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1. Introduction

Most of engineering and physical problems are solved by using finite
differences methods, finite elements methods, finite volume methods, or
boundary element methods. These numerical methods are all based on a
mesh-grid discretization that has to be generated in advance or
dynamically modified as the solution progresses (adaptive meshing). The
difficulties encountered in conventional computational mesh-based
methods are, e.g., meshing complex geometries, mesh distortion due to
large deformation, and re-meshing in moving boundary problems. Also,
the construction of a mesh in three or more dimensions is a non-trivial

problem.

During recent years, there has been a rapid development of so-called
mesh-free methods, which are also referred to in the literature as
meshless, element-free, gridless or cloud methods (see [3, 9] for an
overview). In meshless methods, the process of mesh generation has been
replaced by the process of node generation. The process of node
generation takes less time and memory in mathematical programming
compared to the mesh generation process. Recently, some attentions have
been paid to the meshless methods based on moving least squares (MLS)
method, for numerical solution of partial differential equations and
remarkable progress has been achieved. Using this approach, some new
meshless methods, such as element-free Galerkin (EFG) method [1],
boundary node method (BNM) [20], hp-cloud method [6], meshless local
boundary integral equation (LBIE) method [19, 26, 30], meshless local
Petrov-Galerkin (MLPG) method [2, 5], and other relative methods are
constructed. The present study is concerned with the development of
variational inequality/meshless method to solve frictionless contact

problems.

The contact problems appear within a large number of engineering
problems, such as extrusion, metal forming, machining and crash and is
one of the mostly used models in the theory of variational inequality
(see [7, 14]). Kikuchi and Oden [14], made a detailed analysis of the
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contact problem in elasticity with the mathematical model and numerical
implementation of the models. Wang [28], improved the duality methods
in the mixed nite element approximation. The phenomenon of contact in
mechanical systems introduces dynamical boundary conditions that are
normally inactive, but are enforced when parts of the moving mechanical
structure come in contact. This introduces a greater level of complexity
because it is not always known where or how contact occurs. Thus,
unknown contact boundary and its change during the loading, and also
the sliding of two bodies in frictional contact make the contact problem
one of the most difficult nonlinear problems in the solid mechanics. Many
studies have tried to bypass the difficulties of contact simulation. Most of
the methods have used the finite element method to solve the problem
(see [10, 21, 29]). Typically, two main constraint methods that have been
employed in the finite element solution of contact problems are the
method of Lagrange multipliers and the penalty approach. In Lagrange
multipliers approach, the contact forces are taken as primary unknowns
and the non-penetration condition is enforced [13, 25]. These extra
variables add to the computational effort of the solution process. In the
penalty method, the penetration between two contacting boundaries is
introduced and the normal contact force is related to the penetration by a
penalty parameter [21]. To best of our knowledges, few number of the
contact analysis’ use meshless methods [11, 15, 17]. Li et al. [17] have
used a meshless method to study the two dimensional frictional contact

problems.

The aim of this paper is to utilize the strength of both finite element
method and meshless methods to overcome the difficulties of the contact
problem. Thus, a combination of the finite element method and a
meshless approximation method, namely, the MLS method is proposed to
simulate the two dimensional unilateral contact problems. For the
analysis, the element free Galerkin method and Galerkin formulation for
two dimensional elasticity problems are considered. Then, the penalty

method for imposition of contact constraint is proposed and the Lagrange
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multiplier method is used to impose essential boundary conditions. The
implementation of the penalty/Lagrange based contact algorithm is
described and the efficiency for our algorithm is illustrated with various

examples.

The paper is organized as follows: In the next section, a review of the
MLS approximation is presented and the applicability of the element free
Galerkin method and Galerkin formulation for two dimensional elasticity
problems is investigated. The model problem, its weak formulation, the
penalty method for implementation of contact constraint and the
Lagrange multiplier method for imposition of essential boundary
conditions are described and analyse in Section 3. In Section 4, we
present some numerical examples to conform the validity and efficiency of
our approach. Finally, in Section 5, some conclusions are drawn about the
described method and some possible future developments.

2. MLS Approximation

2.1. Review of the MLS approximation

The MLS as an approximation method has been introduced by
Shepard [24] and Lancaster and Salkauskas [16]. It consists of three
components: A basis function, a weight function associated with each

node, and a set of coefficients that depends on node position.

