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Abstract 

In the present paper, we derive some results for strong differential 
superordination of p-valent functions involving certain fractional derivative 
operator. 

1. Introduction and Preliminaries 

Let U  denote the unit disk of the complex plane 

{ },1: <= zzU  

and 

{ },1: ≤= zzU  

the closed unit disk of the complex plane. 
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Let ( )�UUH ×  denote the class of analytic functions in UU ×  and the 

classes [7, 8] 
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with ( )ζka  are holomorphic functions in ,,, N∈≥ nnkU  and ,C∈a  
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the class of convex functions, and 
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the class of starlike functions. 

Let ( ) ( )ζζ ,,, zHzf  analytic in .UU ×  The function ( )ζ,zf  is said to 

be strongly subordinate to ( ),, ζzH  or ( )ζ,zH  is said to be strongly 

superordinate to ( ),, ζzf  if there exists a function w analytic in ,U  with 

( ) 00 =w  and ( ) 1<zw  such that ( ) ( )( )ζ=ζ ,, zwHzf  for all .U∈ζ  In 

such a case, we write ( ) ( ) .,,,, UU ∈ζ∈ζζ zzHzf ≺≺  If ( )ζ,zf  is 

analytic in UU ×  and univalent in ,U  for all ,U∈ζ  then ( ) =ζ,0f  

( ),,0 ζH  for all U∈ζ  and ( ) ( ).UUUU ×⊂× Hf  If ( ) ( )zHzH ≡ζ,  and 

( ) ( ),, zfzf ≡ζ  then strong superordination becomes the usual notion of 

superordination [7, 8]. 

Let ( )p∗
ζA  be the class of functions ( )UUH ×∈f  of the form 

( ) ( ) ,,,,,
1

N∈∈ζ∈ζ+=ζ +
+

∞

=
∑ pzzazzf np

np
n

p UU   (1.1) 

and set ( ) .1 ∗
ζ

∗
ζ ≡ AA  
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The Gauss hypergeometric function ( )zcbaF ;;,12  is defined for 

U∈z  by [11], 

( )
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znc

ba
zcbaF ∑

∞

=

=   (1.2) 

where ( )nλ  is the Pochhammer symbol defined, in terms of the Gamma 

function, by 

( ) ( )
( ) ( ) ( ) ( )
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∈−+λ+λ+λλ

=
=

λΓ
+λΓ=λ

.when,121

,0when,1

Nnn

nn
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…
 (1.3) 

for .,2,1,0 …−−≠λ  

Next, we recall the following definitions of fractional derivative 
operators, which were used by Owa [9], (see also [10]) as follows: 

Definition 1.1. The fractional derivative operator of order λ  is 
defined by 

( ) ( )
( )

( )
,1

1
0

ξ
ξ−

ξ
λ−Γ

=
λ

λ ∫ d
z

f
dz
dzfD

z
z   (1.4) 

where ( )zf,10 <λ≤  is analytic function in a simply-connected region of 

the z-plane containing the origin, and the multiplicity of ( ) λ−ξ−z  is 

removed by requiring ( )ξ−zlog  to be real when .0>ξ−z  

Definition 1.2. Let ,10 <λ≤  and ., R∈ηµ  Then, in terms of the 

familiar Gauss’s hypergeometric function ,12 F  the generalized fractional 

derivative operator ηµλ ,,
,0 zJ  is 

( ) ( ) ( ) ( ) ,1;1;1,1 12
0

,,
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= λ−

µ−λ
ηµλ ∫ dzFfzz

dz
dzfJ

z
z  

(1.5) 
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where ( )zf  is analytic function in a simply-connected region of the             

z-plane containing the origin, with the order ( ) ( ) ,0, →= ε zzOzf  where 

{ } 1,0max −η−µ>ε  and the multiplicity of ( ) λ−ξ−z  is removed by 
requiring ( )ξ−zlog  to be real when .0>ξ−z  

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional 

derivative operator mmm
zJ +η+µ+λ ,,

,0  of a function ( )zf  is defined by 

( ) ( ).,,
,0

,,
,0 zfJ

dz
dzfJ zm

mmmm
z

ηµλ+η+µ+λ =   (1.6) 

Notice that 

( ) ( ) .10,,,
,0 <λ≤= ληµλ zfDzfJ zz   (1.7) 

Now, for a function f given by (1.1), we define the modification of the 

fractional derivative operator ηµλ ,,
,0 zM  by 

( ) ( ) ( )
( ) ( ) ( ),,11

11, ,,
,0

,,
,0 ζ

η+µ−+Γ+Γ
µ+λ−+Γµ−+Γ

=ζ ηµλµηµλ zfJzpp
ppzfM zz  

., UU ∈ζ∈z   (1.8)  

