]_)!
m-1-v)v v m—-1 (n+m-1) ~°
give
—1\m-1m -1 v
_gm [(ntm (= wp,)
F'z, n,a) = ——— ——7Fr> — B'(2),
* (wk)m—l[ m-1 Zo p Jrrm-1, "
so that

n+m-1 m-1m -1 v pm Wiz
EMz, a) = 2mn![ } [ J(— 1B (z) ek 3.9
keZ v

m-1 v=0 (n +m 1), wy " ‘
It can be verified that if 0 < arga < © and o # -1, then
0 < |w_p| < |wp] < [w_psn)| < [wpal, (3.10)
forall £ > 0, and if - < arg a < 0, then
0 < fw_p| < |w_(a1)| < Jwp| < |wpar| With [w_1] < |wo| < |w_s|, (3.11)
for all £ > 1.

For 0 <arga < n and o # -1, we have |wg| = |t - log o] < |w_q| <
So, the main term occurs at 2 =0 in (3.9) for the asymptotic

behaviour of £7'(z, @) when m and z are fixed, as n — «. Then the

formula (3.2) follows from (3.9).
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For o € (0, »), we have |wg| =|w_1| <|w;| <+ and in (3.9), the

terms with £ = 0, — 1 give the main terms. Thus, we obtain (3.3).

For —m <arga <0, we have |w_q|<|wp| <---. In this case, the
main term occurs at £ = —1 in (3.9), which gives (3.4). O
Remark 3.2. The expressions (3.2), (3.3), and (3.4) given in Theorem
3.1 can be also simplified similar to (2.13) and (2.14). Also, (3.9) gives the

Fourier expansion of generalized Euler polynomials for o =1, and

Theorem 3.1 reduces to formulas (34) and (35) in [14, p.16] for m = 1.

By the same manner in Theorem 2.3, we can prove the following,
which generalize the formulas (3.3), (3.5), and (3.4) given in [6, p. 205],

respectively.

Theorem 3.3. Let z=x+iy e C, a # -1, and m be nonnegative

integer. For n — o, when u = —m and z are fixed, we have the following.

H (.12)
ﬂ (3.19)

If x > —%, then

z+m-1

EM =z a)=2""aM(z + m)'{l + (’)( —

if x < —%, then

z+1
z

EM(z, o) = 2'"2'{1 + O(

and if x = —%, then

EM(z, o) ~ 2_”{(— % + iy)n + am(% + iy)n}. (3.14)
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