Using MLS approximation, a data values u = {y; }f\i 1 at nodes x; is

approximated by a function u" e CS(Rd) in a weighted square sense,

namely,
m
u"(x) = Y pi(x)a;(x) = p” (x)a(x), M
i=1
where p;(x),i=1,2,...,m are monomial basis functions, pT(x) =
[p1(x), pa(x), ..., bp(x)], m is the number of terms in the basis, and

a;(x) are the coefficients of the basis functions. In general, the basis
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functions are as follows: For example, for a 1-D problem, the linear basis
is {I, x}, and the quadratic basis is {1, x, x2}. For a 2-D problem, the
linear basis is {1, x, y}, and the quadratic basis is {1, x, v, x2, xy, yz},

where x = (x, ¥).

The coefficient vector a(x) is determined by minimizing a weight

discrete square norm, which is defined as

I(x) = D wix) (p" ®a(x) - z; ), )
1=1

where w;(x) is the weight function associated with the node i, n is the
number of nodes in Q for which the weight function w;(x) > 0, and u;
are the fictitious nodal values, but not the nodal values of the unknown

trial function u”(x), i.e., u”(x;) # u;.
Equation (2) can be written as

J =[P ax)-ull -W-[P-a(x)-ul,

where
(pi(x1)  pa(x1) o pp(xq)]
. p(xg)  pa(xa) o pplxg) |
Lp(x,)  paxy) o pa(x,)]
and
"y (x) 0 0
0 wy(x) - 0
W =

0 0 e w,®)
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The stationary point of <, in Equation (2), with respect to a(x) leads

to the following linear relation between a(x) and u:
A(x)a(x) = B(x)u, 3)

where the matrices A(x) and B(x) are defined by

A(x) = PTWP = Bx)P = w;(x)p(x; )p” (x;), @
i=1
B(x) = PTW = [w;(x)p(x; ), we(x)p(x3), ..., w, (x)p(x,)]. 5)

The matrix A is often called the moment matrix, it is of size (m +1)x
(m +1). Computing a(x) by using Equation (3) and substituting it into

Equation (1), give

uh(x) = <DT(X)- u= Zq)i(x)-ui, x e Q, (6)
i=1
where
o’ (x) = p"(x)A™"(x)B(x), ()
or
0:(%) = Y pr(x)[A7 (X)B)]y;, ®)
k=0

where ¢;(x) are called the shape functions of the MLS approximation,
corresponding to nodal point x;. If w;(x) e C"(Q) and pj(x) e C*(Q),

i=1,2..,nk=01,..,m then ¢;(x) e C™"3)(q).

The cubic splin weight function is applied in the present work as



MESHLESS SOLUTIONS OF 2D UNILATERAL ... 61

2 4.2 3 <1

3 4r< + 4r°, r<g,
w;(x) = %—4r+4r2—%r3, %<r£1,

0, r>1,

with r =

Ix - xi]
d

i

, where d; is the support size of node x;.

2.2. MLS method for two-dimensional elasticity problems
2.2.1. Notations

Let A > 0 denote Lamé’s first parameter and p > 0 denote the shear
modulus of a body occupying a polyhedral region QQ, whose boundary I'
1s partitioned into disjoint sets I, and I; on which the displacement and

tractions are prescribed, respectively.

We define the spaces
Ly(Q) = {v : J. vidx < oo},
Q

HY(Q) = {v e Ly(Q) : gradv € Ly(Q)?},
and

Hbg(Q) ={ve HI(Q) :v=0,0onT,}.

For u = (uy, ug) € H'(Q)?, we define the standard differential operators

il o
. ou ou ox oy
divy = =L + =2 grad u = ,
ox 6y Oug Oug
ox oy
and for a matrix 7 = (7;;), we define
. ox oy
divT = 5 a
791 | 022

ox oy
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For v e H'(Q)?, let
e(v) = %(grad v + (grad v)T ),

and
o(v) = Ce(v) = 2ue(v) + Atr(e(v))I,

denote the linearized strain and stress associated with a displacement v,

where I is the identity tensor. The compliance tensor is given in terms of

the inverse C™! defined by

tr(w)I).

