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Abstract

In the present paper, we derive some results for strong differential
superordination of p-valent functions involving certain fractional derivative

operator.
1. Introduction and Preliminaries

Let U denote the unit disk of the complex plane
U=1{z:¢<1},
and
U=1{z:]gd<1},

the closed unit disk of the complex plane.
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Let H(U x U) denote the class of analytic functions in & x U and the
classes [7, 8]

Hla, n, ] = {f e HUxXU): f(z, ) = a+ an(Q)2" + a1 ()"
+.., zel, el
with aj(¢) are holomorphic functionsin U, k > n, n € N, and a € C,

H,(U) = {f € H'[a, n, €] : f(2, ¢) univalent in U, forall { e U},

e e 0) y
K —{feH [a,n,C].Re{1+ f,(z’g)}>0,zeu,forallQeu},

the class of convex functions, and

S* = {f e H'a, n, ¢]: Re{z;c(’iz’f))} >0,zel, for all { e E},

the class of starlike functions.

Let f(z, ¢), H(z, ¢) analytic in U x U. The function f(z, ¢) is said to
be strongly subordinate to H(z, {), or H(z, ¢) is said to be strongly

superordinate to f(z, {), if there exists a function w analytic in U, with
w(0) = 0 and |w(z)| <1 such that f(z, {) = H(w(z), ¢) for all { € U. In
such a case, we write f(z, )<< H(z,¢),ze U, CelU. If f(z ¢) is
analytic in U x U and univalent in U, for all ¢ e U, then f(0, C) =
H(0,¢), forall { e U and f(UxU) < HUxU). If H(z, ¢) = H(z) and
f(z, €) = f(2), then strong superordination becomes the usual notion of
superordination [7, 8].

Let AZ(p) be the class of functions f € H(U x U) of the form

o0

f(z, ) =2 + Zap+n(Q)zp+n, zelU,Cel, peN, (1.1)

n=1

and set A7 (1) = A;.
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The Gauss hypergeometric function 5Fj(a, b; ¢; z) is defined for
z e U by [11],

o F(a, b ¢; 2) = Z(a) (b) 2", 1.2)

where (1), is the Pochhammer symbol defined, in terms of the Gamma

function, by

CT0.+n) 1, when n = 0,

ML+1D)(A+2)...(A+n-1), when n € N.
for A #0,-1,-2, ....

Next, we recall the following definitions of fractional derivative
operators, which were used by Owa [9], (see also [10]) as follows:

Definition 1.1. The fractional derivative operator of order A is
defined by

A 1 d (% f(&)
D;f(2) = -7 dz)o Coe) dg, (1.4)

where 0 < A < 1, f(2) is analytic function in a simply-connected region of

the z-plane containing the origin, and the multiplicity of (z - &)4‘ 1s

removed by requiring log(z — &) to be real when z - & > 0.

Definition 1.2. Let 0 < A <1, and p, n € R. Then, in terms of the

familiar Gauss’s hypergeometric function o Fj, the generalized fractional

derivative operator Jé’;’n is

A—p z
Ty f(z) = %(ﬁh (z - g)*kf(g)QFl(p “hl-ml-n1- %)dg],

(1.5)
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where f(z) is analytic function in a simply-connected region of the
z-plane containing the origin, with the order f(z) = O(|z[°), z > 0, where

¢ >max {0, n—n}—1 and the multiplicity of (z— )" is removed by

requiring log(z — &) to be real when z - & > 0.

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional
derivative operator Jé‘;m’wm’mm of a function f(z) is defined by
dm
Jg;’;m,u+m,n+mf(z) == Jg;‘”f(Z) (1.6)
dz
Notice that
JyPNf(z) = DXf(z), 0<A <1 (1.7)

Now, for a function f given by (1.1), we define the modification of the

fractional derivative operator M, (7)”,’ ; ‘1 by

Ay CTp+1-p(p+1-A+p) _u 4um
M(),z f(Z, C)_ F(p+1)F(p+1—u+n) < J(),Z f(Z’ C)>

zel,Cel. (1.8)