It is observed that, the operator ( ) ( )ppM z
∗
ζ

∗
ζ

ηµλ → AA:,,
,0  is defined 

by the following infinite series: 

( ) ( ) ( ) ,,,,,,,
1

,,
,0 UU ∈ζ∈ζηµλδ+=ζ +

+

∞

=

ηµλ ∑ zzapzzfM np
npn

n

p
z  

 (1.9) 

( ( ) ),;1,max;1;0 N∈−−µλ>η+<µ≥λ ppp  

where 

( )
( ) ( )

( ) ( ) .11
11

,,,
nn

nn
n pp

pp
p

η+λ−+µ−+
η+µ−++

=ηµλδ   (1.10) 

It is easily verified from (1.9) that 
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( )( ) ( ) ( ) ( ).,,, ,,
,0

1,1,1
,0

',,
,0 ζµ+ζµ−=ζ ηµλ+η+µ+ληµλ zfMzfMpzfMz zzzz   (1.11) 

Notice that 

( ) ( ),,,,0,0
,0 ζ=ζη zfzfM z  

and 

( ) ( ) .,,,1,1
,0 p

zfzzfM z
z

ζ′
=ζη  

In order to prove our main strong superordination results, we shall 
make use of the following known results: 

Lemma 1.4 ([5]). Let ( )ζ,zh  be a convex with ( ) ,,0 ah =ζ  for all 

U∈ζ  and let ∗∈γ C  be a complex number with 0Re ≥γ  and  

( ) [ ] .,1,, Qazp ∩ζ∈ζ ∗H  If ( ) ( )ζ′
γ

+ζ ,1, zpzzp  is univalent in ,U  for all 

,U∈ζ  and 

( ) ( ) ( ),,1,, ζ′
γ

+ζζ zpzzpzh ≺≺  

then 

( ) ( ),,, ζζ zpzq ≺≺  

where 

( ) ( ) .,, 1
0

dttth
z

zq
z

−γ
γ

ζγ=ζ ∫  

The function q is convex and it is the best subordinant. 

Lemma 1.5 ([5]). Let ( )ζ,zq  be convex function in U  for all ,U∈ζ  

and let ( )ζ,zh  be defined by 

( ) ( ) ( ) ,,,,1,, UU ∈ζ∈ζ′
γ

+ζ=ζ zzqzzqzh  
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where .0Re ≥γ  If ( ) [ ] ( ) ( )ζ′
γ

+ζζ∈ζ ∗ ,1,,,1,, zpzzpQazp ∩H  is univalent 

in ,U  for all ,U∈ζ  and satisfy 

( ) ( ) ( ),,1,, ζ′
γ

+ζζ zpzzpzh ≺≺  

then 

( ) ( ),,, ζζ zpzq ≺≺  

where 

( ) ( ) .,, 1
0

dttth
z

zq
z

−γ
γ

ζγ=ζ ∫  

The function q is the best subordinant. 

Miller and Mocanu [5] introduced the notion of differential 
superordination as a dual concept of differential subordination [2] and 
was developed in [4]. The notation of strong differential subordination 
was introduced by Antonino and Romaguera [1]. In this paper, we obtain 
some strong differential superordination results of p-valent functions by 

using the fractional derivative operator ηµλ ,,
,0 zM  defined above by (1.9). 

2. Main Results 

Theorem 2.1. Let ( )ζ,zh  be a convex function with ( ) .1,0 =ζh  If 

( )pf ∗
ζ∈ A  and suppose that 
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z≺≺   (2.1) 
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( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 
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Then (2.1) becomes 

( ) ( ) ( ) .,,,,, UU ∈ζ∈ζ′+ζζ zzpzzpzh z≺≺  

By using Lemma 1.4, for ,1=γ  we have 
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0
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The function q is convex and it is the best subordinant. 

 
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Theorem 2.2. Let ( )ζ,zq  be a convex function and h be the function 

defined by 

( ) ( ) ( ).,,, ζ′+ζ=ζ zqzzqzh z  

If ( )pf ∗
ζ∈ A  and suppose that 
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( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  
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Proof. Following the same steps as in the proof of Theorem 2.1 
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ordination (2.2) becomes 