2u 21 + 3A
2.2.2. Weak formulation

Consider the following two-dimensional problem of finding the

linearly elastic displacement u such that:
divo(u)+f =0, in Q, ©)]

where o is the stress tensor, which corresponds to the displacement field

u and f 1is the body force. The corresponding boundary conditions are

given as
o(u)-n=t, onl,; wu=u, onTl,, (10

where & and t are the prescribed displacements and tractions,

respectively, on the displacement boundary I, and on the traction

boundary I3, and n is the unit outward normal to the boundary T

The weak formulation of the partial differential equation (9) and
boundary condition (10) over Q is to find v € H 1((2)2 such that v = u,

on I, and

I o(u) : e(v)dQ —I f-vdQ —j t-vdll =0, VYve HlD’ﬁ(Q)2, (11)
Q Q I
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2 2
where w : v = Zi:l Zj:lwijvij'

The data are supposed to satisfy f e Ly(Q)® and 7 e Ly(T;)>.

Likewise, we assume that the data w 1s smooth, and, in addition, is
compatible in the sense that problem (9) with the boundary condition (10)

admits a solution. We shall also assume that the boundary I, is closed

and 1s such that a unique solution u € H 1 (Q)2 to the problem (11) exists.

In the finite element method, the solution u is sought in a finite

dimensional subspace V of H}:),E(QF and the variational equation is

checked for a test function v in a subspace S of H })yﬁ(Q)? If V=S than

the numerical method is called Galerkin method. In this case, we have

N N
u(x) = Zqz'dh‘(x) and v(x) = Zdi(l)i(x)-
i=1 i=1

These approximations are introduced in the variational form (11) to

obtain the usual linear system that allows us to determine the unknowns

{CIi }i'

In the meshless method, we use the shape functions obtained by the
MLS approximation and the equations that describe the finite element
method are still valid to describe this method. This choice of shape
functions leads to two different points; one in the imposition of boundary

conditions and one for the numerical integration.
2.2.3. Boundary conditions

The enforcement of essential boundary conditions remains an area of
ongoing research, since the shape functions in meshless methods are not
strict interpolates, i.e., they do not satisfy the Kronecker delta condition

1, ifi=j,
oi(x;) # 8 =
0, otherwise,
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where ¢;(x;) is the shape function of node A; vaulted at node A; and

is the Kronecker delta. A consequence of this is that the approximated
value on the boundary depends on interior nodes as well as boundary
nodes. Boundary conditions are in terms of linear combinations of nodal
values. Various ways of implementing boundary conditions for meshless
methods have been suggested, such as combining the element free
Galerkin (EFG) method with finite element shape functions close to the
boundary, the use of a modified variational principle [18], the use of
window or correction functions that vanish on the boundary [6], and the
use of Lagrange multipliers [2]. In this paper, the essential boundary

condition is imposed by using the Lagrange multipliers method

JQG(U) : e(v)dQ—JQf-de —thf-vdl" —J.Fuéx-(u -u)dr

- [ v-rar-o. a2
FM
The Lagrange multiplier A is approximated by A = Ziki(pi(x),

where @;(x) are the finite element interpolations on the boundary T,.

Using this method, the system of equations of the linear elasticity

problem is given by

; (13)

with

K = | BlcBjao,
Q
Gy = _J.r o;¢;Sdr,

F - IQ 6, - j . F4,dT,
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q]' = —Iru (p]SﬂdF,

where S is a diagonal matrix of size 2 x 2 in two dimensions, with S;;

equal to one if the displacement is imposed on x; and zero otherwise and

0d; 0
ox

B, =|0 % .
i 06
ay ox

2.2.4. Numerical intégration

In the MLS method, the concept of element does not exist, and the
shape functions are not polynomial, so we can not evaluate the integrals
as for the finite element method. However, we can use a direct
integration nodes or an underlying grid that serves only in the numerical
integration, and does not interfere in the approximation scheme. In this

work, we used the second method [2].

3. The Implementation of a 2D Unilateral Contact
Problems by Penalty/MLS

3.1. Notations

We consider two elastics bodies Q; and Qg (Figure 1). We denote
Q=0,UQy, and n; is the unit normal outward to the domain

boundary I; of Q;.
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I

5

Figure 1. Elastic bodies in contact.