It is observed that, the operator Mg’g’” : A¢(p) » AZ(p) is defined

by the following infinite series:
My €)= 2P + D 8,00 1M, P)apn(Q)2P*", zelU, G el
n=1

(1.9)
A=20u<p+L,m>max(A, u)—p-1; p e N),
where

(p+1),(p+1-p+m),

(p+1-p),(p+1-1+m), " (110

8p(h, 1, M, p) =

It is easily verified from (1.9) that
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| = (0 - MG e, )+ nM T (=, ©). (111)

(M1, )
Notice that
My 2 (=, €) = f(z ©),
and

M(]i];nf(z, C) _ ZfZ’(Z, Q)

In order to prove our main strong superordination results, we shall

make use of the following known results:
Lemma 1.4 ([5]). Let h(z, {) be a convex with h(0, {) = a, for all

el and let yeC* be a complex number with Rey >0 and

p(z,¢) e H'[a, 1, )N Q. If p(z, §)+ %zp'(z, ¢) is univalent in U, for all

¢ el, and
hz. €) << ple. ©)+ - 2/, ).
then
q(z, €) << p(z, ©),
where

_ X c -1
q(z, ¢) = v IO h(t, O)t' " dt.

The function q is convex and it is the best subordinant.

Lemma 1.5 ([5]). Let q(z, §) be convex function in U for all ¢ € U,
and let h(z, C) be defined by

M&OMWAH%M@O,ZGMCGE
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where Rey > 0. If p(z, ¢) € H'[a, 1, ¢]N Q, p(z, €) + %zp’(z, ¢) is univalent

in U, forall ¢ e U, and satisfy

h(z, €) << p(z, €)+ izp%z, 0),

then
q(z, €) << p(z, ©),

where
_ T [° y-1
q(29 C,a) - y -[O h(t’ C)t dt

The function q is the best subordinant.

Miller and Mocanu [5] introduced the notion of differential
superordination as a dual concept of differential subordination [2] and
was developed in [4]. The notation of strong differential subordination
was introduced by Antonino and Romaguera [1]. In this paper, we obtain

some strong differential superordination results of p-valent functions by

using the fractional derivative operator M 8‘ ’ ;’T‘ defined above by (1.9).

2. Main Results

Theorem 2.1. Let h(z, ) be a convex function with h(0, ¢) =1. If

MLE(z )

fe.AZ(p) and suppose that [ >3 J is univalent and
z
z

My (2, €)

Z

e H'[1, 1, ¢]N Q. If the strong differential superordination

My (e, _
MJ zel, Cel, 2.1)

2Pl

h(z, ¢) << {
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(A20u<p+Ln>max(d p)-p-1; p e N)

holds, then

M%H,Tlf(z, g _
Q(Z’C)-<-<O’Z—p)a ZEZ/{,CEU,
z

where
_ 17
a(z, €)= - _[0 h(t, ¢)dt.

The function q is convex and it is the best subordinant.

Myt (e, ¢
Proof. Consider p(z, §) = O’Z—p() =1+ p(Q)z + pa(Q)2? + ...,
z

zel,Ce U, we obtain

MNH’TI , 77
[M] =plz, Q) +2pL(2,C), zelU, Cell

2Pl

Then (2.1) becomes
h(z, €) << plz, Q)+ 2pi(2, ), zelUd,Cel

By using Lemma 1.4, for y = 1, we have

My f(e, _
q(z, €) =< p(z, ¢) or q(z, ¢) << %(ZC), zel,lel,
z

where
_1(c
q('z’ Q) - z J.O h(t7 C)dt

The function q is convex and it is the best subordinant.
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Theorem 2.2. Let q(z, §) be a convex function and h be the function

defined by

h(Z, C) = Q(z’ C) + Zq,z(z9 Q)

MEEIFG, ©))

If feAZ(p) and suppose that [ o1 ] is univalent and
z
z

Mg;,;,nf(z’ C.J) * . . . .
—= e H'[1, 1, {]N @ and the strong differential superordination

2P
MG, €)) _
h(z, C) << {OZ—() , zel, Cel, (2.2)
2Pl
4
A>0u<p+L;m>max(A, u)—p-1; p e N)
holds, then
My t"(z g _
Q(Z’Q)_<_<O’Z—()’ ZEZ/{,QEZ/{,
2P
where

gz, €) = éj:h(t, Q).