( ) ( ) ( ) ( ) .,,,,,, UU ∈ζ∈ζ′+ζζ′+ζ zzpzzpzqzzq zz ≺≺  

By using Lemma 1.5, for ,1=γ  we have 
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ζ∈ A  and suppose that 
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( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 
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where q is given by ( ) ( ) ( ) .,,1ln22, UU ∈ζ∈+β−ζ+ζ−β=ζ zzzzq  The 

function q is convex and it is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.1 and 

considering ( )
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,0
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ζ
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ηµλ

 the strong differential super-

ordination (2.3) becomes 
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( ) ( ) ( ) ( ) .,,,,1
2, �UU ∈ζ∈ζ′+ζ
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The function q is convex and it is the best subordinant. 
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Theorem 2.4. Let ( )ζ,zh  be a convex function with ( ) .1,0 =ζh  If 
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ζ∈ A  and suppose that 
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( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 



STRONG DIFFERENTIAL SUPERORDINATION … 91

( )
( )

( )
,,,

,

,
, ,,

,0

1,1,1
,0 UU ∈ζ∈

ζ

ζ
ζ

ηµλ

+η+µ+λ

z
zfM

zfM
zq

z

z≺≺  

where 

( ) ( ) .,1,
0

dtthzzq
z

ζ=ζ ∫  

The function q is convex and it is the best subordinant. 
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Then (2.4) becomes 
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The function q is convex and it is the best subordinant. 
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Theorem 2.5. Let ( )ζ,zq  be a convex function and h be the     

function defined by ( ) ( ) ( ).,,, ζ′+ζ=ζ zqzzqzh z  If ( )pf ∗
ζ∈ A  and suppose        

that 
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[ ] .,1,1 Q∩ζ∗H  If the strong differential superordination 
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( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 
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where 
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The function q is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.4 and 

considering ( )
( )
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,
, ,,
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1,1,1
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z  the strong differential super-

ordination (2.5) becomes 

( ) ( ) ( ) ( ) .,,,,,, UU ∈ζ∈ζ′+ζζ′+ζ zzpzzpzqzzq zz ≺≺  

By using Lemma 1.5, for ,1=γ  we have 
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,, UU ∈ζ∈z  

The function q is the best subordinant. 

 

Theorem 2.6. Let ( ) ( )
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differential superordination 

( )
( )

( )
,,,

,

,
,

'

,,
,0

1,1,1
,0 UU ∈ζ∈















ζ

ζ
ζ

ηµλ

+η+µ+λ

z
zfM

zfzM
zh

zz

z≺≺   (2.6) 

( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 

( )
( )

( )
,,,

,

,
, ,,

,0

1,1,1
,0 UU ∈ζ∈

ζ

ζ
ζ

ηµλ

+η+µ+λ

z
zfM

zfM
zq

z

z≺≺  

where q is given by ( ) ( ) ( ) .,,1ln22, UU ∈ζ∈+β−ζ+ζ−β=ζ zzzzq   

The function q is convex and it is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.4 and 

considering ( )
( )

( )
,

,

,
, ,,

,0

1,1,1
,0

ζ

ζ
=ζ

ηµλ

+η+µ+λ

zfM

zfM
zp

z

z  the strong differential super-

ordination (2.6) becomes 

( ) ( ) ( ) ( ) .,,,,1
2, UU ∈ζ∈ζ′+ζ
+

ζ−β+ζ
=ζ zzpzzpz

zzh z≺≺  
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By using Lemma 1.4, for ,1=γ  we have 

( ) ( ),,, ζζ zpzq ≺≺  

or 

( ) ( )dtthzzq
z

ζ=ζ ∫ ,1,
0

 

( ) dtt
t

z
z

+
ζ−β+ζ

= ∫ 1
21

0
 

( ) ( )zz +β−ζ+ζ−β= 1ln22  

( )

( )
.,,

,

,
,,

,0

1,1,1
,0 UU ∈ζ∈

ζ

ζ
ηµλ

+η+µ+λ

z
zfM

zfM

z

z≺≺  

The function q is convex and it is the best subordinant. 

 

Theorem 2.7. Let ( )ζ,zh  be a convex function such that ( ) .1,0 =ζh  

If ( )pf ∗
ζ∈ A  and 

( ) ( )
( )

( ) ( )pp
z

zfM
pp p

z 223
,

1
2,2,2

,0 −µ+µ−+
ζ

−µ−µ−
+η+µ+λ

 

( )
( )

( )
p

z
p

z

z

zfM
p

z

zfM ζ
+−µ+

ζ
×

ηµλ+η+µ+λ ,
1

, ,,
,02

1,1,1
,0  

is univalent and 
( )

[ ] .,1,1
,

'

1

,,
,0 Q
z

zfM

z
p

z ∩ζ∈












 ζ
∗

−

ηµλ

H  If the strong differential 

superordination 

( ) ( ) ( )
( )