The classical equations of elasticity problem are

dive+f =0 in Q,
o = Ce in Q,
on=t on I},
u=u on I,

where w 1is the prescribed displacement on the essential boundary,

I, =T, UT,, and t is the prescribed traction on the natural boundary,

I; =T, UT,,. The contact interface consists of the intersection of the
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surfaces of the two bodies, and is shown by I, with I, =T, NT,,.

InT,, weset n =n; = —noy.

We decompose the displacement v into u; and ug onto ©Q; and Q,

respectively, and it is the same for the stress tensor ¢ and the strain e.

The n-normal force is denoted by

tin = n;o;n;, i = ]_, 2, (14)

and the tangential force is denoted by

=1 n;, i=1, 2. (15)

n

The contact conditions on T, are

(ug —uy )n > 0, (16)
th =t, =—ty <0, 17
tr =, =~ly =0, (18)
(ug —uy)-nt, = 0. (19)

Under these conditions, the classical formulation of our problem is as

follows:

dive+f=0 in Q,

c =Csg in Q,

on =1 on I},
u=u on I,

(20)

(ug —ty)n >0 on T,
(ug —uy)-nt, =0 on I,
ty =t =-t; <0 on T,
ty =t, =1y, =0 on T,.
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3.2. Weak formulation
We introduce the space
K={ve H})E(Q)/(uQ —uy)n = 0on I,}.

The weak formulation of the problem (20) is as follows: Find a

displacement field u € K such as, for all v € K, we have

Icl se(v) —uy )dQ + I oy : &(vg — uy )dQ
o Q

= Jf(l)l —ul)dQ+ Jf(Uz —uz)dQ-F J‘t_l(vl —ul)dF
] Qy rtl

+ J Z2(Uz-lt2 )dF+ J‘ Glnl(vl—ul )dF+ J‘ 62n2(02—u2 )dF
rt2 1ﬂcl FC2

Then

IG ce(v-u)dQ = If(v —u)dQ + J.f(v —u)dl’
Q

Q Iy

+ J. Glnl(Ul - U )dF + j 627L2(U2 — Uy )dF

rcl l“02

We define

a(u, v-u) = J.G s e(v - u)dQ,
Q

Iv-u)= J.f(v —u)dQ + J.t_(v —u)dr,
Q

I3
then, we obtain

alu,v-—u)-Ilv-u)= J. o1y (v —uy )dl + J. Gong(vg — ug )dr.

1“Cl 1HC2
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Using Equations (17) and (18), we get

alu,v-u)-1lv-u)= J. t,(v; — uy )ndl’ — '[ t, (v — ug )ndr.

FCl Fc2

By Equations (17) and (19), we have

J.t_n(l)2 — v )ndl’ < 0.
FC

The weak formulation becomes: Find a displacement field u € K such as,

for all v € K, we have
a(u,v-u)-Ilv-u)>0. (21)

The nonlinearity due to the unilateral constraints makes it difficult
to solve the contact problem directly. For this reason, an equivalent
minimization problem is formulated, which is particularly suitable for
numerical implementation. It can be shown [7] that the optimization

problem: Find u € K, which minimizes the potential energy
1
E.(v) = 3 a(v, v) - I(v) (22)

is equivalent to the contact problem (21). In this paper, we propose a

numerical resolution strategies by using the penalty method.
3.3. The implementation of the penalty method

The penalty methods avoid the need for additional variables by
introducing an approximation of the constraint condition. An additional
term enters in the weak form of the governing equations, which penalizes
the dissatisfaction of the constraint condition by a positive penalty

parameter.

Physically, this regulation is interpreted as follows: We accept that in
the contact zone there is a slight penetration; the condition (16) is

abandoned and we assume that g = (uy — u; )n can take negative values

and sufficiently small by relative to the dimensions of solids (see Figure 2).
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Elastic body

Elastic body

i Fuondation
Fuondation

Figure 2. Definition of interpenetration in two bodies before and after

interpenetrating.
The penalty term is introduced as follows:
E.(u) = E.(u)+ % g's. 23)

According to the minimum potential energy principle, the first variation
of the total potential energy is equal to zero. Therefore, the following

linear system is obtained
8E,(u) + ag'sg = 0. (24)

By enforcing the essential boundary by using Lagrange multiplier as

in (12), the potential energy in the entire solution domain can be given by

JQG(LL) : a(v)dQ—JQf-de—thf-vdF—J‘ru6k~(u—ﬁ)dl"