The function q is the best subordinant.
Proof. Following the same steps as in the proof of Theorem 2.1
Asu,
MO’; nf(z’ C,)
P

z

and considering p(z, €) = , the strong differential super-

ordination (2.2) becomes

q(z, €)+2q4(z, €) << plz, C) + 2p4(2, C), zelU,Cell.

By using Lemma 1.5, for y = 1, we have
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My (z, €)

ale, ) <= bz, Q) or ale, ©) = 5 [ At Ot < =T

zeL{,Cer{.

The function q is the best subordinant.

0

Theorem 2.3. Let h(z, §) = % be a convex function in

_ . MyEf(z, Q)]
UxU,0<B <1 If feAr(p) and suppose that ’T is
z
4

MR (z, )

univalent and ’—p e H'[1, 1, ¢]N Q. If the strong differential
z
superordination
MEE (e ) _
h(z, €) << ’T , zel,Cel, (2.3)
z V4
A=20u<p+L,m>max(A, u)—p-1; p e N)
holds, then
My f(z, ¢) _
gz O) << —=——=, zeU (el
z

where q is given by q(z, ) = 2B - ¢ + @ln(l +2),zel, el The
function q is convex and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 2.1 and

o Mgt ", ©) N
considering p(z, §) = ’—p, the strong differential super-
z

ordination (2.3) becomes
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Az, €)= % << plz, Q)+ 2ps(z,C), zel, (e U.

By using Lemma 1.4, for y = 1, we have

q(z, ) =< p(z, 0),

or
ale. ©) = = [ "hie, Q)

J‘ZC+(2B Q4
1+1¢

=28 -¢ +—2(§Z_ p) In(1 + 2)

) MyEf(z, ¢)

, zeU,CeZTI.
P

The function q is convex and it is the best subordinant.
O

Theorem 2.4. Let h(z, {) be a convex function with h(0, () =1. If

ZMZ)”J;L”H’HH}C(Z, C) . ‘
. P is univalent and
Mtz ©)

f e At(p) and suppose that [

Mg M (e )
MyEf(z, ¢)

ordination

e H'[1,1, ¢]N Q. If the strong differential super-

Mx+1,u+1,n+1f(z’ C) '

=My, _
hz, ¢) << { M(})‘:;’”f(z, 0 ]Z, zel,Cel, (2.4)

A=20p<p+lm>max(h, p)—p-1; peN)

holds, then
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Mg;L p+1,n+1f(z, C)

T , 2elU,Ce Zjl,
Moy’;’nf(zy C)

q(z, €) =<

where
_1r®
a(z, ¢) = _[0 h(t, ¢)dt.

The function q is convex and it is the best subordinant.

A+l 1 1
My )

MyH (2, €)

Proof. Consider p(z, ) = ,zelU, ¢ el, wehave

(
z

Myt (2, ¢)

i, o) sz, )

r4
MyE I f(z, €)

plz(z’ C) = - p(Z, ¢

and we obtain

, My M, €)
Ple, )+ 2P, €) = | 2 .
]‘40:27 f(Z, C)
Then (2.4) becomes
h(z, €) << p(z, Q)+ 2pL(z, C), zeU, (el
By using Lemma 1.4, for y = 1, we have

1+l
MG, )

T , 2elU,Ce 17{,
MO:;,nf(Z’ C)

q(z, €) << p(z, ¢) or q(z, ¢) =<

where
_1r7
Q(27 Q) - z JO h(t’ C)dt

The function q is convex and it is the best subordinant.
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Theorem 2.5. Let q(z, ) be a convex function and h be the

function defined by h(z, €) = q(z, €) + zq5(z, €). If f € AZ(p) and suppose

1

M(7)\17+21’ pn+1, n+1f(2’ C)
S

My (2, €)

R (CN)
that : .
MO,’;’nf(Z’ g)

] is univalent and

H*[1, 1, ] N Q. If the strong differential superordination

7»+1,H+1,T'|+1f(2, C)J ey C _ ZT{ (2 5)

Wz, €) << | 0
2, <=
My (2, €)

A=20u<p+Lm>max(A, u)—p-1; p e N)

holds, then
Mx+1,p+1,n+1f 2, C _
q(z, €) =< O’Z}L ( ), zel,{el,
Moy’;’nf(zy C)
where

ale 0 = 2 [ e Q).