( ) ( )pp
z

zfM
ppzh p

z 223
,

1,
2,2,2

,0 −µ+µ−+
ζ

−µ−µ−ζ
+η+µ+λ

≺≺  
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( )
( )

( )
,,,

,
1

, ,,
,02

1,1,1
,0 UU ∈ζ∈

ζ
+−µ+

ζ
×

ηµλ+η+µ+λ

z
z

zfM
p

z

zfM
p

z
p

z  (2.7) 

( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 

( )
( )

,,,
,

,
'

1

,,
,0 UU ∈ζ∈













 ζ
ζ

−

ηµλ

z
z

zfM
zq

z
p

z≺≺  

where 

( ) ( ) .,1,
0

dtthzzq
z

ζ=ζ ∫  

The function q is convex and it is the best subordinant. 

Proof. Consider ( )
( )

( ) ( ) +ζ+ζ+=












 ζ
=ζ

−

ηµλ
2

21

'

1

,,
,0 1

,
, zpzp

z

zfM
zp

z
p

z  

,,, UU ∈ζ∈z…  we have 

( ) ( ) ( ) ( )
( )

p
z

z
z

zfM
ppzpzzp

ζ
−µ−µ−=ζ′+ζ

+η+µ+λ ,
1,,

2,2,2
,0  

( ) ( )
( )

p
z

z

zfM
pp

ζ
−µ+µ−+

+η+µ+λ ,
223

1,1,1
,0  

( )
( )

.
,

1
,,

,02
p

z

z

zfM
p

ζ
+−µ+

ηµλ

 

Then (2.7) becomes 

( ) ( ) ( ) .,,,,, UU ∈ζ∈ζ′+ζζ zzpzzpzh z≺≺  

By using Lemma 1.4, for ,1=γ  we have 

( ) ( ) ( )
( )

,,,
,

,or,,
'

1

,,
,0 UU ∈ζ∈













 ζ
ζζζ

−

ηµλ

z
z

zfM
zqzpzq

z
p

z≺≺≺≺  
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where 

( ) ( ) .,1,
0

dtthzzq
z

ζ=ζ ∫  

The function q is convex and it is the best subordinant. 

 

Theorem 2.8. Let ( )ζ,zq  be a convex function and h be the function 

defined by ( ) ( ) ( ) .,,,,, UU ∈ζ∈ζ′+ζ=ζ zzqzzqzh z  If ( )pf ∗
ζ∈ A  and 

suppose that 

( ) ( )
( )

( ) ( )pp
z

zfM
pp p

z 223
,

1
2,2,2

,0 −µ+µ−+
ζ

−µ−µ−
+η+µ+λ

 

( )
( )

( )
p

z
p

z

z

zfM
p

z

zfM ζ
+−µ+

ζ
×

ηµλ+η+µ+λ ,
1

, ,,
,02

1,1,1
,0  

is univalent and 
( )

[ ] .,1,1
,

'

1

,,
,0 Q
z

zfM

z
p

z ∩ζ∈












 ζ ∗
−

ηµλ

H  If the strong differential 

superordination 

( ) ( ) ( )
( )

( ) ( )pp
z

zfM
ppzh p

z 223
,

1,
2,2,2

,0 −µ+µ−+
ζ

−µ−µ−ζ
+η+µ+λ

≺≺  

( )
( )

( )
,,,

,
1

, ,,
,02

1,1,1
,0 UU ∈ζ∈

ζ
+−µ+

ζ
×

ηµλ+η+µ+λ

z
z

zfM
p

z

zfM
p

z
p

z  

(2.8) 

( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 

( )
( )

,,,
,

,
'

1

,,
,0 UU ∈ζ∈













 ζ
ζ

−

ηµλ

z
z

zfM
zq

z
p

z≺≺  
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where 

( ) ( ) .,1,
0

dtthzzq
z

ζ=ζ ∫  

The function q is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.7 and 

considering ( )
( )

,
,

,
'

1

,,
,0

z
p

z

z

zfM
zp













 ζ
=ζ

−

ηµλ

 the strong differential super-

ordination (2.8) becomes 

( ) ( ) ( ) ( ) .,,,,,, UU ∈ζ∈ζ′+ζζ′+ζ zzpzzpzqzzq zz ≺≺  

By using Lemma 1.5, for ,1=γ  we have 

( ) ( ) ( ) ( )
( )

,
,

,1,or,,
'

1

,,
,0

0
z

p
zz

z

zfM
dtthzzqzpzq













 ζ
ζ=ζζζ

−

ηµλ

∫ ≺≺≺≺  

., UU ∈ζ∈z  

The function q is the best subordinant. 