_Ir

u

v-Adl + o I gdgH(g)dl" = 0, (25)
I'c

where o is the penalty parameter and H is the heaviside step function
and is defined as

1, if g <0,

H(g) =
0, if g >0.
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To discretize the contact interface, the interpenetration g can be

discretized as follows:
g =¢u and dg = ¢pdu.
We have
ocj gdgH(g)dT = a_[ 0T SuduHW)dr = Pdu, Vsu,
Ic I'c
with

P. = (XJ. oL oH(u)dTu = K u,
I'c

where K, is the contact matrix for small-displacement elastostatic and is

defined as
K, =a j' 6T 6H(w)dr. 26)
I'c

Using (26) and the system (13), we get
KT G u
GT 0]|x

Kp =K +K,.

F

, 27

q

where

To implement the contact in our meshless code, the following

algorithm is considered:

o For a well chosen o (penalty parameter) and TOL (tolerance), we have
o Compute K, G, F and q.

o iter = 0 and a given u.
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e Begin
. Find contact nodes of the bodie

. Compute K,

. Solve (27)

. Compute RES = M
lco]l

End
o While (RES > TOL)
iter =1iter + 1

o End.
4. Numerical Examples

4.1. Example 1

In this first example, we consider a rectangular plate of dimension

L x D, which is in frictionless contact with a rigid foundation (Figure 3),
where L = 40mm, D = 10mm, the material behaviour will be isotropic
linear elastic with E = 3.104MPa, v =0.3 and a load P = 10MPa and
the boundary conditions u, (0, .) = 0 and u,(L,.) = 0.
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[ )

L

Elastic body

Rigid foundation

Figure 3. Elastic body in contact with a rigid foundation.

For a nodal distribution 25 x 12 nodes, we obtain the following results:

40

30r
207  EEFEFEFE R R R EREE
ol 88888838888833888885888
8808884888825188881888888
88888333888883888883388
. 88388388838833883888388
-10
-20 : ' ' : : '
-10 0 10 20 30 40 50

Figure 4. Distribution of nodal 25 x 15 nodes.
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Figure 5. Deformation of the structure for a = 102, the deformation is

in red color.

Figure 6. Deformation of the structure for o = 10Y, the deformation is

in red color.
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The Figure 6 shows that the body not interpenetrated.

To study the effect of the contact penalty parameter, the vertical
displacement is shown in Figure 7.

0ree000000000000000000000090

0ot e e
-0.02F

§ —— 1,62

g -0.03F —p— | 05

8 1.e7

@ -0.04} w168

E » 1.9

3

E -0.05+

>
-0.06F
-0.07} M
_008 1 1 L L J

0 5 10 15 20 25

contact node i

Figure 7. Distribution of vertical displacement in the contact boundary
for different values of contact penalty parameter.

Figure 7 shows that a little change in the value of penalty parameter
has a considerable effect on the results.

4.2. Example 2

In this second example, we consider a rectangular plate of dimension
L x D fixed at both ends and that is in frictionless contact with a rigid
foundation, where L = 60mm, D = 30mm, the material behaviour will
be isotropic linear elastic with E = 21.103MPa, v =03 and a load
P =10MPa and the boundary conditions u,(0,.) =u,(0,.)=0 and

uy(L, ) = uy(L,.)=0.
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Figure 8. Distribution of nodal 30 X 15 nodes.
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Figure 9. Deformation of the structure for o = 102, the deformation is

in red color.
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Figure 10. Deformation of the structure for o = 108, the deformation is

in red color.

To study the effect of the contact penalty parameter, the vertical

displacement is shown in Figure 11.
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-4
x 10

vertical displacement

0 5 10 15 20 25 30
node contact i
Figure 11. Vertical displacement for different values of contact penalty

parameter.

Figure 11 shows that a little change in the value of penalty parameter

has a considerable effect on the results.
5. Conclusion

In this paper, the EFG-MLS meshfree approach was applied to solve
the two dimensional frictionless contact problem. The penalty method
was used for the imposition of the contact constraint and the Lagrange
multiplier method was employed to impose essential boundary conditions.
The method was evaluated by using several tests. The results showed a
good performance of the proposed method. Also, the final formulation of
the method proves its simplicity and feasibility. The future development

1s promising for more complex problems.
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