The function q is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 2.4 and

Mg Mz, €)

My (2, €)

considering p(z, §) = , the strong differential super-

ordination (2.5) becomes
q(z, ) + 205 (=2, ©) << p(z, Q) +2pL(2, €), ze U, Lell.
By using Lemma 1.5, for y = 1, we have
M“l’“”’”*lf(z, 0)

0,z
MyE T f(z, €)

e, ©) << plz. ©) or q(z, €) = 1 [ At )t <
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zel, (e a,

The function q is the best subordinant.

O

Theorem 2.6. Let h(z, §) = %B;C)Z be a convex function in

1

ZM(?)»,J;I, pn+1, n+1f(z, C)
MyE T f(z, €)

UxU,0<PB<1. Iffe .AZ(p) and suppose that {

My Mz, ©)
My (2, €)

differential superordination

is univalent and

e H'[1, 1, ¢]N Q. If the strong

Mx+1,p+1,n+1f(2, C) .
, zelU, Cel, (2.6)

h(z, §) <= {z 0.2

My f(z, €)
A=20u<p+L;m>max(A, u)—p-1; p e N)

holds, then
MLy

0,z
MyE " f(z, €)

q(z, §) <= , zel, Cel,

where q is given by q(z, )= 2B - +2(CT_B)1n(1 +2),zel, (el
The function q is convex and it is the best subordinant.
Proof. Following the same steps as in the proof of Theorem 2.4 and

1+l n+l
My, €)

MyE T f(z, €)

considering p(z, ¢) = , the strong differential super-

ordination (2.6) becomes

hz, ¢) = w << p(z, )+ zpL(2,¢), zel, (e Uu.
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By using Lemma 1.4, for y = 1, we have

q(z, €) =< p(z, 0),

or
1
4z 0) = 7 [ it Q)

JZC+(2B Q4
1+1¢

=28-C+ —2@2_ B) In(1 + 2)

M(})h";l,u+1,n+1f(2, C) .
<= P , 2elU, el
MO”;’ f(Z, C.a)

The function q is convex and it is the best subordinant.
O
Theorem 2.7. Let h(z, ¢) be a convex function such that h(0, ) = 1.
If f e .AZ(p) and

M)»+22,p+2,n+2f(z C)
(p-w(p-n-1)—2

" +(p - n)(8+2u-2p)

) MR (2, ) My (e, €)

+u-p+1
" (w-p+1)° "y

MyE"f(z, €)

is univalent and [ =) ] e H*'[1,1, ¢]N Q. If the strong differential
z
4

superordination

2,1+2,1+2
M 2R R (2, )

h(z, 0) << (p-m)(p-n-1) "

+(p—w)(8+2u-2p)
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A+1 1
My, )
+

zP zP

, MR f(z, 0)

A=20u<p+L,m>max(A, u)—p-1; p e N)

holds, then

MJE"(z, ©) —
02 TP seU, Cel,
V4

P

q(z, €) =< {

where
_1r®
a(z, ¢) = _[0 h(t, ¢)dt.

The function q is convex and it is the best subordinant.