 

Theorem 2.9. Let ( ) ( )
z

zzh
+

ζ−β+ζ
=ζ 1

2,  be a convex function in 

.10, <β≤× UU  If ( )pAf ∗
ζ∈  and suppose that 

( ) ( )
( )

( ) ( )pp
z

zfM
pp p

z 223
,

1
2,2,2

,0 −µ+µ−+
ζ

−µ−µ−
+η+µ+λ

 

( )
( )

( )
p

z
p

z

z

zfM
p

z

zfM ζ
+−µ+

ζ
×

ηµλ+η+µ+λ ,
1

, ,,
,02

1,1,1
,0  

is univalent and 
( )

[ ] .,1,1
,

'

1

,,
,0 Q
z

zfM

z
p

z ∩ζ∈












 ζ ∗
−

ηµλ

H  If the strong super-

ordination 
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( ) ( ) ( )
( )

( ) ( )pp
z

zfM
ppzh p

z 223
,

1,
2,2,2

,0 −µ+µ−+
ζ

−µ−µ−ζ
+η+µ+λ

≺≺  

( )
( )

( )
,,,

,
1

, ,,
,02

1,1,1
,0 UU ∈ζ∈

ζ
+−µ+

ζ
×

ηµλ+η+µ+λ

z
z

zfM
p

z

zfM
p

z
p

z  (2.9) 

( ( ) )N∈−−µλ>η+<µ≥λ ppp ;1,max;1;0  

holds, then 

( )
( )

,,,
,

,
'

1

,,
,0 UU ∈ζ∈













 ζ
ζ

−

ηµλ

z
z

zfM
zq

z
p

z≺≺  

where q is given by ( ) ( ) ( ) .,,1ln22, UU ∈ζ∈+β−ζ+ζ−β=ζ zzzzq  The 

function q is convex and it is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.7 and 

considering ( )
( )

,
,

,
'

1

,,
,0

z
p

z

z

zfM
zp













 ζ
=ζ

−

ηµλ

 the strong differential super-

ordination (2.9) becomes 

( ) ( ) ( ) ( ) .,,,,1
2, UU ∈ζ∈ζ′+ζ
+

ζ−β+ζ=ζ zzpzzpz
zzh z≺≺  

By using Lemma 1.4, for ,1=γ  we have 

( ) ( ),,, ζζ zpzq ≺≺  

or 

( ) ( )dtthzzq
z

ζ=ζ ∫ ,1,
0

 

( ) dtt
t

z
z

+
ζ−β+ζ

= ∫ 1
21

0
 

( ) ( )zz +
β−ζ

+ζ−β= 1ln22  
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( )
.,,

,
'

1

,,
,0 UU ∈ζ∈













 ζ
−

ηµλ

z
z

zfM

z
p

z≺≺  

The function q is convex and it is the best subordinant. 

 

References 

 [1] J. A. Antonino and Salvador Romaguera, Strong differential subordination to Briot-
Bouquet differential equation, J. Differential Equations 114 (1994), 101-105. 

 [2] S. S. Miller and P. T. Mocanu, Differential subordinations and univalent functions, 
Michigan Math. J. 28(2) (1981), 157-171. 

 [3] S. S. Miller and P. T. Mocanu, On some classes of first-order differential 
subordinations, Michigan Math. J. 32(2) (1985), 185-195. 

 [4] S. S. Miller and P. T. Mocanu, Differential Subordinations: Theory and Applications, 
Pure and Applied Mathematics, No. 225, Marcel Dekker, New York, 2000. 

 [5] S. S. Miller and B. T. Mocanu, Subordinations of differential superordinations, 
Complex Variables 48(10) (2003), 815-826. 

 [6] G. I. Oros, Strong differential superordination, Acta Universitatis Apulensis 19 
(2009), 101-106. 

 [7] G. I. Oros, Briot-Bouquet strong differential superordinations and sandwich 
theorems, Math. Reports 12(62), 3 (2010), 277-283. 

 [8] G. I. Oros, An application of the subordination chains, Fractional Calculus &  
Applied Analysis 13(5) (2010), 521-530. 

 [9] S. Owa, On the distortion theorems- I, Kyungpook. Math. J. 18 (1978), 53-59. 

 [10] R. K. Raina and H. M. Srivastava, A certain subclass of analytic functions  
associated with operators of fractional calculus, Computers & Mathematics with 
Applications 32 (1996), 13-19. 

 [11] H. M. Srivastava and P. M. Karlsson, Multiple Gaussian Hypergeometric Series, 
Halsted Press (Ellis Horwood Limited, Chichester), Wiley, New York/ Chichester/ 
Brishane/ Toronto, 1985. 

g 