MPETfGz, 0))
Proof. Consider p(z, ¢) = M—f)
2P~
..,z €U, el wehave

Mg 5 (2, )

p(z, Q) +2ps(z, )= (p-p)(p-u-1) 5
z

A+1 1 1
My ey g

+(p-n)(3+2u-2p) >
4
MpE " f(z, €)

2
+(n-p+1)
Zp

Then (2.7) becomes

h(z, C) << p(z, Q)+ zpL(2, C), zelU, (el

By using Lemma 1.4, for y = 1, we have

1

MPRf(z ¢ _
Qz—() , zel Cel,
4

2Pl

q(z, ) << p(z, €) or g(z, §) << {

95

W-—p+1yf—=2— = zelU,Cel, (2.7)

J =1+ p(Q)z + po(C)e® +



96 S. M. AMSHERI and V. ZHARKOVA

where
_1(c
q(z, ¢) = ~ IO h(t, C)dt.

The function q is convex and it is the best subordinant.
O
Theorem 2.8. Let q(z, §) be a convex function and h be the function
defined by h(z, C) = q(z, §)+2q.(2,C), ze U, L e U. If f e AZ(p) and
suppose that

x+2,p+2,n+2f(z C)
0, )
= +(p - 1) (3+2u-2p)

P-wp-n-1) "

A+1,u+l,n+1 A, 1,
MO,J; e f(z7 C) 2 MO,; Tlf(z’ Q)
t(p-p+1)p 22
zP zP

1

Mgt (=, 6
O’Z—()] e H*[1, 1, ] N Q. If the strong differential
z

is univalent and
P71

superordination

Mk+2,p+2,n+2f(z’ C)

0,
Mz ) << (p-w)(p-p-1)—= > +(p-p)(3+2u-2p)
Z
M}\.+1,H+1,T‘|+lf 2, C M)\"”’nf 2, C .
Lk ( )+(u—p+1)20’2—(), zel, el
zP 2P

(2.8)
(A20pu<p+Ln>max(h p)-p-1 peN)
holds, then

M (2, €)

o J, zeu,gea,
4

q(z, £) =< [
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where
_1r®
a(z, ¢) =~ _[0 h(t, ¢)dt.

The function q is the best subordinant.
Proof. Following the same steps as in the proof of Theorem 2.7 and

My (2, €)
zP1

considering p(z, ¢) :{ } , the strong differential super-
z

ordination (2.8) becomes
q(z, Q)+ 294 (2, €) << plz, Q) + 2ph(2, ), zelU, L e lU.

By using Lemma 1.5, for y = 1, we have

2Pl

: MR, ©)
e, ©) << ple €) or qle. ©) = © [ hie, C)dt < [0— ,

zeu,(;ea.

The function q is the best subordinant.

O

Theorem 2.9. Let h(z, Q):% be a convex function in

UxU,0<PB<1.Iffe AZ(p) and suppose that

M(}frzz, “+2’”+2f(z, C)

pP-w(p-n-1) " +(p—n)(8+2u-2p)

>

A+1 1 1
MO,-; su+ln+ f(Z, C)
+(u-p+1)
2P 2P

, My (e, ©)

1

Myt (e, ¢
My 0 H'L, 1, €IN Q. If the strong super-
¥4

is univalent and {
2Pl

ordination
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k+2,p+2,n+2f
0.2 ¢ C)+(p—u)(3+2u—2p)

h(z, )<< (p-p)(p-pn-1) "

Mx+1’u+l’n+lf(zy C) M}L’H’nf(z’ Q) u
w0z +(u_p+1)20,z—, zelU, el (29
P z?

(A20;,p<p+Lyn>max(d, p)-p-1; peN)

holds, then

MBIz, ©)

q(z,(;)<<{ = J, zel Cel,
z

where q is given by q(z, ¢) = 2B — ¢ + @m(l +2),zel, el The
function q is convex and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 2.7 and

o, '
_ My (z €) . :
considering p(z, §) = ’T , the strong differential super-
z
4

ordination (2.9) becomes

hz, ¢) = W << plz, O)+2p.(z,0), zel,Cel.

By using Lemma 1.4, for y = 1, we have

q(z, ) =< p(z, ©),

or

ale. 0) = = [ “hie, Q)

JZC+(2B Q4
1+1¢

+2)

=28-C+ —Z(CZ_ B) In(1
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Mz )

o s zeu,gea.

z

The function q is convex and it is the best subordinant.
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